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Preface

This monograph is planned to provide the application of the soliton theory to solve
certain practical problems selected from the fields of solid mechanics, fluid mechanics
and biomechanics. The work is based mainly on the authors’ research carried out at
their home institutes, and on some specified, significant results existing in the published
literature. The methodology to study a given evolution equation is to seek the waves of
permanent form, to test whether it possesses any symmetry properties, and whether it is
stable and solitonic in nature.

Students of physics, applied mathematics, and engineering are usually exposed to
various branches of nonlinear mechanics, especially to the soliton theory. The soliton is
regarded as an entity, a quasi-particle, which conserves its character and interacts with
the surroundings and other solitons as a particle. It is related to a strange phenomenon,
which consists in the propagation of certain waves without attenuation in dissipative
media. This phenomenon has been known for about 200 years (it was described, for
example, by the Joule Verne's novel Les histoires de Jean Marie Cabidoulin, Ed.
Hetzel), but its detailed quantitative description became possible only in the last 30
years due to the exceptional development of computers.

The discovery of the physical soliton is attributed to John Scott Russell. In 1834,
Russell was observing a boat being drawn along a narrow channel by a pair of horses.
He followed it on horseback and observed an amazing phenomenon: when the boat
suddenly stopped, a bow wave detached from the boat and rolled forward with great
velocity, having the shape of a large solitary elevation, with a rounded well-defined
heap of water. The solitary wave continued its motion along the channel without change
of form or velocity. The scientist followed it on horseback as it propagated at about
eight or nine miles an hour, but after one or two miles he lost it. Russell was convinced
that he had observed an important phenomenon, and he built an experimental tank in his
garden to continue the studies of what he named the wave of translation.

The wave of translation was regarded as a curiosity until the 1960s, when scientists
began to use computers to study nonlinear wave propagation. The discovery of
mathematical solutions started with the analysis of nonlinear partial differential
equations, such as the work of Boussinesq and Rayleigh, independently, in the 1870s.
Boussinesq and Rayleigh explained theoretically the Russell observation and later
reproduction in a laboratory experiment. Korteweg and de Vries derived in 1895 the
equation for water waves in shallow channels, and confirmed the existence of solitons.
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An explosion of works occurred when it was discovered that many phenomena in
physics, electronics, mechanics and biology might be described by using the theory of
solitons. Nonlinear mechanics is often faced with the unexpected appearance of chaos
or order. Within this framework the soliton plays the role of order. The discovery of
orderly stable pulses as an effect of nonlinearity is surprising. The results obtained in
the linear theory of waves, by ignoring the nonlinear parts, are most frequently too far
from reality to be useful. The linearisation misses an important phenomenon, solitons,
which are waves, which maintain their identity indefinitely just when we most expect
that dispersion effects will lead to their disappearance. The soliton as the solution of the
completely integrable partial differential equations are stable in collision process even if
interaction between the solitons takes place in a nonlinear way.

The unexpected results obtained in 1955 by Fermi, Pasta and Ulam in the study of a
nonlinear anharmonic oscillator, generate much of the work on solitons. Their attempt
to demonstrate that the nonlinear interactions between the normal modes of vibrations
lead to the energy of the system being evenly distributed throughout all the modes, as a
result of the equipartition of energy, failed. The energy does not spread throughout all
the modes but recollect after a time in the initial mode where it was when the
experiment was started.

In 1965, Zabusky and Kruskal approached the Fermi, Pasta and Ulam problem from
the continuum point of view. They rederived the Korteweg and de Vries equation and
found its stable wave solutions by numerical computation. They showed that these
solutions preserve their shape and velocities after two of them collide, interact and then
spread apart again. They named such waves solitons.

Gardner, Green, Kruskal and Miura introduced in 1974 the Inverse Scattering
Transform to integrate nonlinear evolution equations. The conserved features of solitons
become intimately related to the notion of symmetry and to the construction of
pseudospherical surfaces. The Gauss—Weingarten system for the pseudospherical
surfaces yields sine-Gordon equation, providing a bridge to soliton theory.

A privileged surface related to the certain nonlinear equations that admit solitonic
solutions, is the Tzitzeica surface (1910). Developments in the geometry of such surface
gave a gradual clarification of predictable properties in natural phenomena.

A remarkable number of evolution equations (sine-Gordon, Korteweg de Vries,
Boussinesq, Schrodinger and others) considered by the end of the 19th century,
radically changed the thinking of scientists about the nature of nonlinearity. These
equations admit solitonic behavior characterized by an infinite number of conservation
laws and an infinite number of exact solutions.

In 1973, Wahlquist and Estabrook showed that these equations admit invariance
under a Bicklund transformation, and possess multi-soliton solutions expressed as
simple superposition formulae relating explicit solutions among themselves.

The theory of soliton stores the information on some famous equations: the
Korteweg de Vries equation, the nonlinear Schrodinger equation, the sine-Gordon
equation, the Boussinesq equation, and others. This theory provides a fascinating
glimpse into studying the nonlinear processes in which the combination of dispersion
and nonlinearity together lead to the appearance of solitons.

This book addresses practical and concrete resolution methods of certain nonlinear
equations of evolution, such as the motion of the thin elastic rod, vibrations of the initial
deformed thin elastic rod, the coupled pendulum oscillations, dynamics of the left
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ventricle, transient flow of blood in arteries, the subharmonic waves generation in a
piezoelectric plate with Cantor-like structure, and some problems of deformation in
inhomogeneous media strongly related to Tzitzeica surfaces. George Tzitzeica is a great
Romanian geometer (1873—1939), and the relation of his surfaces to the soliton theory
and to certain nonlinear mechanical problems has a long history, owing its origin to
geometric investigations carried out in the 19th century.

The present monograph is not a simple translation of its predecessor which appeared
at the Publishing House of the Romanian Academy in 2002. Major improvements
outline the way in which the soliton theory is applied to solve some engineering
problems. In each chapter a different problem illustrates the common origin of the
physical phenomenon: the existence of solitons in a solitonic medium.

The book requires as preliminaries only the mathematical knowledge acquired by a
student in a technical university. It is addressed to both beginner and advanced
practitioners interested in using the soliton theory in various topics of the physical,
mechanical, earth and life sciences. We also hope it will induce students and engineers
to read more difficult papers in this field, many of them given in the references.

Authors



PART 1

INTRODUCTION TO SOLITON THEORY

Chapter 1

MATHEMATICAL METHODS

1.1 Scope of the chapter

This chapter introduces the fundamental ideas underlying some mathematical
methods to study a certain class of nonlinear partial differential equations known as
evolution equations, which possess a special type of elementary solution. These
solutions known as solifons have the form of localized waves that conserve their
properties even after interaction among them, and then act somewhat like particles.
These equations have interesting properties: an infinite number of local conserved
quantities, an infinite number of exact solutions expressed in terms of the Jacobi elliptic
functions (cnoidal solutions) or the hyperbolic functions (solitonic solutions or
solitons), and the simple formulae for nonlinear superposition of explicit solutions. Such
equations were considered integrable or more accurately, exactly solvable. Given an
evolution equation, it is natural to ask whether it is integrable, or it admits the exact
solutions or solitons, whether its solutions are stable or not. This question is still open,
and efforts are made for collecting the main results concerning the analysis of nonlinear
equations.

Substantial parts of this chapter are based on the monographs of Dodd et al. (1982),
Lamb (1980), Drazin (1983), Drazin and Johnson (1989), Munteanu and Donescu
(2002), Toma (1995) and on the articles of Hirota (1980) and Osborne (1995).

1.2 Scattering theory

Historically, the scattering theory was fairly well understood by about 1850. It took
almost one hundred years before the inverse scattering theory could be applied.

Since 1951, various types of nonlinear equations with a soliton as a solution have
been solved by direct and inverse scattering theories. However, given any evolution
equation, it is natural to ask whether it can be solved in the context of the scattering
theory. This question is related to the Painlevé property. We may say that a nonlinear
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partial differential equation is solvable by inverse scattering technique if, and only if,
every ordinary differential equation derived from it, by exact reduction, satisfies the
Painlevé property (Ablowitz et al.). The Painlevé property refers to the absence of
movable critical points for an ordinary differential equation.

Let us begin with the equation known as a Schrodinger equation, of frequent
occurrence in applied mathematics (Lamb)

0, HA—u(x,0]e=0, (1.2.1)
where ¢:R — R is a dimensionless scalar field in one space coordinatex. The
potential function u(x,#) contains a parameter ¢, that may be the temporal variable,
t>0. At this point, ¢ is only a parameter, so that the shape of u(x,¢) varies from ¢.

Subscripts that involve x or ¢ are used to denote partial derivatives, for example
Oou ou

U =—,u =—.
TooOx

If the function u depends only on x, a < x<b, where a and b can be infinity, the
equation (1.2.1) for imposed boundary conditions at x=a and b, leads to certain
values of the constant A (the eigenvalues A ;) for which the equation has a nonzero
solution (the eigenfunctions ¢, (x)).

For a given function u(x), the determination of the dependence of the solution ¢
on the parameter A and the dependence of the eigenvalues A, on the boundary

conditions is known as a Sturm-Liouville problem. The solutions of (1.2.1) exist only if

b
the function u(x) is integrable, that is J| u(x)|dx <oo. The spectrum of eigenvalues 2,
is made up of two cases corresponding to A >0 and A <0. The case A =0 does not
occur if u(x)=0.

In particular, for u(x)=—-2sech’x, and the boundary conditions @(+o0)=0 leads to
the single eigenvalue A =-1 with the associated eigenfunction ¢ =sechx. The
scattering solutions of (1.2.1) are made up of linear combinations of the functions
¢, = exp(ix/x x)(ix/x —tanhx), and ¢, = exp(—ivA x)(ix/z + tanh x) .

The solving of the Schrodinger equation (1.2.1) when the potential function u(x) is
specified is referred to as the direct scattering problem. If u depends on x and ¢,
u=u(x,t), then we expect the values of the A, to depend upon 7. It is interesting to
ask whether or not there are potential functions u(x,7) for which the A, remain
unchanged as the parameter ¢ is varied.

In particular, if u =u(x+¢) satisfies the linear partial differential equation u, =u,,
the variation of ¢ has no effect upon the eigenvalues A, . Also, the eigenvalues are
invariant to the variation of ¢, if wu(x,¢)satisfies the nonlinear partial differential
equation

u, +uu +u, =0, (1.2.2)
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known as the Korteweg—de Vries equation (KdV) .

Therefore, solving the KdV equation is related to finding the potentials in a Sturm-
Liouville equation, and vice versa.

The direct scattering problem is concerned with determining of a wave function ¢

when the potential u is specified. Determination of a potential # from information
about the wave function ¢ is referred to as the inverse scattering problem.

THEOREM 1.2.1 Let S be a pre-hilbertian space of functions y:R*> —R. Let us
consider the operators L:S — S, B:S — S having the properties:

a) (Ly,y,)=(y.Ly,), ¥y, € S.

b) L admits only simple eigenvalues, namely A(t) is an eigenvalue for L if there

exists the function ¥ € S, so that

(L¥)(x,0) = M) ¥(x,0) . (1.2.3)

c) (B,a(t)y) =a(t) (B,y) , VyeS,and a(t)yeS.
It follows that the relations

L +LB-BL=0, (1.2.4)
L:S—S, ( L,y)(x1) :<L,y>’l (x,0)=(L,y,)(x,1) , (1.2.5)
are verified. Also, it follows that
1. the eigenvalues are constants
Mt)=AeR, VteR, (1.2.6)

2. the eigenfunctions verify the evolution equation
W, (x,1)=(B+Ia(t),¥)(x,) VxeR, VieR, (1.2.7)

where o is an arbitrary function of t .
Proof. Let A(t) be an eigenvalue so that

(L, W) (x,0)=M(0)¥(x,1), VxeR.

We can write

(L, W) (x,0)+(L,Y¥,) (x,1) = &, () ¥ (x,0) + MO, (x,1),

(L, ¥)(x,0)+(LY,)(x,0) =k, (¥ (x,0) + MO, (x,1), Vx,teR.
From (1.2.4) and (1.2.5) it results
AOY(x, )= (L-h-BY+¥,)(x,1),
and multiplying to ¥, we obtain

(L OW-W); =((L-1-BY+¥,)-¥) =((L-1,¥)-(-B¥+¥,)) =0.

=
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This implies A, =0. The function—BY +Y¥, is also an eigenfunction for L,
corresponding to non time-dependent A. Therefore, there exists an arbitrary function
o(t) so that

-BY+V¥Y,=a(®)¥ .
Considering a new dependent variable
W(x,0) = o, exp( [a(o)dt),
the equation (1.2.7) yields
¢, = (B,(p) . (1.2.8)
To illustrate this, let us consider the example
{y:R<R, >R, y,y, >0, [x] >0},

with the scalar product
<y1’y2>s = Jyl(x,t)y2(x,t)dx >

and operators L,B:S —> S

(L.y)=-y, +u(x.0)y, (1.2.9)

(B,y) =4y, +6u(x,0)y, +3u (x,1)y. (1.2.10)
According to
<Lt’y> = ut(xat)y s

<L, By) =4y —10uy —15u y —12u_y + 6u2yx —3u,_ y+3uu y,

(B,Ly) =4y, — 10wy, ~15uy, ~12u, y, +6u’y, —4u, y+uu,y,
it is found that (1.2.3) can be written under the standard form of the KdV equation
u, +u, —6uu, =0.

The operators satisfy the properties mentioned in the theorem 1.2.1. For (1.2.5) we
find

Y +(A-u)¥ =0,
and the eigenfunction ¥ corresponding to A verifies

Y, =AY +6u¥ +3u ¥ +o()Y .

The new dependent variable, W(x,?) = o(x,?) exp( j a(t)dt) , states that ¢ is also an

eigenfunction corresponding to A
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¢, +(A-u)p=0, (1.2.11)
which verifies the equation
0, =49, +6uo, +3u0. (1.2.12)

Consequently, finding solutions to the KdV equation is related to solving the
Schrodinger equation

o, +[k* —u(x,H)]p=0. (1.2.13)

Note that in (1.2.13), ¢ is playing the role of a parameter, & is a real or a pure complex
number ik , k>0, and the potential function u has the property u — 0, |x| —> 0.

For localized potentials u(x), all solutions of (1.2.13) will reduce to a linear

combination of the functions exp(ikx) , and exp(—ikx) as |x| —> 00,

Following Faddeev (1967), the solutions of the Schrodinger equation are expressed
as linear combinations of a solution f,(x,k) that reduces to exp(ikx),as x -, and a

solution f,(x,k) that reduces to exp(—ikx),as x — —oo.
By definition, f,(x,k) and f,(x,k) are fundamental solutions of (1.2.13) and are
exact solutions of (1.2.13) and verify

Si(x,k) = exp(ikx), x—> o0,
Si(x.k)exp(—ikx) > 1, |x] > o0, (1.2.14a)
fo(x, k) = exp(—ikx), x —> -0,

fo(x, kyexp(ike) > 1, |x| > —oo. (1.2.14b)

THEOREM 1.2.2 Fundamental solutions f,(x,k) and f,(x,k) verify the equations

J1(x, k) = exp(ikx) —%o].sin k(x—o)u(a) f, (o, k)do, (1.2.15a)

o (x, k) = exp(—ikx) —% ]sin k(x—a)u(a) f, (o, k)do . (1.2.15b)

Proof. The homogeneous equation associated to (1.2.13), ¢"+k’¢@ =0, admits the
solutions @(x) = A(x)exp(ikx)+ B(x)exp(—ikx) , with A, B arbitrary constants.
By applying the method of variation of constants, we obtain

Ax) = ﬁu(x)«p(x) exp(~ikx)
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1 .
B'(x) = ———u(x)p(x) exp(ikx) ,
2ik
and then, by integration, we have

A(x) = ﬁ ]u(oc)(p((x) exp(—iko)da +C, ,

B(x)=——— [ue)o(@) explikorda+ C, .
2ik §
The constants C,,C, are found from (1.2.14a)

€, =1-—— [u(e)o(t) exp(-ika)dar,
2ik §

G = L u(a)o(o) exp(iko)do .
2ik ;

Substitution of these expressions into ¢(x), leads to

o(x,k) = exp(ikx) — 21_k oj.u(oc)(p(a) expik(x—o)do +
i

1 o0
+— |u(a)p(a) expik(a — x)do.
i JHere(@) expik(a—)
The function f, is derived in an analogous manner.

Equations (1.2.15) are the Volterra integral equations, which can be solved by an
iteration procedure. More specifically, the substitution of exp(ikx) into (1.2.15a) yields

to the conclusion that the resulting integrals converge for Im(k)>0.

For integral equations of Volterra, the resulting series expansion is always
convergent. Hence, the functions f,, f, are analytic in the upper half of the complex &

plane. For real u(x) and k, we have f,(x,—k)=f (x,k), i=1,2, where “*” is the
complex conjugate operator.
From (1.2.15) we see that the functions f,(x,k), f,(x,—k) are independent. The

functions f,(x,k), f,(x,—k)are also independent. So, there exist the coefficients

¢, (k), i,j=1,2, depending on £, so that
LG k) =c, (k) f,(x, k) +c, (k) f,(x,— k), (1.2.16a)
k) = e (k) £ (k) + ey (K) £ (k) (1.2.16b)
From the limiting form of f(x,tk), i=1,2, we may write

L(x> k) ~ exp(_ikx)s X —> —0,
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Jo(x, k) = ¢, (k) exp(ikx) + ¢, (k) exp(—ikx),  x — oo,

which means the solution corresponds to a scattering problem in which the incident
wave is coming from co with an amplitude c,,(k), and is reflected with an amplitude
¢,,(k), and transmitted to —o with an amplitude of unity.

In particular, the fundamental solutions for the potential u(x)=—2sech’x, are
obtained by solving the equation

z" = (k* —2sech’x)z, —0 < x<o0.

By using the substitution y =tanhx, —1< x <1, we obtain the associated Legendre
equation (Drazin and Johnson)

2
L0 Eye 2z <0,
dy dy 1=y

whose general solution is given by
z = Aexp(kx)(k — y) — Bexp(—kx)(k+ y) .

From here we obtain the fundamental solutions

S k)= exp(ikx)(ik —tanh x) ,

ik -1

1
k-1

(e k) = exp(—ikx)(ik + tanh x) .

Let us introduce the reflection and transmission coefficients for an incident wave of
unit amplitude (Achenbach). The ratio

RR(k)=—c“(k), (1.2.17)
¢, (k)
is the reflection coefficient at oo, and the ratio
1
T, (k)= , (1.2.18)
AN (5]

is the transmission coefficient at o . The subscript R refers to a wave incident from the
right. Similarly, we have

1 (x, k) = exp(ikx), x — oo,

fi(x, k) = ¢, (k)exp(ikx) + c,, (k) exp(—ikx), x — —oo,

which means the incident wave from —co with an amplitude c,, (k) is reflected with an
amplitude c,, (k) and transmitted to oo with an amplitude of unity.
The ratio
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R (k)= 2% (1.2.19)
Cy (k)
is the reflection coefficient at —oo , and the ratio
1
T, (k)= , (1.2.20)
e

is the transmission coefficient al —oo .
The Wronskian of any two functions ¢, and ¢, , is defined as

W@ (%), 0, (¥)] = @, (1)@, (X) = 9, ()P, (X) . (1.2.21)

If ¢, and ¢, are two linearly independent solutions of (1.2.13), then their
Wronskian is a constant

wlo,(x;k),0,(x; k)] = f(k), VkeC. (1.2.22)

The relation (1.2.22) results by adding (1.2.14) written for ¢, and multiplied by o,
to (1.2.13) written for @, and multiplied by —¢, . It results

d
EW[(P13(P2]=0~

According to definition of the Wronskian and (1.2.22), the following properties hold
wl fi(x: k), f,(6—k)] = 2ik , w[ f, (x; k), f,(x;—k)] =21k, (1.2.23)
where f, f, are fundamental solutions (1.2.15).

Substituting f,(x;k) from (1.2.16b) into (1.2.16a), and substituting f,(x;k) from

(1.2.16a) into (1.2.16b),VkeC, and taking account of the independency of
f>(x;k), f,(x,—k) , the following relations are obtained

¢, (k)cy, (k) + ¢, (k)ey (k) =1,
¢ (k)ey (k) + ¢, (k)e,, (k) =0, (1.2.24)
¢y (k)e, (k) + ¢, (k) (k) =1,
¢y, (k)e (k) + ¢y, (k)cp, (k) = 0.

The coefficients ¢, may be written in terms of the Wronskian

e (k) =ﬁw[fz (K), £ ()],

en (k) = ﬁw[fz (=), £ (e b1, (12.25)
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(k) = ey (k) = ﬁw{fl(x; K. f, (k).

Vk eC. That yields T,(k)=T,(k)=T(k). The relations (1.2.25) are obtained from
(1.2.16) and (1.2.23). Furthermore, from f; (x;—k) = f"(x;k), i =1,2, we have
R,(K)T(=k)+ R, (-k)T(k)=0, VkeC, (1.2.26)
and
(k) =c, (k)
¢, (k) ==, (k) = —c,, (=h),
len () =1+ e, (0 =1+]e, (0] (1.2.27)
7)) +|Re (O =TI +|R, (k) =1,
R (=k)=R,(k), Ry(=k)=Ry(k),

Vk € R . The location of the poles of the transmission and reflection coefficients in the
upper half-plane are important to obtain information about the localized or bound-state
solutions. Consider now the poles of T'(k).

THEOREM 1.2.3 For real potential functions u:R — R, any poles of the
transmission coefficient in the upper half-plane must be on the imaginary axis. More
precisely, if k, € C is a pole for T(k), then k, =ix,, K, €R, .

Proof. Let k,€C be a pole for T(k)=

. Then it is a zero for c,,
¢, (k)

¢, (k) =0. According to (1.2.27),, for VkeRwe have c¢,(k)#0, and then
Im#k, >0.
Writing (1.2.13) for &,
¢"+(ky —u)p=0,
and similarly for &,
¢ "+ (k' —u)o’ =0,
and subtracting them, it follows that
?"9" — 09 "=—~(ky — ks )og".

Integrating then over x, from —co to oo, yields

w(@. 9N —w(e.9")

—o0

= (ks =i") o[ dx.

The Wronskian of ¢, ¢ being a constant, it follows that
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Rek, Imkomj|<p|2dx:0,

and hence, from Im#k, >0, it results Rek, =0.
When ¢, (k))=0, k, € C, the fundamental solutions are linearly dependent, and
then lead to

S ky) = ¢, (ko) f1(x, k) (1.2.28)

and

ey (ky) = (1.2.29)

ll(k)

This property results from (1.2.16a,b) written for k =k, .
Next, we show that the value of the residuum of the function T'(k) in every pole

k, =ix,;,x, > 0 is given by

Res(T(F)(k,) = — = — i . (1.2.30)

- (k
¢ (ky) J‘fl(x,k/)fz(xakl)dx

To obtain this, let us differentiate with respect to k&, the relation (1.2.25), and set
k =k, . According to (1.2.28) and (1.2.29) we have
d

Eclz (k)

1 1
=——-oc0, (k)W (x, k) + ——c,, (k) w, (x, k, 1.2.31
T 1 (k)w (k) 2ik, »(k)w,(x,k;) ( )

where

w[(x,k,):w[%(x,k) s LGk, i=1L2.

k=k,

To obtain w,, let us multiply (1.2.13) written for f (x,k) with f,(x,k), then
multiply (1.2.13) written for f,(x,k,) with f (x,k), and add the results. We have

[f(xk) Sk = f(xk) A0l (K =) (k) fi (6, ) = 0.

Differentiating the above relation with respect to £ € R, we have

1=2k,(f,(x. k)’

k=k;

—W[f(xk) f(x k)

Integration from x to o, gives

wLAGLk)— f(xk) 2kj‘(f(otk)) da,
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A—hmw[f(xk) f(xk)]
It follows that
w, =2k, o].[f1 (o k) do
In a similar way we obtain
w, =2k, ][fQ(a;k,)]zda :

Substitution of w,, i =1,2, into (1.2.31) yields
) e, (k) %
iz (k)|k:k, = # J.[ﬁ (CHANE

. k
=%j (k)1 (o, )dot = 022( D jjgl(a k)T dor.
Note that

xj.cll(kl)’Y][fi(x;kl)]zdx =1, (1.2.32a)

—0

wfczz (kv L (k)P de =1, (1.2.32b)

—0

Thus, the quantities [y,¢,,(k,)]"* and [y,c,,(k,)]"* are the normalization constants for
the bound-state wave functions f;(x,k,), i=1,2.
Using (1.2.30) we may write the normalization constants as

=7,¢,(k) =—i C“EIZ; = {\j[fl(x;k,)Fdx}*‘ , (1.2.33a)
=7, (k) =i c”gz; (A Gsk)Pd™,  (1.2.33b)

where my,,m,;, € R, due to the fact that f;(x,k)eR, k, =ix,, i=12.
Any poles of the transmission coefficient are simple because, if £, is a pole for
T(k), k =ix,,x, >0, then it has the properties (1.2.32a), (1.2.33a), and it results

¢, (k) = —icll(k,)?[ﬁ(x;k,)]zdx #0.
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1.3 Inverse scattering theory

The inverse scattering theory was firstly considered to solve an inverse physical
problem of finding the shape of a mechanical object, which vibrates, from the
knowledge of the energy or amplitude at each frequencies (Drazin and Johnson).

In our terms, the methods consist in determination of the potential function u from
given coefficients c; (k) , that relate the fundamental solutions of the equation

Q"+ (k> —u)p=0. (1.3.1)

The fundamental solutions of the Schrodinger equation may be written under the
form

J,(x, k) = exp(ikx) + o]-AR (x, x") exp(ikx")dx", (1.3.2a)

£, (x, k) = exp(—ikx) + ]AL (x, x"yexp(—ikx")dx'. (1.3.2b)

Balanis considered these forms in 1972, by solving the elastically braced vibrating
string equation

yxx_yx'x'_u(x)y:()a (133)

for which the solutions are written as
Y (x,x") =0(x"-x)+0(x'-x) A, (x,x"), (1.3.4a)
y,(x,x") =08(x"+x)+0(x"+x)4, (x,—x"), (1.3.4b)

where o is the Dirac function, 0 is the Heaviside function, and 4,, 4, are functions
that describe the scattering or wake. Applying the Fourier transform

Ly, x)](x,k) = Jy(x,x') exp(ikx)dx’,

to (1.3.3), we find (Lamb)
Fly(x,x"],, + (k> —u(x))F[y(x,x"]=0. (1.3.5)

The equation (1.3.5) admits as solutions the Fourier transform of (1.3.4)

FIy, (x, x)](x, k) = exp(ikr) + ijR (x, x")exp(ike)dx', (1.3.6a)

FIy, (x,x)](x, k) = exp(—ikx) + j A, (x,—x"exp(-ike)dx'.  (1.3.6b)

From (1.3.5), we see that the solutions of (1.3.1) take the form (1.3.6)
Ji(x, k) = Fly,(x,x)(x, k), i=12.
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Substituting £, f, into (1.3.1) we derive the conditions to be verified by A, 4, .

For this, we write f, as

, i Nolad,
fl(x,k)=exp(lkX)[1+;AR (x,x el axR, (6, X)),y =
® A2
—kl j‘z /'12 (x, x") exp(ikr)dx',

then integrate it by parts and introduce into (1.3.1). By imposing the conditions
Ap (x,x"), A (x,x") >0, for x'—> o,

we find

—exp(ikx)[2 dd/j: (x,x) +u(x)]+

© 2
+ J-[aa/iR (x,x")— ‘ x/vlf (x,x") —u(x) Ay (x,x")]exp(ikx )dx" = 0

Therefore, the equation (1.3.1) is verified for

u(x) =2 ddfj (),

A (x,x) =0, x'<x,
2 2
a/ik x,x")— oA L (x,x)—u(x) 4, (x,x) =0, x'>x.
Ox Ox'

Similarly, f, verifies the equation (1.3.1) for

u(x)=2 dd’iL (.,

A, (x,x)=0, x'>x,

24, o4
PG

and the Faddeev condition is verified (Faddeev 1958)

L(x,x)V—u(x)4, (x,x")=0, x'<x,

?(1+|x|)u(x)dx <o,

—0

From (1.3.7) we see that for given A4,, 4, , we can find the potential function .

(1.3.7a)

(1.3.7b)

Next, we try to determine the functions 4,,4,in terms of the coefficients,

¢, (k), i,j=1,2, considered specified. For this we write (1.2.14a) under the form
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T(k) f,(x, k) =Ry (k) f,(x, k) + f,(x,—k), (1.3.8)

and derive the corresponding relation in the time domain. Taking the Fourier transform
does this

FLf (0 h)](x,x") = i Jfl (x, k) exp(—ikx")dk .

By noting

I'(z)= 21_15 O][T(k) —1]exp(—ikz)dk , (1.3.9)

the Fourier transform on the left-hand side of (1.3.8) yields

FT() £, (6, k)] (x,x ") = i [+ [T(2)explikz)dz) %
x( O]‘ ¥, (x, x")yexp(ikx")dx ") exp(—ikx")dk =

=, (x,x")+ %Q;J;F(z) v, (x, x")explik(z + x"— x")]dkdx"dz =

=0(x"+x)+0(x"+x)4, (x,—x")+
“ (1.3.10)
+(x+x"+ J.F(x'— x" A, (x,—x")dx".

In a similar way, by noting

ro(z) = % ijR (k) exp(ikz)dk , (1.3.11)

the Fourier transform on the right-hand side of (1.3.8) leads to
FR (k) (3, k) + £ (x,=h)](x, x") =

- zi T Ry ;o) explie b + 3, (3, ) =
T —0

- ZL O] ( ?rk (z)exp(ikz)dz)( 3]. y, exp(ikx ")dx ") exp(—ikx dk +y, (x,—x") =
T -0

—0 -0

= [[ (@ G Q].;—nexp[ik(—z +x " x Yk dx "dz 4y, (x,—x") =

—00,00

= 0]”R(X"—X')yl(x,x")dx"+yl(x,—x') —

—o0
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=r(x—x")+ J.rR (x"=x") A, (x,x")dx"+

+0(x '+ x) + 0(—x'—-x) 4, (x,—x"). (1.3.12)
Substituting (1.3.10) and (1.3.12) into (1.3.8) we have

0(x'+x)4, (x,—x)+T(x+x"+ o]‘l"(x '—x"4, (x,—x")dx"=
. - (1.3.13)
=r,(x—x")+ JrR (x"—x") A4, (x,x")dx "+ 0(—x"— x) 4, (x,—x").

x

We study now the case x+x'<0. To interpret (1.3.13) we must evaluate the
function I'(z), z<O0.

Case 1. When the transmission coefficient 7'(k) possesses neither poles nor zeros
in the upper half-plane, then
I'(z)=0. (1.3.14)
To show this, we consider the closed contour in the complex plane
C=C, U[-R,R] where C, asemicircle of radius R .
According to the Cauchy theorem we have
j [T (k)—1]exp(—ikz)dk =0,
C

due to the fact that the integrant is an olomorphic function in the simple convex domain
enclosed by the contour C .
Then, we can write

[T (k) ~ 1exp(—ike)dk =— Rj[T(k) —1]exp(~ikz)dk . (1.3.15)

CR
According to the Jordan lemma, if C, is a semi-circle in the upper half-plane,
centered in zero and having the radius R, and the function G(k) satisfies the condition

G(k) >0, k— o, in the upper half-plane and on the real axis, and m is a positive
real number, then we have

j G(k)exp(ikm)dk — 0, R —> .
Cr

Here m=-zeR,, G(k)=T(k)-1.1f T(k) > 1, k — o, we may write

j[T(k) —1]exp(—ikz)dk -0, R — .

From (1.3.15) it results
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R
I'(z)= Ileim J-[T(k) —1]exp(—ikz)dk =0 .
-R
When T'(k) contains no poles in the upper half-plane, the equation (1.3.13) becomes
r(x—x")+ J.rR (x"=x" A (x,x")dx"+ A4, (x,—x") =0, x+x'<0,

or, denoting —x'=y

Fo(x+y) + er(x"+ ) Ay (x, x")dx"+ A (x, ) =0, x<y. (1.3.162)

x

In a similar way we obtain

r(x+y)+ NJ.rL(x"+ WA, (x,x")dx"+ 4, (x,y)=0, x>y, (1.3.16b)

—0

where
1 (2) === [ R, () exp(-ike)dk
2m

Case 2. If T(k)contains first-order zeros or poles in the upper half-plane, then they
are situated on the imaginary axis k, =ix,, x,>0, [=12,...,n.
From the residuum theorem we find

0

I(z)= Jﬁ[T(k) ~ Uexp(-ikz)dk = 2y

el =1

MR&[T(/{] )=
2n

=i) exp(k,2)iy, = — Y exp(k,z)y,, (1.3.17)
=1 =1

where vy, is given by (1.2.31).
The relation (1.3.13) is written as

=3 explhy (e 0l = [ 3 explk (=l 4, (3" =

o (1.3.18)
=r(x—x")+ J.rR (x"—=x") Az (x,x")dx"+ A, (x,—x"),

x

for x+x'<0.
In terms of —x'= y, and taking into consideration that
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fo(xix,) = ¢, (ix,) f; (x,1x,) = ¢, (ik, )[exp(—K,x) + c]-AR (x,x"yexp(—x,x")dx"],
the equation (1.3.18) becomes
QR(x+y)+?QR(x"+ VA (x, x")dx"+ A4, (x,») =0, x<y. (1.3.19a)
Similarly, we obtain |
Q (x+y)+ ]-QL(x"—i- WA (e, x"dx"+ 4, (x,y)=0, x>y. (1.3.19b)
The functions Q,(z) and €, (z) are defined as

Qp(2) =rp(2)+ i:y,cn(ilc,)exp(—k,z) =

(1.3.20a)
= i c:ik; exp(1kz)dk+1z my, (i, ) exp(—K,z),
Q,(z )—— sz(k)e xp(— 1kz)dk+12mu(1l< yexp(k,z), (1.3.20b)

—o0 lZ(k)
with my and m,, given by (1.2.31)

. ¢, (ix,) . . ), (IK,)
=, my, (ik,) = -1 .22 p =
¢, (k) ¢, (i)
In this case we have obtained the same integral equations (1.3.19) as in the first case,
with the difference that r, is replaced to Q, .

my, (iK,) = —i

These equations are known as Marchenko equations (Agranovich and Marchenko),
and they can be used to determine A, or A, when one of the reflection coefficients

r,or 7, is specified.

Solutions of Marchenko equations are the functions 4;,A4,, which allow the
determination of the potential function u . The Marchenko equations are also used to
determine the reflection coefficients when the potential and hence the fundamental
solutions and the functions A4, or 4, are specified.

We can say that determination of R,,R, and r,,r,, is made from (1.2.15) and

(1.2.17), and determination of Q,,Q, from (1.3.20).

1.4 Cnoidal method

The inverse scattering theory generally solves certain nonlinear differential
equations, which have cnoidal solutions. The mathematical and physical structure of the
inverse scattering transform solutions has been extensively studied in both one and two
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dimensions (Osborne, Drazin and Johnson, Ablowitz and Segur, Ablowitz and
Clarkson). The theta-function representation of the solutions is describable as a linear
superposition of Jacobi elliptic functions (cnoidal functions) and additional terms,
which include nonlinear interactions among them.

Osborne is suggesting that the method is reducible to a generalization of the Fourier
series with the cnoidal functions as the fundamental basis function. This is because the
cnoidal functions are much richer than the trigonometric or hyperbolic functions, that is,
the modulus m of the cnoidal function, 0 <m <1, can be varied to obtain a sine or

cosine function (m = 0), a Stokes function (m = 0.5) or a solitonic function, sech or
tanh (m = 1) (Nettel).

Since the original paper by Korteweg and DeVries, it remains an open question
(Ablowitz and Segur): “if the KdV linearised equation can be solved by an ordinary
Fourier series as a linear superposition of sine waves, can the KdV equation itself be
solved by a generalization of Fourier series which uses the cnoidal wave as the
fundamental basis function?”

This method requires brief information necessary to describe the cnoidal waves. The
arc length of the ellipse is related to the integral

E(z)= JM

0 ﬂ(l X)

with 0 <k <1. Another elliptical integral is given by

: dx
F(z)= .
® oj Ja=x)1-kx)

The integrals E(z) and F(z) are Jacobi elliptic integrals of the first and the second

kinds. Legendre is the first who works with these integrals, being followed by Abel
(1802-1829) and Jacobi (1804—1851). Jacobi inspired by Gauss, discovered in 1820 that
the inverse of F'(z) is an elliptical double-periodic integral

F™'(®) = sn(m).

Jacobi compares the integral

@
, 1.4.1
6[(1 msin 6)”2 (14.1)
where 0<m <1, to the elementary integral
fa
W= , (1.4.2)
J (1 _ t2)1/2

and observed that (1.4.2) defines the inverse of the trigonometric function sin if we
use the notations 7 =sin6 and y =sinw. He defines a new pair of inverse functions
from (1.4.1)

snv=sin@, cnv=cosQ. (1.4.3)
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These are two of the Jacobi elliptic functions, usually written sn(v,m)and cn(v, m)

to denote the dependence on the parameter m. The angle ¢ is called the amplitude

¢ =amu . We also define the Jacobi elliptic function dnv = (1—msin* ¢)"'”.
For m =0, we have

v=0, cn(v,0)=cosp=cosv,
v=¢ sn(v,0)=sinp =sinv, dn(v,0) =1, (1.4.4)
and for m =1
v = arcsech(cos @), cn(v,1) =sechv,
sn(v,1) =tanhv, dn(v,1) =sechv. (1.4.5)

The functions snv and cnv are periodic functions with the period

T do - 4“’f do

J (1-msin® 0)'" J (1-msin® 0)"?
The later integral is the complete elliptic integral of the first kind
/2

j de

Km= ) st o)™

(1.4.6)

0

The period of the function dnv is 2K . For m=0 we have K(0)==n/2. For

increasing of m, K(m) increases monotonically

16

1
K(m)~—lo
(m) 51087

Thus, this periodicity of sn(v,1) and cn(v,1)=sechv is lost for m=1, so
K(m)—> .

Some important algebraic and differential relations between the cnoidal functions
are given below

d
en’+sn’ =1, dn’+msn’ =1, d—cn=—sndn,
v

isn= cndn, idn=—msncn, (1.4.7)
dv dv

where the argument v and parameter m are the same throughout relations.
Now, consider the function @(¢) introduced by Weierstrass (1815-1897) in 1850,

which verifies the equation
@’ :4803_g2§9_g3a (1.4.8)

where the superimposed point means differentiation with respect to ¢ .
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If e,e,,e, are real roots of the equation 4y’ —g,y—g, =0 with ¢ >e, >e,, then
(1.4.8) can be written under the form

@' =4p-e)p-e)p-e), (1.4.9)
with
&> :2(‘312 +e§ +832) >
g, =4eee,, e+e, +e =0.
Introducing

A=g -27g7, (1.4.10)

when A >0, equation (1.4.9) admits the elliptic Weierstrass function as a particular
solution, which is reducing in this case to the Jacobi elliptic function cn

P(t+8g,,8,)=e —(e,—e,)en’ (e, —et +38"), (1.4.11)

where 8’ is an arbitrary real constant.
If we impose initial conditions to (1.4.9)

£0)=0,, '(0)=6,, (1.4.12)
then a linear superposition of cnoidal functions (1.4.11) is also a solution for (1.4.8)
0, =2 a,en’[w 65m, ], (1.4.13)
k=0

where the angular frequencies ®, , and amplitudes o, depend on 6, 6, .
When A <0 the solution of (1.4.9) is

l+cn(2tyH, +38")
*1-entH, +8")

p=e+H

with

m= s
2 4H,

1 _3e H, 2365—%.

When A =0, we have ¢ =e, =c, e; =—2c, and the solution of (1.4.9) is

3c
—_—
sinh®(\3ct +8')

=C

Since the calculation of the elliptic functions is very important for practical
problems, in Chapter 10, the Shen-Ling method to construct a Weierstrass elliptic
function from the solutions of the Van der Pol’s equation is presented.

Consider now a generalized Weierstrass equation with a polynomial of » degree in

0(2)
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6> =P.(0). (1.4.14)

The functional form of solutions of (1.4.14) is determined by the zeros of the right-
hand side polynomial.

For biquadratic polynomial, n =4, we can have four real zeros, two real and two
purely imaginary zeros, four purely imaginary zeros or four genuinely complex zeros.
For n =35 the functional form of solutions depends also on the zeros of the polynomial.

For all cases the solutions are expressed in terms of Jacobi elliptic functions, the
hyperbolic and trigonometric functions.

In the following we present the cnoidal method. Osborne discussed this method for
integrable nonlinear equations that have periodic boundary conditions, in particular for
the KdV equation. In 2002, Munteanu and Donescu have extended this method to
nonlinear partial differential equations that can be reduced to Weierstrass equations of
the type (1.4.14).

We present the method in context of the KdV equation

0,+¢,0, +a00, +BO,. =0, (1.4.15)

where ¢,, o and [ are constants.

For o =0, the linearized KdV equation is solved by the Fourier series. The
solutions are expressed as a sum of sine waves using the linear dispersion relation
o=ck—Bk’.

The general solution to the KdV equation with periodic boundary conditions may be
written in the terms of the theta function representation (Dubrovin ef al.)

2

2d
e(x’t):Xd log®, (M;,My5--M,,) (1.4.16)

XZ
where A =a /6B, and © is the theta function defined as
R 1<
0,(M;,My,-M,) = Z GXP(lemi +E Z MiBiij) , (1.4.17)
M e(—0,0) i=l1 i,j=1

with #n the number of degrees of freedom for a particular solution of the KdV equation,
and

N, =kx—or+d,, 1< j<N. (1.4.18)

In (1.4.18), k; are the wave numbers, the ®, are the frequencies and the ¢, are the

phases. Let us introduce the vectors of wave numbers, frequencies and constant phases
k=[k.k,,...k,], o=[0,0,,..,0,],

¢:[¢l’¢2""¢n]’ n:[nlsnzv“ann]- (1419)

The vector n can be written as
n=kx—-ot+¢. (1.4.20)

Also, we can write
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Mn=Kx-Qi+®,
M =[M,M,,..M,],

K=Mk, Q=Mo,®=M¢.

The integer components in M are the integer indices in (1.4.17). The matrix B can
be decomposed in a diagonal matrix D and an off-diagonal matrix O, that is

B=D+0. (1.4.21)

THEOREM 1.4.1 (Osborne) The solution 0(x,t) of KdV equation (1.4.15) can be
written as

20
0(x,1) = =~ log®, (1) = 0,,, (M +0,, () , (1.4.22)

A Ox

where 0, represents a linear superposition of cnoidal waves
20

0,,(m) = el logG(M), (1.4.23)
G = X exp(iM+-MDM) (1.4.24)

M

and ©,, represents a nonlinear interaction among the cnoidal waves

& F (n,C)
0 2—log(l+———), 1.4.25
() = e og( G m ) ( )
. 1,
F (n,C):ZCexp(an+5M DM), (1.4.26)
=
C:exp(%MTOM)—l. (1.4.27)

Proof. The decomposition (1.4.22) result easily from (1.4.16), (1.4.17) and (1.4.21).
Consider the case with no interactions (O =0, and then C=0). The function G(n)

yields
G() = HG (M,m,), (1.4.28)
m=1
where
N . 1
Gm (nm) = Z eXp(lenm + 2 MmDmm) (1 '4'29)
M, =0

So, the linear term (1.4.23) becomes



MATHEMATICAL METHODS FOR NONLINEAR EQUATIONS ANALYSIS 23

n 2
0, (=32 10gG, (M,n,) =
e e Ox (1.4.30)

:Zn:%nmcn {(K(m,))/m)[x-C, t,m,]1},

where K(m) is the elliptic integral (1.4.6). The relation (1.4.30) provides the
interpretation of the first term on the right-hand side of (1.4.22) as a linear superposition
of cnoidal waves.

The solution (1.4.30) represents the cnoidal wave solution for the KdV equation.
The moduli m,, and the phase speeds C,,, m =1,2,...,n, are given by

msz (mm) = 4TC2Un s

)

2
C, =1+ 2 g2y K (M)
h T

n, .
where U, = ?’”3 is the Ursell number.

Consider now a nonlinear system of equations that govern the motion of a
dynamical system

%:Fi(el,ez,...,en), i=l.,n, n>3, (1.4.31)

with xeR", t€[0,T], T € R, where F may be of the form

F = Za 0 +wa L0, + Z €p9,0,0, +
Pt Pt (1.4.32)
+ Z d,.9,0,0.0 + Z 0,0,0,6,0,+..

qurlm poqr
p.q.r,l=1 P.q.r,l,m=1

with i =1,2,...,n,and a,b,c...constants.

The system of equations has the remarkable property that it can be reduced to
Weierstrass equations of the type (1.4.14). In the following, we present the cnoidal
method, suitable to be used for equations of the form (1.4.31). To simplify the
presentation, let us omit the index i and note the solution by 6(¢) .

We introduce the function transformation

2

0= 2(‘11710g®n(t), (1.4.33)

where the theta function ®, (¢) are defined as

0, =1+exp(iot+B,),

0, =1+exp(iof+ B,,) + exp(io,t + B,,) + exp(®, + ®, + B,,) ,



24 INTRODUCTION TO SOLITON THEORY: APPLICATIONS TO MECHANICS

0, =1+exp(io i+ B,,) +exp(in,t + B,,) +
+exp(im,t + By, ) +exp(o, + o, + B,) +

(1.4.34)
+exp(w, + 0, + B;) +exp(m, + o, + B,;) +
+exp(o, +®, +o, + B, + B; + B,,),
and
0,= Y exp(i) Mot +lZB MM ), (1.4.35)
M e(—0,0) i=1 i<j
2
w0 — o, 2
exp B, :[ J , eXp B, = ;. (1.4.36)
O+,
Further, consider (1.4.21) and write the solution (1.4.33) under the form
62
e(t) = 2¥10g ®n (n) = e1in (n) + eim (n) s (1 437)

for n=-wt+¢. The first term 0,

lin

represents, as above, a linear superposition of
cnoidal waves. Indeed, after a little manipulation and algebraic calculus, (1.4.23) gives

k 1/2
U 21 N

0, Za[ \/,Z[ 2,mcos(:zlﬁul);‘iK’t]z]. (1.4.38)

!

In (1.4.38) we recognize the expression (Abramowitz and Stegun, Magnus et al.)

0,, = Y a,en’[ozm], (1.4.39)

I=1
with
KV
=exp(-n—),

q = exp( I )

n/2 dl/l

J J1-msin’u ’

K'(m)=K(m), m+m, =1.

K=K(m)+

The second term 6, represents a nonlinear superposition or interaction among
cnoidal waves. We write this term as

d? F(t
dzlog[ @)

< B,cn’(wt,m,)

5 . (1.4.40)
G(@)" 1+y,en(ot,m,)



MATHEMATICAL METHODS FOR NONLINEAR EQUATIONS ANALYSIS 25

If m, take the values 0 or 1, the relation (1.4.40) is directly verified. For
0<m, <1, the relation is numerically verified with an error of |e|<5x107.
Consequently, we have

Zﬁkcnz[mkt;mk]
0, (x,1) = —= : (1.4.41)

n

1+ ) hen’[otm; ]

k=0

As a result, the cnoidal method yields to solutions consisting of a linear
superposition and a nonlinear superposition of cnoidal waves.

1.5 Hirota method

In 1971, Hirota showed that certain evolution equations can be reduced to bilinear
differential equations. He introduces a dependent-variable transformation (Drazin and
Johnson, Hirota)

2

uet) =22 tn fxn), (1.5.1)
Ox
where f has the property

fofisfou >0, as |x|—>oo.
We shall describe the method in the context of the KdV equation
u,—6uu +u, =0.
Substituting (1.5.1) into the KdV equation we obtain

W =S+ Mo =4S S #3 " =0. (1.5.2)

This equation can be reduced to a bilinear form by using the Hirota operator (Hirota
and Satsuma)

D"D." :VxV >V,
9.9
ot ot'

"y w, 0 0, o S.
DD/ (@ b)) = (o= (o atenp)

t=

where m, n are positive integers, » is a functions space, in particular
V= {f :RxR >R, feC"(R)xC" (R)} ,and a,b two arbitrary functions in V.

By virtue of the definition (1.5.3), the Hirota operator is
1. Bilinear

DD/ (aa, +a,,b)=0D"D(a,,b)+D/"D, (a,,b),
D"D(a,ab +b,)=aD" D (a,b)+D," D, (a,b,),
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Va,,a,,b,b, €V, aeR.
2. Symmetric
D"D./ (a,b)=D/"D, (b,a), D,"D."(a,b)=D,"D," (a,b),
Va,beV . For m=n=1, the Hirota operator (1.5.3) reduces to
D,D (a,b)(x,t)=(a,b—ab —ab, +ab, )(x,t), (1.5.4)

and for m=0,n=4,to

D (a,b)(x,t) = (a, b—4a, b, +6a.b, —4ab_  +ab, )x,t), (1.5.5)

XXX xxxx

Ya,bel .
The equation for f (1.5.2) can be rewritten in a form of a bilinear differential
equation

DD, (f./)+D;(f.f/)=0, (1.5.6)
or, by denoting
B=D.(D,+D}),
to
B(f,f)=0. (1.5.7)

To solve (1.5.7), we consider the solutions of the form
N
fny=Y " f,(x.0), (1.5.8)
n=0

with € # 0 a positive, real number, and f;(x,7)=1, V(x,#)e RxR.
Substitution of (1.5.8) into (1.5.7) yields

B(fy, o) +e[B(fi,D) +B(, )]+ ...

" N 1.5.9
ot 8" Y B(fo s )+ te D B(fys 1) =0 (1.5.9)
From B(f,, f,) =0, we obtain
B(fl,l)zo,
2B(f,,1)=-B(f,, /), (1.5.10)

2B(f;,1) ==B(f, /1) = B/, />)s

2B(f,1) = —"ZB(f":,.,f,), n=2..N.

that are the sufficient condition for the equation (1.5.9) to be verified, Ve real and
positive number. So this time, we calculate some particular expressions for B
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B(a,b)(x,t)=(a,b—ab —ab +ab, +a b —4a_ b +

XXX X

+6a b _—4ab__+ab_ ) (x,1),

XX xx X7 xxx XXXX

where a,beV . For b=1 we find
Ba))=a,+a_,.
For
a(x,t)=exp(9,), 6, =kx+wt+a,,
with k&, ®,,qa,, real and positive numbers, we have
B(exp(0,),1) = (kw, +k,*)exp(0,) . (1.5.11)
Again, for
a(x,t)=exp(0,), b(x,t)=exp(0,), 6, =kx+wt+a, i=12,
it follows that
Blexp(0,),exp(0,)] =[(k, — k)@, —@,) + (k, — k)" Jexp(0, +6,). (1.5.12)

The expressions (1.5.11) and (1.5.12) suggest some forms to be chosen for the
functions f,, n>1. For f,(x,f)=exp(8,), the equation (1.5.10), leads to @, =k,
and the others equations of (1.5.10) are identically verified if f, =0, n>2.

Thus, we obtain

fi(x0) =1+eexpkx—Kt+a,), (1.5.13)
2 A
u(rnt) = — N geeprfa¥ kit o, +ine, (1.5.14)
2 2
An initial condition of the form
u(x,0) = —2sech’x, (1.5.15)

leadsto a, =—Ing, k, =2.

We can say that a solution of the KdV equation with the initial condition (1.5.15) is
given by the soliton wave

u(x,0) = —2sech’® (x —4¢). (1.5.16)
If we consider the function
Ji(x,1) = exp(6,) +exp(6,) ,
0, =kx+ot+a, i=12,

with &, ®,,0,,positive and real numbers, the equation (1.5.10), is verified if

w, =—k’, i=1,2.For B(f,f;)we have

B(f19f1) = 2[(k2 _k1)(m2 _m1)+(k2 —k1)4]exp(91 +92)-
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Note that (1.5.10), suggests the form

fo(x,6) = Aexp(0, +0,),

where A is areal constant which is determined from (1.5.10),

k, —k
A, = (F—2) exp(0, +6,).
) (k1+k2) p(0, +6,)
The constants k,,k, are determined so that &, +4, #0 .

Choosing f, =0, n =3, the other equations (1.5.10) are identically verified. We
have

F(x,6) = 1+¢[exp(0,) +exp(0,)] + &> (k1 kZ) exp(0, +9,), (1.5.17)

1 2
_ 2
ek, exp(0,) + ek, exp(0,) + & %exp(e1 +0,)
u(x,t) = 220 1+ 2 L (15.18)
* 1+eexp(0,)+eexp(0,)+&’ (kl kz) exp(6, +0,)

1 2

with 0, =kx—k’t+a,, i=12.
An initial condition of the form

u(x,0) = —6sech’x , (1.5.19)
is verified for a, =a, = lnz, k,=-2, k, =—4.Consequently, the solution is
€

u(x,f) = -2 i[—6 exp(—6x + 72t) — 6 exp(—2x + 8t) — 12 exp(—4x + 64¢)
’ Ox 3exp(—2x+8¢)+3exp(—4x + 641) + exp(—6x + 72¢)

1, (1.5.20)

and represents the two-soliton solution.
3
For f (x,t) = Zexp(ei) , 0, =kx+ot+a, i=1,2,3, the equation (1.5.10), leads
i=1
to o, =—k’, i=1,2,3.
3
Choosing f, (x,t) = Z A; exp(0, +0,), the equation (1.5.10), is verified for
i,j=1
1 (k —k)

IR 10,
YT TR

For

3
fiGa)= D A, exp(6,+6,+6,), i,j,/=1,23.

i,j,I=1
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The equation (1.5.10) ; yields

4 =_1(ki_kj)z (ki_k/)(kj_kl)ki'f'kj_kl i j=1273
l[ b b b b .
Y 2(/€l.+kj)2 (ki+k,)(kj+k,) ki+k].+k1

For f (x,t)=0, n=4,equations (1.5.10) are verified and, finally, we have

3 3
fe)y=1+e) exp(0,)+€> Y A4, exp(6,+6,)+

i=1 i,j=1
3
+¢ Z Ay exp(0,+0,+6,), i,j,/=12,3.
i,j,l=1
In summary, we have
f(x,t)=1+¢[exp0, +expO, +exp0,]+

itk =k’ o o)t

+( 3) eXp(e +0 )] 3(k1_k2) (kl_ks)(kz_k3)x (1'5'21)
(ky +ky)? (ky + k) (ky + ke )k, + k)
ka(kl —ky) + 5 (ks — k) + K (k, —ky)

exp(0, +6, +6,).
k4, +k, p(0; 2 3)

Substitution of (1.5.21) into (1.5.1) leads to a solution u(x,¢), which is a three-
soliton solution. An initial condition of the form

u(x,0) = —12sech’x, (1.5.22)

is verified for
(xlzlng, lnE (x3=1n£, k==2, k,=—4,k; =-6.
€ € €

It follows that

2

u(x,t) = —25?[111(1 +6exp(=2x +8¢) + 1 Sexp(—4x + 64¢) +

+10exp(—6x +216¢) +10exp(—6x + 72¢) + 15exp(—8x + 224¢)+  (1.5.23)
+ 6exp(—10x +280¢) + exp(—12x + 288¢))].

In an inductive way, the N -soliton solution is obtained as

N
fixe)="exp®,) , 0, =kx—k't+o,, i=1..,N,

i=1

and the solution is
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N N
Fxt)=1+€) exp(0,)+&> Y A;exp(0, +0,)+...+
i1 ij=l
N
+&" z 4, , exp(6, +..+6, ).

iy =1

(1.5.24)

We mention that the Hirota bilinear method obtains the exact N -soliton solution for
many evolution equations. The bilinear method is effective for completely integrable
systems and also for nearly integrable equations. This method is more useful for
stability analysis than the ordinary perturbation method or the perturbation treatment of
the inverse scattering method.

Next, we are going to investigate the stability of the KdV soliton with respect to
wavefront bending, for example. The amplitude of the wave is calculated for a small
perturbation of the argument 6 . If the amplitude remains constant, the soliton is stable.

Consider a particular solution of the KdV equation in the bilinear form (1.5.6)

f=1+exp(-28,), &, =k, (x-V1). (1.5.25)

Now assume the phase and amplitude of the KdV equation are slowly varying
functions of y, perpendicularly to direction x. To study the stability of the soliton

against transverse perturbation, it is convenient to introduce the Kadomtsev and
Petviashvili equation, referred to as the K-P equation (Matsukawa et al.)

(u, +6uu, +u, ) +u, =0, (1.5.26)
rewritten as a bilinear differential equation
(DD, +D; +D;)(f,f)=0. (1.5.27)
The perturbation modifies (1.5.25) as
f=78&. [ =1+exp(-2¢),
g=1+g,&=k(x-11). (1.5.28)
Substituting (1.5.28) into (1.5.27), we obtain
[(D.D, + D} + D)(f./)Ig* + J*(D,D, + D} + DIXg. &)1+
+6(D; (f. /WD (£.8) =0.
By expanding the expression
exp(eD, +yD,)(ab,ab) =[exp(eD, +vD, )(a,b)][exp(eD, +yD,)(a,b)], (1.5.30)

(1.5.29)

in a power series of € and &, two identities are derived

D,D,(ab,ab)=(D,D, (a,a)b’ +a’(D,D,(b,b)),

D; (ab,ab) = (D; (a,a)b* +a’ (D; (b,b))+ 6(D]2) (a, a))(Df? (b,b)).
Inserting (1.5.28) into (1.5.30), the K-P equation (1.5.27) becomes
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[8(Ek, —k*x,,) exp(—2E) — 4k, exp(—2&)(1+ exp(—28))](1+2g)
+2f2g, +32k* exp(—26)(1+2g)+2 /g, +96k” exp(—2E)g,. — (1.5.31)

4k, =, )xp(-20)1+exp(-20) 2, =0,
The zero-th order estimation in (1.5.31) yields
X, = 4k; , (1.5.32)

where, we observe that the amplitude of the soliton is constant, as is expected.
From the first order estimation in (1.5.31) we have

k*(4k> — x,, )sech’€ + Ek, sech’E — k, (1 — tanh &) +

(1.5.33)
+g,+8,t8un+ 12k2gnsech2§ - (kyy = —kx, " )(1—tanh &) =0,
where the phase and amplitude of the soliton are dependent on y .
Introducing a new coordinate which is moving at soliton velocity
E=k(x-4k’t), (1.5.34)

we observe that the perturbed solution g depends only on &, and then equation
(1.5.33) is simplified

k4[g§§i§ + 4(3sech2<‘3 - l)gig + §ktsech2§ —(k, + kw %— kxo)”, )1—tanh &) =0. (1.5.35)

Multiplying (1.5.35) by 2sech’¢ and integrating with respect to &, it results that

u = k’sech’t , satisfies the KdV equation u, +6uu_+u_ =0.
From (1.5.35) we have

(k, kxo)})J(l tanha)da+ ja(l—tanhg)dg 0. (1.5.36)

Combining (1.5.32) with (1.5.36) the wave equation for the oscillation of the phase
is obtained
'xO,tt = 4k2xo,y},- > (1537)

and yields to the conclusion that the soliton is stable against transverse perturbation.

1.6 Linear equivalence method (LEM)

The linear equivalence method (LEM) was introduced by Toma to solve nonlinear
differential equations with arbitrary Cauchy data.
Consider the Cauchy problem
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X, £i(x)
%:f(x),x: x2 S (x)= L) (1.6.1)
X, /(%)

x(to):xo, t, el cR,

where f,(x)= Z "wx" , with the coefficients f;, defined on the real interval /. Here

J
MZ]

v=(v,,V,,...v,) is a multi-indices vector with » components, and z" = lejv,’ . LEM
=

consists of applying to (1.6.1) an exponential transform depending on n parameters

E= (c’;l,c”;z,...,én) , which maps the equation into a linear first order partial differential

equation, with respect to the independent variable

v(t,c):exp<c,z>, ceR", <G,Z>:Zc5jzj, (1.6.2)
Jj=1
or
v(t,cl,cz,...o'n ) =exp(o,z, +0,2, +...+G,2,), 0, €R.. (1.6.3)
2
Computing Ll , and taking account of v =vz, oy =vz,z,, the result is a
ot 0o, 00,0,
linear partial differential equation
o
—-Y&.f,(D.)v=0, (1.6.4)
o ‘O
where the formal operator from the left-hand side
{&r(p))=2e(0). (163)
j=1

v

is obtained by replacing x” to

in the expression of f; (x).

v

The Cauchy conditions (1.6.1) , become
v(1.&) = exp(x,,&) - (1.6.6)

Toma has proved that the solution of the nonlinear Cauchy problem (1.6.1) is
equivalent to the analytic solutions in & of the linear problem (1.6.4) and (1.6.6). Let us
consider v of the form

v

v(t,x):Zvv(t)% . (16.7)

le
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The coefficients from the right-hand side of (1.6.7) satisfy a linear infinite
differential equation with constant coefficients

‘}v = ij‘ij\/\,#/,ej > e.f = (6,; )15:]71 ’ (168)

j=l =t

with Cauchy conditions

v

v, (f,)=x", [v|eN. (1.6.9)

The first n components of the solution of (1.6.8) and (1.6.9) coincide with the
solution of the initial problem (1.6.1).

For a given vector g = ( g (x)) s the Lie derivative of an analytic function A is
J=Ln

L =(g,grad}). (1.6.10)
So, we can write

(&.r(D.))=Lv. (1.6.11)
As a result, the following theorems hold.

THEOREM 1.6.1 (Toma) The linear equation (1.6.4) is expressed in terms of Lie
derivatives as

LVE%—L,V=O. (1.6.12)

and the analytic solution of (1.6.4) and (1.6.6) have two expansions
V(f,§)=1+§L?(exp(xo,é))% : (1.6.13)
V(’a&):1"'}(i‘,@af(Di)>(exp<xo,§>)(t;!to) : (1.6.14)

The important point is that the solution of (1.6.1) is written as
x(t) = grad, v(t,§)|§:0 , (1.6.15)
where v is replaced by (1.6.13) or (1.6.14).
The linear infinite system (1.6.8) may be written in the matrix form
dv
=AY =00) 0V =0 0), (1.6.16)

where the matrix A is defined as
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A] 1 Alz Al3
0 A22 A23
0 0 4
A= . (1.6.17)
0 0 0 A, A,

It is evident that the rectangular matrices 4, ., ,,
Jf;, for which |V| =k.
The diagonal cells 4, depend only on the linear part of the differential operator

k >1, j € N, depend only on those

more precisely, 4,, is the associated Jacobi matrix.
The Cauchy conditions (1.6.1) , are mapped through (1.6.6) into

V(t)=(x )MEN : (1.6.18)

The first » components of the solution of (1.6.16) and (1.6.18) coincide to solution
of (1.6.1), and this holds even for systems with variable coefficients. The proof of this
result is based on the construction of the inverse matrix for nonlinear operators. In the
case of constant coefficients, this inverse allows a simplified exponential form and thus,
the solution of (1.6.16), (1.6.18) may be written as

V(t)=V(t,)exp[A(t—1,)]. (1.6.19)

THEOREM 1.6.2 (Toma) The solution of initial problem (1.6.1) coincides with the
first n components of the vector V' given by (1.6.19).

We mention that the block structure of 4 enables the step-by-step calculus of 4. A
secondary result is that the first # rows of 4" may be expressed by blocks, each of them
being computable by a finite number of steps.

Next, denote by P, the operator that associates to a matrix its first #» rows. Then, by
theorem 1.6.2 and (1.6.19), it follows that the solution of (1.6.1) coincides with the
Taylor series expansion

k
S (t B to ) k v
x(1)=x, +; b (x )MSN . (1.6.20)

The above results enable a comparison with the Fliess expansions in the optimal
control problems. The Fliess expansion corresponding to solution of (1.6.1) is obtained
as a Taylor series

Ey r—t
xj(z):xj0+;ﬁ,(xjo)(k—!°) , j=L2.n, (1.6.21)
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where I (xjo) are the k-th order iteratives of the Lie derivative L; (xjo). Comparing
this with the LEM expansion (1.6.21), we obtain the following result:

THEOREM 1.6.3 (Toma) The Lie derivative L_';» (xjo) of order k with respect to [ is

calculated as follows

L:f (%)
Ly (;‘20) =RA (%)) - (1.6.22)
Ly (x,0)
We have
P(A")= (S ) - (1.6.23)
where
HZ A ALAG Ay A AL (1.6.24)
Ko

v=(v,,Y2,---»Y,) is a multi-indices vector. The calculus of S, is easier if the

eigenvalues of 4,, are specified. These eigenvalues are

Ly=Sa,, (1.6.25)
=

where A =(A,A,,...,A, ) are the eigenvalues of 4, .

Now we are ready to calculate the normal LEM representations, useful for a
qualitative study of nonlinear equations.

THEOREM 1.6.4 (Toma) The solution of (1.6.13) may be expressed as a series with
respect to the data

xjo+Zu )Xl j=12.n, (1.6.26)

[v[=1

where |y|=k and U}/ = (u; (t))M:k satisfy the linear finite systems

dU, .
_1:A11U15

dU, . .
—==A4.U,+ AU
dr U, +4,U4, (1.6.27)

* * *
=4,U, + Ak,k—lUk—l +...+4,U,
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and Cauchy - conditions

Ui(t)=(8}), ~» Uc(ty)=0,5 =2,k (1.6.28)

Here, the star stands for transpose matrix. This completes the description of the
LEM. To illustrate its application, consider two examples.

EXAMPLE 1.6.1 Let the problem be (Toma)
Y=y y(0)=y,. (1.6.29)

By applying the exponential transform v =exp(cy) we obtain the equivalent linear

equation
%:G%, (1.6.30)
and the condition
v(0,0) =exp(oy,) .
Consider
v(t,0) = §()y(o) ,
and then (1.6.30) yields
© 14, 08¥ o),
with A an arbitrary constant. Next, consider
y(o) = i 9, G—j, ;
j=0 J
to yield
JVia=hy,, jeN.
We observe that y, = 0. The coefficients are determined from
j-1
AT T
For v(z,0) it results
-1 s j
wt,o) =1+ jexp(xt)z( " v,dh, (1.6.31)

when ¢ > 0. From the initial condition (1.6.29), it also results

0 i—1 i
AT o/ .
J‘(j—l)'T\V]d}L:yé , JEN.
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So, we have

A
VY, =exp(——),
Yo
and the solution becomes

) }\’/ 1 Gj
v(t,o) =1+ |exp[ X(t——) =
i ,Z; -D! J'

d 1 o’ Yo
=1+) - — =exp[- cl.
jZ Z—L ]! tyo_l

Yo

Finally, this solution leads to the solution of (1.6.29) given by

_ Yo
yO=1"—

0

EXAMPLE 1.6.2 The Troesch problem (Toma).
Let us have the problem

w, =nsinh(nw), w(0)=0, w(l)=1. (1.6.32)
By noting
x =nt, y(x) =nw, (1.6.33)
we obtain
Yy =sinhy, (1.6.34)
with conditions
¥(0)=0, y(n)=n, y'(0)=p. (1.6.35)

The last condition (1.6.35) with a fictitious parameter [, is introduced in order to
apply LEM. So, we have

v(x,0,8) =exp(oy+ &) . (1.6.36)
The linear equivalent equation is given by
2k+l
- —az I 9 Y _o, (1.6.37)

ax < (2k +1)! a2

and conditions (1.6.35) become
v(0,6,8) = exp(EP) . (1.6.38)

The equivalent linear system is



38 INTRODUCTION TO SOLITON THEORY: APPLICATIONS TO MECHANICS

Y w, (1.6.39)
dr

where V and M are written as

V:[szfl]a jENa sz;l:[V,‘k]a i+k:2j_1;

4 B, B; Bj .. B],Zj—l B],z,'n
0 4 By By .. B3,2j—1 B3,2j+1
M=| . . . . . ,
0 0 0 0 A2j+1 BZj+l,2j+1
BZj—1,2k+2j—1 = [bqs] s 1<g<j, 1<s<2k+2j,
_ (g3
T Qk+2j-1

with &, the Kronecher symbol.
The three-diagonal matrices 4,, | defined as

0 2j-1 0 0 .. 0 0 0

1 0 2j-2 0 .. 0 0 0
A2j—1_ : 4

0 0 0 0 ... 2j-2 0 1

0 0 0 0 0 2j-1 0

have the eigenvalues +(2j-2k—-1), 0<k < j—1.
The initial conditions are

2k+1Q2k-1
V,p)=[B""5,], 0<g<2k-1, keN. (1.6.40)
Then we subtract from (1.6.39) a truncated system of equations given by
(m)
. M™my (1.6.41)
dx

where the finite matrices M are obtained by truncation from M up to the m order,
thatis, upto 4,, .

We can show that " satisfy (1.6.40), and admit the representation
P (x,B) = exp(A™ )V ™ (0,5)

The equations (1.6.41) and (1.6.40) are solved by the block partitioning method.
The solution is obtained as follows
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L4 /() P
Lefé) , (1.6.42)
1-y'(0)

V32

Y(x) = y'(O)M-i- 2In

where u = y'(0)expn satisfies

1+

2-2V2m 32
2 U

s

2

1.7 Bécklund transformation

The Bécklund transformation was developed in 1883, arising from the
pseudospherical surfaces construction. The name of Albert Victor Biacklund (1845-
1922) is associated with the transformation of surfaces that bears his name, the
extensions of which have a great impact in soliton theory (Coley et al.). In 1885 Bianchi
shows that the Bécklund transformation is related to an elegant invariance of the sine-
Gordon equation. The geometric origins of the Bécklund and Darboux transformations
and their applications in modern soliton theory represent the subject of the monograph
of Rogers and Schief (2002).

One of the simplest Backlund transformations are the Cauchy—Riemann relations

U, =v, u,=-v, (1.7.1)

for Laplace equations
u,+u, =0, v, +v, =0. (1.7.2)
If v(x,y)=xy is a solution of the Laplace equation, then another solution of the

. 1 .
Laplace equation u(x,y) = E(x2 —7), can be determined from

U =x,u,==y. (1.7.3)
Consider next, the Liouville-Tzitzeica equation
u, =expu, (1.7.4)
and let us introduce another equation, simple to be solved
v, =0. (1.7.5)
Suppose we have a pair of relations that relate the solutions of (1.7.4) and (1.7.5)

ux+vX:«/§exp%, u,—vt:\/iexpu;v. (1.7.6)
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The important point about (1.7.6) is the possibility to determine a solution of (1.7.4)
for a specified solution of (1.7.5). Indeed, we obtain from (1.7.6)

1 u—v

uxt+vxt :E(ut_v[)exp =exXpu,
1 u+v

Uy =V = E(uy +VX)6XPT =expu,

which lead to (1.7.4) and (1.7.5).
Therefore, we have the following definition.

DEFINITION 1.7.1 Let us have two uncoupled partial differential equations
P(u(x,t))=0 and O(v(x,t)) =0, where P and Q are nonlinear operators. The pair

of relations

Ru,v,uv_u,v;x,t)=0,i=1,2,

s Vx oYy Vo

is a Bdcklund transformation if it is integrable for v when P(u) =0 and if the resulting
v is a solution of Q(v) =0, and vice versa. If P=Q), so that v and u satisfy the same
equation, then R, =0,i=1,2, is called an auto-Bdcklund transformation.

The Bécklund transformation reduces the integration of a nonlinear partial
differential equation to the solutions of an ordinary differential equation, in general of
low order. The existence of the Biacklund transformation implies that there is a relation
between the solutions of P and Q.

The relations (1.7.6) are therefore the Bécklund transformation of equations (1.7.4)
and (1.7.5).

In the following we will present the original Backlund transformation for the sine-
Gordon equation (Rogers and Schief 2002).

Let r=r(x,y,z) denote the position vector of a point P on surface ¥ in R’
written under the Monge form

r=xe +ye, +z(x,)e; . (1.7.7)
The first and second fundamental forms are defined as

I = Edx® + 2Fdxdy + Gdy® = (1+z)dx® + 2z z dxdy + (1+ 2} )dy’,

II = edx® +2 fdxdy + gdy® = %(zﬂd}cZ +2z,,dxdy + Zvydyz). (1.7.8)
1+z, +z, ’

The mean and Gaussian (total) curvature of X are written as
(I+ Zf )ZW — 22,nyny +(1+ Z_f, )z,
2(1+ Zf + Z‘Z )3/2

H=EG-F*= , (1.7.92)
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2 _ 2
_ eg_f _ 2oy T 2y

CEG-F (1422 +20)

(1.7.9b)

If ¥ is a hyperbolic surface, then total curvature is negative and the asymptotic lines
on ¥ may be taken as parametric curves. Then e=g =0. And the angle ® between

the parametric lines is such that

F H
CoOS®=—, SIN®=——". (1.7.10)
VEG VvEG
. 1 . . .
In the particular case when K =——- is a constant, X is a pseudospherical surface.

2

a
If £ is parametrized by arc length along asymptotic lines corresponding to the
transformation

dx 5> dx' = JE(x)dx, dy > &' =G(»)dy,
the fundamental forms become, dropping the prime

I =dx* +2cosodxdy +dy’, (1.7.11a)

11 = in odxdy . (1.7.11b)
a

The Liouville representation of K in terms of £,G and F is given by

KLHﬂ](ﬂH (1.7.12)
H E E

where 1";.,{ are the Christoffel symbols. If ¥ is a pseudospherical surface, the equation
(1.7.12) is reduced to the sine-Gordon equation

Oyp :Lzsin(o. (1.7.13)
a

The original Backlund transformation is related to the pseudospherical surfaces
construction with the Gaussian curvature

1
K=——.

2
a

If » is the position vector of a pseudospherical surface X, then a new
pseudospherical surface ¥’ with the position vector 7" and having the same curvature is
written as

r'—r=anxn', n-n"=cosC, (1.7.14)
where C is the angle between the unit normals » and »' to ¥ and X', and it is
constant because

|F=r'|=L=asinC.
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Mention that »—7' is tangent to both £ and X'. The angle { is related to the

Bécklund parameter p by the relation u:tan%(;. We write (1.7.14) in terms of

asymptotic coordinates

’ ’

P —r=——[sin 2" sin g ], (1.7.15)
sin ®
where ® and ®' are related
o' —o :ﬂsinm +co’
2 ), a 2
[“”‘”j _Lgn@=e (1.7.16)
2 )y na 2

The relations (1.7.16) represent the standard form of the Backlund transformation of
the sine-Gordon equation. Here, » and ®' are solutions of the sine-Gordon equation.

. - '+ 1 .
Indeed, by calculating (%} and (m 5 mj , we have o, =—sino, and
op Ba a

0)!

1 . . . . .
wp = Sine'. Since both ® and ' are solutions of the sine-Gordon equations
a

(1.7.16) is an auto-Bécklund transformation for (1.7.13).
If © =0, the transformation (1.7.13) becomes

(gj :Esing, (EJ :isinﬁ. 1.7.17)
2), a 2 2)y pa 2
Integrating we obtain
Eoc—(]; 4 ) log | tant e’ |+ /(B) (1.7.18)
a - ] (D' - g 4 s ol
sin—
2
and
1 1,
—B=2log|tan—'|+g(a), (1.7.19)
pa 4

where f and g are arbitrary functions. From (1.7.18) and (1.7.19) we obtain the kink
solution of the sine-Gordon equation

tan+ o' = CexpPa+——p). (1.7.20)
4 a na
or

o'(o,B) = 4arctan{Cexp(Eoc+iB)}, (1.7.21)
a pa
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with C a constant. The Bécklund transformation admits the nonlinear superposition
principle, namely, if we refer to (1.7.13)

DG = O _HaFh o @G (1.7.22)
4 Ky =1y

tan

If ®, and », are two solutions for the sine-Gordon equation, generated from ® by
means of Bécklund transfomation (1.7.16) of parameters p, and p,, then ®,, given by
(1.7.21) is a new solution for the sine-Gordon equation, that is a two-soliton solution.
Writing ® - —® into (1.7.21) we have
Op +® _Hy + 1y tanc‘)z T o .

4 Hy =1y

Relations (1.7.22) and (1.7.23) are known as permutability theorem of Bianchi. Any
proof of permutability theorem is reduced to equality ,, =®,,. Luigi Bianchi

tan

(1.7.23)

established in 1892 that the Bécklund transformation for the sine-Gordon equation
admits a commutative property. This property leads to construction of nonlinear
superposition formulae for solutions of evolution equations. The Bianchi theorem may
be interpreted as an integrable discrete equation, if we assume that ® is a point into a

discrete lattice of axes n, and n,
o=on,n,), (1.7.24)

and the solutions ®,, ®, and ®,, are neighbor points in this lattice (Rogers and Schief
1997)

o, =o(n +1Ln,),
®, =o(n,n, +1), (1.7.25)

o, = o +1,n, +1). (1.7.26)

Therefore, the Bécklund transformation (1.7.16) can generate discrete
pseudospherical surfaces X , associated to the sine-Gordon equation.

Let us illustrate the application of the Béacklund transformation with some examples
(Lamb, Drazin).

EXAMPLE 1.7.1 (Lamb) A general class of soluble nonlinear evolution equations are
derived from linear equations. Let us consider the linear equations

v, +1Cv, =qv,, v, +ilv, =—qv,, 1.7.27)
where ¢ must be determined, and introduce a set of additional equations
w, +ilw, = ow,, w, +ilw, =—pw,, (1.7.28)

where ¢ must be determined. Suppose that v and w are related by
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Wl Vl vl
= +p , (1.7.29)
W2 VZ V2
where (is a 2x2 matrix of elements a,. Taking account of (1.7.27), we rewrite
(1.7.29) under the form
w, =Av,+Bv,, w, =Cv,+Dv,, (1.7.30)
where
A=a,-iC, B=a,+q,C=a,,—q, D=a,, +iC.

By choosing a,, =-a,,, so that C =—-B, and substituting (1.7.30) into (1.7.28) we
obtain some relations between ¢ and ¢

A, =(q-9)B, B, =-2iCB—qA+¢D,

B, =2iCB-0B—qD, D, =(q—0)B. (1.7.31)
These equations admit first integrals AD+ B*> = f*(¢) and 4—D =2g(t), that
imply
B*=f"+g’~(4-g)".
So, the relation (4+ D) =2B(q—¢) can be written as

A . (1.7.32)

—m =q4-9

Denoting g =z, ¢ =z, and integrating, we obtain
A=g+hcos(z-z"), B=hsin(z-z"), D=—g+hcos(z-z"). (1.7.33)
The integration constant has been chosen so that B vanishes when z and z' vanish.

Next, we set for simplicity g =h :% , and obtain from (1.7.31)

(z+z"), =-2iCsin(z—z'). (1.7.34)

The equation (1.7.34) relates z and z', and is a Bécklund transformation. The
second Bécklund transformation, which relates z, and z;, depends upon the particular
evolution equation being considered. According to the permutability theorem, by
introducing z —» —z z'— —z' into (1.7.34), we obtain

Z

z,—z a +a
tan(=—2) = +—L—2 tan(
z a,—a,

.
=, (1.7.35)

where a, =-2i,. Applying (1.7.35) to all evolution equations for which (1.7.27) are

the appropriate linear equations, we can calculate another solution ¢ =z_.
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EXAMPLE 1.7.2 Let us consider the KdV equation
Pu)=u,—6uu +u_ =0.
We introduce a new dependent variable w, w_=u , and define the operator

Q(W) =W, _3W§ + Wi s
so that
(Ow)), = P(u).

The Béacklund transformation is given by

w, +w, = 2k+%(w— w)?, (1.7.36)

w,+w =—(w—w)(w, —w.)+2w’ +uu'+u"). (1.7.37)

Suppose that w, and w, are two solutions that verify (1.7.36) and (1.7.37), and w, is
a solution of Q(w) =0, that is

1
W, +w,, =2\, +E(Wl -w,)’, (1.7.38a)

w, +w,, =-2A, +%(w2 -w,)’. (1.7.38b)

Similarly, we can construct a solution w,, from w, and A,, and another solution

w,, from w, and A,

1
Wi, + W, =24, +5(W12 -w)’, (1.7.38¢c)

Wy, + W, =2\, +%(wz] —w,)’. (1.7.38d)

From the Bianchi permutability theorem it results
Wip =Wy«
Then, subtract equations (1.7.38a) and (1.7.38b), and similar equations (1.7.38¢c) and
(1.7.38d), and add the results to obtain

1 1 1 1
0=-4(%, _7\'2)+5(W1 _Wo)2 ——(w, _Wo)2 _E(le - W1)2 +E(W12 _Wz)z >

2

or

=w + 4(}“1 _7“2) )

Wl2 0
W=,
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Therefore, this method is remarkable for generation of new solutions. In particular,
for

w,=0, A =-1, w =-2tanh(x—4¢), A, =4,
and
w, =—4coth(2x-32¢),
we have

12
" [2coth(2x —32¢)— tanh(x — 47)]

wy,(x,t) =

that yields to a two-soliton solution

3+4cosh(2x —8¢) + cosh(4x — 64¢)
[3cosh(x —28¢)+ cosh(3x —361)]

u,(x,t)=-12

1.8 Painlevé analysis

Before discussing the Painlevé property of an ordinary differential equation, we give
a short review of singular points and their classification (Gromak).
Let us consider a nonlinear differential equation in the complex plane

w' = f(z,w), (1.8.1)

where f:Dc C"' — C" is an analytic function of complex variable. A solution of
(1.8.1) is an analytic function, which is determined by its singular points. Here
, dw
=4
DEFINITION 1.8.1 4 point at which w(z) fails to be analytic is called a singular
point or singularity of w(z). Singular points can belong to the following classes:

a) Isolated singular points.
b) Nonisolated singular points.
c¢) Single-valued points, for which the function does not change its value as z

goes around a given initial point z.

d) Multi-valued or branch, or critical points.

e) The points for which the function has a limit, whether finite or infinite, as
zZ—>>z,.

/) The points for which the function w(z) has a limit as z — z,, namely z, is an

essential singular point.

We recall that a critical point is a singular point at which the solution is not analytic,
which is not a pole.
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PROPOSITION 1.8.1. Consider the system
Wi = f(Z,W, W50, W,), Wi(Z)) = w? , j=L2,..,n, (1.8.2)
and let [ be analytic in the domain |z—z,|<a, |w, —w? |<b and M be the upper

bound of the set f in this domain. Then the system admits a unique solution w(z),

which is analytic within the circle| z — z, |< p and which reduces to w,, when z — z,,,

b
=a[l—exp————1]. In the linear case p=a.
p=al pM(n ] p

+1)
A singular point may have more than one of the above properties. If (z,,w,) is a
singularity of f* then w(z) can have a singularity at z,. For example, the equation
w+w=0,

admits the general solution
c
W(Z ) ="
z

where ¢ is an arbitrary constant. The solution has a simple pole z=0 for ¢ #0. The
nonlinear equations may have movable singularities, whose position does depend on the
arbitrary constants of integration. The equation

w+w' =0,

admits the general solution

1
w(z) = ;
zZ-1z,

where z, is an arbitrary complex constant, which is a simple movable pole.
The equation

dw
—=c — s
1 Xp(—w)

has the general solution
w(z) =log(z-z,),

where z, is an arbitrary complex constant. This solution has a logarithmic branch point

(critical point) at the movable point z =z, .

DEFINITION 1.8.2 The movable singularities of the solution are the singularities
whose location depends on the constant of integration. Fixed singularities occur at
points where the coefficients of equation are singular.

DEFINITION 1.8.3  An ordinary differential equation is said to possess the Painlevé
property when all movable singularities are single-valued (poles), that is when
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solutions are free from movable critical points but can have fixed multivalued
singularities.

Consider in the following those equations which do not contain movable singular
points. In 1884, Fuchs shows that if the first order equation (Drazin and Johnson)

w' =F(z,w),

where F is a rational function in w, and analytic in z , does not contain any movable
crtical points, then

w = F(z,w) = a(z)+b(z)w+c(z)w*, (1.8.3)

with a,b,c analytic functions. The above equation is the Riccati equation.

Painlevé and Gambier (see Gromak) extended these ideas to equations of the second
order

w =F(z,w,w'),

and showed that there are only 50 equations which have the property of having no
movable critical points. They showed that 44 equations were integrable in terms of
known functions, such as elliptic functions and solutions of linear equations, or were
reductible to one of six new nonlinear differential equations, namely (Gromak)

w'=6w’+z,
w'=zw+2w' +a,

1 1 1 1)
Ww=—w? ——w+—(aw’ +B)+yw +—,
w z z w

ol p

w=—w" +Ew3 +4zw® +2(2° —o)w+—,
2w 2 w

" 3w-1 2

wW=—-+—w —lw'+i2(w—l)2(ocw+ y+8w(w+1)
z z

Py 1, ol l),

w oz w—1

11 1, 1 1
w W —(—+—+
2w w-1 w-z z w—-1 w-z
+W(W2_1)(W2_Z) [+ Bz - y(z—lz +62(z—12)
z°(z-1) w=1)" (w=1)" (w-2)

W' +

]9

with o,B,y and O arbitrary constants. These equations are known as the Painlevé

equations. The first three equations were discovered by Painlevé, and the next three by
Gambier, Ablowitz, Ramani and Segur expressed in 1980, the sufficient and necessary
conditions of integrability for a nonlinear partial differential equation; every ordinary
differential equation derived from it by exact reduction, must satisfy the Painlevé
property.

Each of the above equations can be analyzed in terms of meromorphic functions
theory. In particular, let us consider the second Painlevé equation
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W= zw+ 2w +a, (1.8.4)

which is a meromorphic function of z. In the neighborhood of each pole z,, the
solution has the expansion (Gromak)

€ € o+e
——zy(z—z)—

z—z, 6 4

(z=2) +h(z—2z,) —....., € =1, (1.8.5)

w=

where # is an arbitrary constant. The theorem of meromorphic functions implies that
each solution of (1.8.4) can be expressed as the ratio of two entire functions, that is

v(2)

w(z) = . 1.8.6
(2) ) (1.8.6)
The expansion (1.8.5) leads to
2 1 ZO
w=—-—--—->--"40(z-z2,), 1.8.7
P SR (18.7)
and
jwzdz =— +0(z-z,) . (1.8.8)
7 40
Therefore the function
u(z) = exp{— jdz jw2dz], (1.8.9)

has a simple zero at z,, and it is entire. The function v(z) is also entire. From (1.8.6) it

follows the equations for u(z) and v(z)
un" =u" —v*, (1.8.10)

Vit v =2uViu=v + v’ + o’ (1.8.11)

When v is expressed as a polynomial in u, the equation (1.8.10) reduces to a
Weierstrass equation (1.4.14). It can be proved that all the solutions of (1.8.9) are entire,
and, if (u,v), u=0 is an arbitrary solution of (1.8.9), then (1.8.6) is a solution of
(1.8.4).

The equation (1.8.3) has a one-parameter family of solutions, which is defined by
the general solution of Riccati equation (1.8.3). Indeed from this equation we obtain

W' =a'w +b'w+c' +2aw+b)aw’ +bw+c),

. . z a
and the coefficients a,b,c are obtained, a®> =1, b=0, ¢ = 2—, o= 5 .
a
By employing the Painlevé analysis, the explicit solutions for several nonlinear
equations can be obtained. To illustrate this, we present further some examples of
Painlevé analysis application.
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EXAMPLE 1.8.1 (Satsuma) Exact solutions of a nonlinear reaction—diffusion
equation of the type

u, =W’ +Fu). (1.8.12)
In (1.8.12) F(u) 1is a polynomial. In population dynamics, this equation is a model for
the spatial diffusion of biological populations. Let us consider the case
Fu)=u-1)(a—u). (1.8.13)
Substituting u =u(z) =u(x—ct) into (1.8.12), we have
@), +cu, +u(m—1)(o—u)=0. (1.8.14)

We suppose that the solution is a meromorphic function which can be written as a
Laurent series, that is

©

u(z)= Y a,(z-z)". (1.8.15)

n=-m

For simplicity we take z, = 0. Substitution of (1.8.15) into (1.8.14) and equating the

. . . 5 1
terms with the same power in z, yieldto m=2, q, :E(1+a), a, =—§c, a,=0,

a, =20, and so on. It is easy to verify that the determination of a, leads to ¢=0.
For this particular value of ¢, the solution (1.8.15) becomes

1.5
— =

0 16(1+(x)2—0c}22+... . (1.8.16)

u=20z" +i(1+a)+
12

Analyzing the nature of the singularities in (1.8.16), we choose for u the form

s
g
f = A+ Bexp(kz) + Cexp(2kz), (1.8.17)

g =[1+exp(k2)]’,

where K,A4,B and C are constants. Substituting (1.8.17) into (1.8.14) we find two

nontrivial cases:
1

NG

Casel. A=1,B=-2,C=1, k= ,oc:%.ltfollowsthat

tanh?

1
u= 245 (1.8.18)
0, z2>0.
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Case2. A=0, B=5,C=0, k:%i, a=0. It results
(1.8.19)

S a2
u==-sec —z.
4
Solution (1.8.18) corresponds to an equilibrium solution. The equilibrium solution

u_, = const.

has the property
= 0 H 1imz—>70 zz

limz—)—() uz
By setting z — iz, the solution (1.8.18) can be written as a soliton
(1.8.20)

u :ésechzlz.
4

EXAMPLE 1.8.2 (Satsuma) Let us consider the equation
3
u, :(uz)xx+16u(u—z) . (1.8.21)

By expressing the solution # into a Laurent series, the same procedure as above,

yields to an equilibrium solution
cos’x, |x|< L,
= ) (1.8.22)
0, | x[>0.

Suppose that u = f(¢)cos® x , and substituting it into (1.8.21) we obtain

1 ) b
T—exn(12(t—t) cos” x, \x|<5,
-1 exp(i2(=4)) (1.8.23)
0, x>,
2
for u(x=0)>1, and
1 2 b
T+exp(20—1) > " [xl<3
- P 0 (1.8.24)
X2 T,
2

0,

for u(x=0)<1. The solution (1.8.23) blows up at ¢=¢,, and the solution (1.8.24)
tends to zero as ¢ — oo . This result implies that the equilibrium solution (1.8.22) is

unstable.

EXAMPLE 1.8.3 (Satsuma) For the equation
u, = (), — 60 (> -1),

(1.8.25)
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the Painlevé analysis leads to a traveling wave solution
{tanh(2t —x), x<2t,
u=

1.8.26
0, x> 2t. ( )

This wave is a kink, which propagates in the positive direction of the axis x. From
the symmetry of the equation, the solution

tanh(2¢x), x> -2,
u= (1.8.27)
0, x < -2t,
is a traveling wave which propagates in the negative direction.
EXAMPLE 1.8.4 (Satsuma) For equation
u, =), +ou, (1.8.28)
the Painlevé analysis leads to
a.exp(a) 2 2/3 1/3
o2 —e(l-exp(an)”], x| Ve(l-exp(an)
u =14 12(1—exp(az)) (1.8.29)

0, | x 2 Ve (- exp(an)”?,

fora <0, with ¢ a positive constant. The solution is meaningful for #>0. The

amplitude monotonically decreases to zero, and the width increases to 2Jc . For
a >0, two types of solutions are derived

_oexp(at) 2 23 173
. —12(1 T exp(ar) [x" —c(l+exp(ar))™’], | x|< \E(l +exp(ar)) ", (1.8.30)
0, | x = Ve +exp(ar)?,
_ oexp(out) 2 1\2/3 /3
. —12(exp(0ct) D [x" —c(exp(at)—1)7"], | x| \/E(exp((xt) ", (1831)
0, | x [2 Ve (exp(ar)—1)"3,

where ¢ are ¢’ are constants.
The amplitude of the solution (1.8.30) monotonically increases to infinity, and the
In3/2

o

amplitude of the solution (1.8.31) admits a minimum for ¢ =

, and then increases

to infinity.



Chapter 2

SOME PROPERTIES OF NONLINEAR EQUATIONS

2.1 Scope of the chapter

The stability of solitons is explained by the existence of infinitely many
conservation laws. The conserved geometric features of solitons are related also to the
symmetries. A symmetry group of an equation consists of variable transformations that
leave the equation invariant.

In this chapter we summarize some of the elementary principles of linear and
nonlinear evolution equations, including the symmetries and conservation laws. In the
classical Sophus Lie theory, the symmetry groups consist of geometric symmetries,
which are transformations of independent and dependent variables. For example, the
KdV equation has four such linear independent symmetries, namely arbitrary
translations in the space and time coordinates, the Galilean boost and the scaling.

The theorem of Emmy Noether (1918) gives a one-by-one correspondence between
symmetry groups and conservation laws for Euler-Lagrange equations. The generalized
symmetries introduced by Noether, are groups whose infinitesimal generators depend
not only on the independent and dependent variables, but also the derivatives of the
dependent variables.

The generalized symmetries are able to explain the existence of infinitely many
conservation laws for a given nonlinear evolution equation.

Many authors have studied the properties of nonlinear equations with solitonic
behavior. We refer to the monographs of Dodd et al. (1982), Teodorescu and
Nicorovici-Porumbaru (1985) and Engelbrecht (1991) and to works of Wang (1998) and
Bala (1999).

2.2 General properties of the linear waves

The soliton, described by the hyperbolic secant shape, is a localized disturbance with
non-oscillatory motion, having the velocity dependent of its amplitude. This contrasts
strongly with the linear waves for which the velocity is independent of the amplitude.
Let us consider the one-dimensional string motion equation

u, —c’u, =0, (2.2.1)
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where c is a real positive number. Let x range from —ooto . For the transverse
o . T . . .
vibrations of a string ¢ = o where 7' is the constant tension and A, the mass per unit

length at the position x . For the compressional vibrations of an isotropic elastic solid in
which the density and elastic constants are functions of x only (laminated medium), we

A+2 0 . L.
have ¢ = Teu . For the transverse vibrations of such laminated solid it follows that
p
¢* =2 The characteristics are given by ;ﬂ = tc, namely the straight lines inclined to
p t

the axis at c =tan@ .
D’Alembert solution of (2.2.1) is written as

u(x,t)= f(x—ct)+g(x+ct). (2.2.2)

Functions f,g:R — R are determined from the initial conditions attached to (2.2.1)

u(x,0)=d(x), u,(x,0)=Y(x). (2.2.3)
Thus, we have
1 17 a
S =20+~ Oj P(odat -, (2.2.4)
2(x) =%(D(x)—i;|.\l’(a)da+%, acR. 2.2.5)

The solution (2.2.2) describes two waves f(x—ct), and respectively g(x+ct).
Geometrically, the function u(x,¢) can be represented as a surface in the space (u, x,t).
A section through this surface in the plane ¢ =¢,, is u =u(x,?,), and represents the
profile of the vibrating string (a wave) at the time ¢ =¢,. A section through the surface
in the plane x =x,, is u =u(x,,?), and represents the motion phenomenon of the point
X, . The modified profiles of f(x—ct) can be determined in the following way.
Consider one observer with a system of coordinates (x',z') so that, at the time 7, =0,
the observer occupies the position x =0, and at the time ¢, the position cf , since it has
a rectilinear motion with the velocity c.

In the new coordinate system (x',¢'), attached to the observer (¢'=¢,x'=x-ct),
the function f(x—ct) is specified, at any time ¢', by f(x").

The observer sees, at any moment of time the unchanged profile f(x) at the initial
time ¢, =t', =0. This is the way the function f(x—ct) represents a right traveling
wave or a forward-going wave with the velocity c. For a similar reason, g(x+ct)

represents a left traveling wave or a backward-going wave with the velocity ¢. As a
consequence, both waves are not interacting between them and do not change their
shape during the propagation. These waves can be called solitary waves, for the reason
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they are not changing their shape during propagation process, and do not interact one
with the other These waves can be superposed by a simple sum, because of the linearity
of (2.2.1). The most elementary linear wave is a harmonic wave

v(x,t) = Aexpi(kx — wt), (2.2.6)

and represents the solution of (2.2.1).
The real number & is the wave number, related to the wavelength by k = % = 9,
c
o is the angular frequency related to the frequency by @ =2n /', and the real number
A is the amplitude.
The phase velocity is the speed of the phase ¢ = wf—kx, and represents the velocity

of propagation of a surface with constant phase

¢, = (2.2.7)
The group velocity is the speed of the bulk of the wave
do
c, =—-. 2.2.8
T % (2.2.8)

Introducing (2.2.6) into (2.2.1) we obtain the dispersion relation, that is a relation
between k and ®

F(o,k)=0. (2.2.9)

In particular, for homogeneous and isotropic media the classical one-dimensional
longitudinal wave propagation equation is

A +2wd,, =pd, . (2.2.10)

where ¢ is displacement, A, p the Lamé elastic constants, and p density. The
dispersion relation is written as

K L+2n)=o’p. (2.2.11)

® . . .
Here, “ = const., and we say that the waves are not dispersive. If o is real, we say

we have dispersion of waves, if the phase velocity depends on the wavenumber. For
example, in the case of the linearised KdV equation

u,—u +u, =0, (2.2.12)
the dispersion relation is
o+k+k’=0. (2.2.13)

0} . . ®
For Re; = const. , the waves are nondispersive, and for Im; =0, the waves are

nondissipative. The phase velocity ¢, =—1 —k?, depends on the wavenumber and then
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we have the dispersion phenomenon. The group velocity ¢, = —1-3k* differs by the

phase velocity for £+ 0, and in consequence, the components of waves scatter and
disperse in the propagation process.
The linear Klein—-Gordon equation

0. — b, =m’¢, (2.2.14)

yields dispersion relation
o =m’+k. (2.2.15)
If ® is complex @ =Rew+ilmw, Imw <0, we say we have dissipation of waves.
The solution in this case is
v(x,t) = Aexp(t Im o) expi[kx — Re(w?)], (2.2.16)
and the amplitude is exponential decreasing at ¢ — o .
For the linearised Burgers equation
u +u +u, =0, 2.2.17)
the dispersion relation is
o=k—ik*. (2.2.18)
The phase velocity of the harmonic waves v(x,t)= Aexp(—tk’)expik(x—t) is
¢, =1, and the group velocity, ¢, =1-2ik .
The dissipation appears because Imm=—k" is negative for any real k. In

conclusion, the KdV equation is dispersive due to the term u__ , and Burgers equation is

dissipative due to u_, .
Consider next the linearised Schrodinger equation

0, =3¢, . (2.2.19)
If 8=-1,(2.2.19) becomes

i, =0, . (2.2.20)

It follows that © = —k?2, ¢, = —k ¢y — 2k , and, as we mentioned before, this is a purely
dispersive equation. If & is real and positive, we obtain ® = —idk”, and the real part of
o vanishes. We do not have dispersion, and the waves decay as exp(~Sk’t) when

t — oo . In this case (2.2.19) is the heat equation, and is purely dissipative.
Coming back to (2.2.19), let us consider the initial conditions ¢(x,0) = f(x), with a

nonharmonic function f(x). In this case we represent ¢(x,0) by a Fourier integral

o(x,0) = o]A(k)exp(ikx) dk, (2.2.21)

1
J2n

where
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A(k) = ﬁj[q)(x, 0) exp(—ikx)dx. (2.2.22)
A solution for (2.2.19) is given by
o(x,t) = ﬁi‘;A(l{) exp{i[kx —w(k)t]}dk, (2.2.23)

with the amplitude A(k) determined from the initial conditions ¢(x,0).
The solution (2.2.23) can be written under the form (Dodd ef al.).

o(x,1) = ﬁ : dk {1 0(E,0) exp(—ik&)d&} expli(kx +i8k°t)], (2.2.24)
or
o(x,1) = 2L J'{ Iexp i[(x— &)k —8k’t] }dk}q)(&,O)d& . (2.2.25)
n —o0 |_—o0
Noting n=x-§, (2.2.25) reduces to the evaluation of two integrals
I, = °]. cosknexp(—=dk*t)dk , I, = o]-sin knexp(-8k*t)dk . (2.2.26)

The integrant of 7, is odd, and then 7,=0.

We define A = 8k* and a = — | so that

Vst
1 0
I,(a) =— |cosahexp(-A*)dA . (2.2.27)
1 \/g 7£
Differentiating (2.2.27) with respect to a, and integrating by parts with respect to
A, yield
d, 1 \F
—=——al,, [,(0)=,|—, 2.2.28
- 2 L= ( )
I = ™ exp(—La?) (2.2.29)
: ot P 4 7’ o

©

where J‘ exp(-A*)dA = Jr. Finally, the solution is

—0

__ L =gy
o(x, 1) = mﬁ(g,m expl-— =] (2.2.30)

The integral (2.2.30) can be evaluated in a particular case, namely ¢(x,0) is a

Gaussian function, ¢(x,0) = Aexp(—ox’). The result is
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2

4 exp[ o
V14 4modt 1+ 4mdt

If & is real and positive, then ¢ — 0 as ¢ — oo, the equation being dissipative. If

o(x,1) =

1. (2.2.31)

0 =—i,then ¢ is an oscillatory function, and the initial wave is dispersed.

Finally, we may say that the cnoidal waves, expressed by Jacobi elliptic functions,
form a special class of nonlinear waves that bridge the linear waves to solitons.
Such a class of waves is represented by solutions of the KdV equation

u,—6uu +u_ =0. (2.2.32)
Introducing the new variable 0 = x —ct, equation KdV becomes
u" =—6u"+(c—u. (2.2.33)

Multiplying (2.2.33) by 2u’ and integrating we obtain a Weierstrass equation
(1.4.8)

u? =—d’ +(c-u’ +C, (2.2.34)
where Cis a constant. For g; —27g; >0 and C =0, we obtain the solution

©(u) = e; + (e, — ey )en’ (u*,m) (2.2.35)

e,—e : . :
where m =—2—= and u*=./e, —e,u, with ¢ >e, > e, , the roots of cubic polynomials
e —e

from the right-hand side of (2.2.34). Coming back to the KdV equation, the solution
becomes

u(®) = —%ccn2{%x/g(9—60)} . (2.2.36)

These constants ¢ and 6, are determined from the initial conditions
u(0)=u,, u'(0)=c,. The solution (2.2.36) is called a cnoidal wave. In the limit, when
u and its derivatives tend to zero at infinity, we have

cn2{%\/g(9—60)}—)sechz{%\/z(e—eo)}, m—>1, (2.2.37)
and the cnoidal wave transforms into a soliton.

On the other hand, for small amplitude waves, when the linearised version of the
KdV equation is appropriate, we have in the limit m — 0

cn’ {%\/;(6—60)}—)cosz{%\/g(e—eo)}, m— 0, (2.2.38)

and the cnoidal wave transforms into a cosine oscillation.
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2.3 Some properties of nonlinear equations

In nature, each effect admits an opposite, that means a contrary effect. The opposite
of dispersion is the energy concentration due to nonlinearities of the medium, which
manifests as a focusing of waves (Munteanu and Donescu, Munteanu and Bostina,
Whitham 1974).

The opposite of dissipation is amplification. The amplification of waves arises from
an influx of energy in active media, where the energy is pumping from a source to wave
motion, or due to some interactions between waves and medium (Chiroiu et al. 2001a).

The mechanism, called the dilaton mechanism, is recently proposed for explaining
the possible amplification of nonlinear seismic waves (Engelbrecht and Khamidullin,
Engelbrecht).

Zhurkov and Petrov introduce the dilaton concept to explain the fracture of solids.
The dilaton is a fluctuation of internal energy of a medium with loosened bonds
between its structural elements. The dilaton is able to absorb energy from the
surrounding medium, and when the accumulated energy in it has reached its critical
value, the dilaton breaks up releasing the stored energy, causing the amplification of
waves. This mechanism is controlled by the intensity of the propagating wave. Low-
intensity waves give a part of their energy away to the dilatons, and high-intensity
waves cause the dilatons to break up.

The dilatons may be distributed in a medium according to a certain order, may be
absent in some regions, or may be randomly distributed. Sadovski and Nikolaev have
shown in 1982 that the phase transitions in a multiphased medium can activate the
dilatonic mechanism of energy pumping from a dilaton to wave motion. We can say
also, that the tectonic stress concentrations in solids may grow until the stress field
components reach their critical values at the points of their maximum concentrations,
causing a seismically active event with the releasing of energy by the dilatons broken
(Kozék and Sileny).

Here is an example based on the description of long seismic waves in an elastic
layer of thickness / resting on an elastic halfspace. The motion equation of a
continuous medium is (Eringen 1970)

(GKka,L),K +po(fk _Ak):Oa (2'3~1)

where p, is the density in underformed case, o, is the Kirchhoff stress tensor, f, the
body force, 4, the acceleration, and x, the Eulerian coordinates.
The constitutive laws are given by

OF
Oy, =Ox; (EKL,—a;“) , (2.3.2)

Je=fiEx)s (2.3.3)

where E,, is the Green deformation tensor. The constitutive law (2.3.3) is referred to
the body forces that result from long-range effects, and depend on E,, .

Noting with U the transverse displacement, the motion equation of waves in the
positive direction of the axis X is obtained from (2.3.2) (Engelbrecht)
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82U_cz 82U (6U , 09U a0
o axt ox’ ox? Gzl

e U.r, (2.3.4)

where X is directed along the layer, m is a nonlinear material parameter expressed in
terms of second, third and fourth order elastic moduli, v,, i =1,2 are Poisson ratio in
the layer (i =1) and the halfspace (i=2), and ¢
waves in layer and in the halfspace

i =1,2, are the velocity of transverse

Si 2

C02 :CSZZ(kZ _102k4) , 15 :hZ(C.SZ )2 Vl

s1

(2.3.5)

In (2.3.5) o is the angular frequency and & the wave number. The equation (2.3.4)
may be written under the form

l 3
8&_%”2@+116%+sz0’ (2.3.6)
ot 2e°c, 0% 2e08 26&c,

ou .
where £E=c,t-X, t1=¢'X, u= P The small parameter ¢ is related to the absolute
t

value of the deformation au <<1.
oX
The constitutive law (2.3.3) is written under the form
S =-(bUy _sz)z( +b3U)3() > (2.3.7)
with b, i=1,2,3, positive constants.
. . . . . . oUu
Since the motion equation (2.3.6) is written in terms of u :a—, we express also
t

(2.3.7) under the form

f=Bu-Bu’+Bu’, (2.3.8)
where
b b b
B =—, B, :_22’ By :T3
c, c C

Using the dimensionless variables

2
u auyT 1
v:_’G:L’C:_’a:_|m|8 52’
u, T, T, 2
where u, is the initial amplitude of the velocity, and t, the wavelength. The equation
(2.3.6) becomes

2—(‘;—s1gn(m)v £+pag +f(v)=0, (2.3.9)
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2.2
where 1= 81ch2 , and
Tollg | m|
fO)=By—B* +pyv’, (2.3.10a)
B =02150.p,=0%50, p,=08,>0, 0=2% (23.10b)
”o uo |m\

The equation (2.3.9) governs the motion of long transversal waves in a layer in the
case of a driving force f . Due to the cubic nonlinearity of f (2.3.10a), the equation

(2.3.9) can be reduced to modified KdV equation that contains the term v’ Z—Z .

Introducing the initial condition v(0)= 4;sech’c, the equation (2.3.9) admits a
dilatonic behavior in some circumstances. For 4,/ 4, =1, and m =1, the initial soliton
transforms into an asymmetric soliton, which becomes unstable at the finite time

8 ay\-1/2 8 .
tT=1 =(——= , a, =—b, >0 (Figure 2.3.1).
; (45u) 2 =50 (Fig )

t —X \

Figure 2.3.1 The dilatonic behavior of an initial soliton of amplitude 4,/4, =1 due to a driving force
Sfm=1).

The dilatonic behavior depends on the properties of the medium and on critical

a

amplitude of the initial soliton 4, = . For 4,< A4, the amplitude of the

15p |, |
soliton decreases, and for 4, > 4, the amplitude of the soliton dramatically increases.

When the nonlinear and dispersive effects are equilibrated, the perturbed soliton by
the initial data remains unchanged and propagates without changing its identity
(velocity, amplitude and shape).

In Figure 2.3.2 it is represented as the explosive amplification of the dimensionless
amplitude v (solution of (2.3.9)) with respect to time ¢ [sec] and coordinate X, [m], for
three values of the ratio y = 4,/ 4, , namely » =0.98, r =1 and r = 1.2, for the case
m=-1.

As we said, the soliton is a perfect balance between nonlinear and dispersive effects,
exhibiting a remarkable survivability under conditions where a wave might normally be
destroyed.
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amplitude v

amplitude ¥

Figure 2.3.2 Amplitude of v with respect to time ¢ and X, for » =098, r=1landr=12(m=-1).

2.4 Symmetry groups of nonlinear equations

The evolution equations that admit the solitonic solutions have infinitely many
conservation laws. These conservation laws are related to the symmetry groups of the
equations. In this section, we adopt the notations and the point of view of Bala.

Let us consider a system of partial differential equations

A, (u™)y=0, v=12,..1, (2.4.1)
where
x=0" 2% xf), u= . ut),

and

A u™) = (A (e,u™), s A (x,u™))

is a differentiable function. All the derivatives of u are denoted by u'” . Any function
u=h(x), h:DcR” >U cR?, h=(h',h*,...,h"), induces the function u"” = pr'”h
called the n-th prolongation of 4, which is defined by u® =8,h°, pr'h:D—>U",

and for each x e D, pr'”h is a vector whose gp"” = C”, entries represent the values

p+n
of h and all its derivatives up to order n at the point x. The space DxU", whose
coordinates represent the independent variables, the dependent variables and the
derivatives of the dependent variables up to the order n, is called the n-th order jet
space of the underlying space DxU . Therefore, A is a map from the jet space

DxU"™ to R'. The system of equations (2.4.1) determine the subvariety
S ={(x,u™), A(x,u'”) =0},
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of the total jet space DxU" . We can identify the system of equations (2.4.1) with its
corresponding subvariety S .

Let M c DxU"™ be an open set. A symmetry group of (2.4.1) is a local group of
transformations G acting on M with the property that wherever u = f'(x) is a solution
of (2.4.1) and whenever g- f is defined for g € G, then u = g- f(x) is also a solution

of the system.
The system (2.4.1) is called invariant with respect to G . If X is a vector on M

with corresponding 1-parameter group exp(eX) that is the infinitesimal generator of the
symmetry group of (2.4.1). The infinitesimal generator of the corresponding prolonged
1-parameter group pr'”[exp(eX)]

n d n n
PrOX | oy =P Texp (™) |y

for any (x,u"”)eM"™, is a vector field on the n-jet space M called the

n-prolongation of X and denoted by pr" X . The system (2.4.1) is called to be of
maximal rank if the Jacobi matrix

OA, OA
J b (n) = V b > 9
2 (o) [ ox' au? J

of A , with respect to all the variables (x,u) is of rank / whenever A(x,u™)=0.

THEOREM 2.4.1 (BAld) Let
L 0 < 0
X = Zg (x,u)§+ ;(I)a(x,u)au—a ,
be a vector field on M < DxU . The n-th prolongation of X is the vector field

prX = X+ZZ(x u("))—d) ,

a=l J

defined on the corresponding jet space M < DxU ("), and J is the multi-indices
J=isen ji)» 1< j, < p, 1<k <n. The coefficient functions ¢, are given by

b Cou™) = D, (6, = 2w+ 2 G'u,

THEOREM 2.4.2 (criterion of infinitesimal invariance). Consider the system of
equations (2.4.12) of maximal rank defined over M — DxU . If G is a local group of
transformations acting on M and

pr XA, (x,u™) =0, v=1,2,...1, (2.4.2)
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whenever A, (x,u™)=0, for every infinitesimal generator X of G, then G is a
symmetry group of (2.4.1).

To find the symmetry group G of the system (2.4.1) we consider the vector field
Xon M and write the infinitesimal invariance condition (2.4.2). Then eliminate any
dependence between partial derivatives of u® and write the condition (2.4.2) like
polynomials in the partial derivatives of u*. Equate with zero the coefficients of the
partial derivatives of u* in (2.4.2) and obtain a partial differential equations system
with respect to the unknown functions &', ¢, , and this system defines the symmetry

group G of (2.4.1).
Now let us study the symmetry group of the system of equations arising from the
Tzitzeica equations of the surface (Bala)

0, =ab, +50,,

0. =ho, (2.4.3)

6,=a"0,+b"0,,
where the independent variables are ¥ and v, and the dependent variable is 6. We
associate to (2.4.3) the integrability conditions (see section 10.2)
ah="h,,

a,=ba"+h,
b +bb"=0, (2.4.4)
b"h=h,,

a"+aa"=0,

b'+a'b=h,
where a, b, a”,h..., are invariant functions of u and v. The solutions x = x(u,v),
y=yu,v), z=z(u,v) of (2.4.3) and (2.4.4) define a Tzitzeica surface. Denote
xX=u,x*=vand u' =0.

Let DxU? be the second jet space attached to (2.4.3) and M < DxU? an open set.
An infinitesimal generator of the symmetry group G of (2.4.3) is given by

_ 8 a8 @
X=C—+n—+a—, 2.4.5
o " %% 24.5)

where , n and o are functions of u, v and 0. The theorem 2.4.1 gives the first and
the second prolongations of the vector X , namely

X =Koty
0 o8,

u
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— — 0 G . 0
rOX = prX + o +ot +a” , 2.4.6
p p 0 26, 00, (2.4.6)
where
a'=D, (u—-C6,-nb,)+C6, +Mmb,,,
o’ =D,(a-C6,-10,)+L0,, +10,, .
a“ =D, (a-E6,-M6,)+CO,, +Nno,.., 2.4.7)

(X.w = Duv ((X,—C_,eu _nev)+ Qeuuv +ne

(XW = va (OL—CGH _nev)—‘r Ceuvv +nevvv *

The existence of a subgroup G, of the symmetry group G, which acts on the space
of the dependent variable 0, and the existence of a subgroup (_;2 of the symmetry

group G, which acts on the space of the independent variables u and v, are proved by
the following theorems (Bala ):

THEOREM 2.4.3 The Lie algebra of the infinitesimal symmetries associated to the
subgroup 61 of the full symmetry group G of (2.4.3) is generated by the vector field

0
Y, =0—. 2.4.8
1 =955 (24.8)

THEOREM 2.4.4 The general vector field of the algebra of the infinitesimal
symmetries associated to the subgroup 52 of the full symmetry group G of (2.4.3) is

= 0 0
Z =Cu)—+n(v)—, (2.4.9)
Ou ov
where C and msatisfy
C—’au + nav + ac_m + C.mu = O >
&b, +nb, —bn, +2bC, =0,
Ch, +nh,+h(C, +n,) =0, (2.4.10)
Cay+ma/—a'C, +2a™, =0,

Cbz:’ +nb\:’+b”nv +nvv = 0 °
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2.5 Noether theorem

In 1918, Emmy Noether proved the remarkable theorem giving a one-by-one
correspondence between symmetry groups and conservation laws for the Euler—
Lagrange equations (Teodorescu and Nicorovici-Porumbaru). To understand the
Noether theorem, let us consider a mechanical system with n degrees of freedom,
whose states are determined by the independent variable, time ¢, and the dependent
variables (state functions or generalized coordinates) ¢, , i =1,2,...,n

Suppose that the equations of motion derive from the functional
]F = J;: L(qlﬂqzaﬂ'a q,, aql 9q29~-~, q." ,l)dt ) (251)

where L is the Lagrangian function, ¢,, i=1,2,...,n, the generalized velocities, and
t €[t,,t,]. To obtain the motion equation, we introduce the infinitesimal transformation
of time

t'=t+0dt, (2.5.2)
with 6¢ an arbitrary infinitesimal quantity.
In terms of ¢/ =¢q,+38q,, and ¢ =¢,+8¢,, i=12,..,n, the variation of the
functional (2.5.1) is

SF = jL(q;,q;,t')df— J'L(ql.,q'l.,t)dt, i=1,2,...n. (2.5.3)
1 fy

When the Lagrangian L does not explicitly depend on time, then &g, :diéiql..
t

Writing the Taylor series expansion, neglecting the second derivatives

oL oL
L(q/,q;,t")=L(q;,q;,t +—6 . +—98¢, +—0dt,
(4;,4;,1") = (qq)a qaq Py

i i

where the Einstein’s summation convention for dummy indices is used, the variation of
the integral becomes

OF = J (LSt—aL Ot + 8 8) o _dra (0g; —q0t) |dt, (2.5.4)
oq, " 6q Cdr aq

where i =1,2,...,n
The motion equations are obtained from (2.5.4) for assuming that the variation o¢
and the variation of generalized coordinates are identically zero at ¢t =¢,and ¢ =¢,.

Thus, the first term in (2.5.4) vanishes, and the Lagrange equations of motion are
derived

oL _dfaL]_y. (2.5.5)
aqi dt aqz



67 SOME PROPERTIES OF NONLINEAR EQUATIONS

The Lagrange equations are invariant if we replace L by ol , where a is an
arbitrary non-zero constant. This transformation is called the scale transformation.

. . L d
The Lagrange equations are also invariant if we replace L by L+d—];, where

f(t,q,) ,1s an arbitrary function. This transformation is called the gauge transformation.
The transformation of independent variable under which the form of the equations of
motion (2.5.5) remains invariant is a symmetry transformation.
A general form of a transformation of independent variable is

t'=0(t), (2.5.6)
and the changes of generalized coordinates are
q;t)=0(tq,) . (2.5.7)
The functional (2.5.1) is invariant with respect to (2.5.6) if
L'(q;,q;,t')dt" = L(g;,q;,1)dr . (2.5.8)
The Lagrange equations are invariant if
L'(q/,q/,t") = L(q;,4],t") +:—£. (2.5.9)

We can say that (2.5.6) is a symmetry transformation for a mechanical system if and
only if the conditions (2.5.8) and (2.5.9) are satisfied. For the infinitesimal
transformation (2.5.2) the conditions (2.5.6) and (2.5.7) yield to

0 0 0 d
St—+8q —+6¢, — |L=——08f(t,q.) . 2.5.10
( 5 o4 20, q; 8t] py f (¢,4;) ( )

i

The transformation (2.5.2) is a symmetry transformation if, for a given L, there
exists a function f(¢,q,), so that the equation (2.5.10) is satisfied. For a given L, the
symmetry transformation forms a group, which represents the symmetry group of the
system.

Consequently, when the equations of motion (2.5.5) are satisfied, it results an
equation of conservation of the form

d oL

oL
—| L8t ——=G.8t+—8G. +8f |=0. 2.5.11
dt( o5 401+ 504, f] ( )

i i

On this basis, a symmetry transformation of a mechanical system is associated with
an equation of conservation.
This result is proved by the Noether theorem.

THEOREM 2.5.1. (Noether) If the Lagrangian of a mechanical system is invariant
with respect to a continuous group of transformation with p parameters, then exist p

quantities which are conserved during the evolution of the system.
In the case when the Lagrangian L(g,q) does not depend explicitly on time, it

relates to the Hamiltonian H (g, p) by
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. oH

G =—1,i=12,.,n, (2.5.12)
op;

where p,, i=1,2,...,n, are the generalized momenta in the Hamilton formulation.

Let C(g, p) be an integral of motion in the Hamilton formulation. In the Lagrange
formulation, this integral becomes F(q,q)=C(q,p). The integral of motion along
trajectories of the system satisfies the condition

9 r@a)=0. (2.5.13)
dr

Along the trajectories system, the variation of the Lagrangian due to the
transformations g, =¢q, +9q,, i =1,2,...,n, is given by
d oL
8L =—(—29q,) . 2.5.14
4 ( 2, q;) ( )
From (2.5.14) it follows certain conserved quantities (Teodorescu and Nicorovici-
Porumbaru).
Case 1. 1f 8L =0, the integral of motion is given by
oL

—— =09, (2.5.15)
oq

i

Case 2. If there exists a function f(g,) such that 6L = %Sf (g,) , then the integral

of motion is

oL of of
— —2)8q. =(p, ——L)dq. . 2.5.16
( 24, 2q > (p, aql_) 4, ( )
Case 3. If there exists a function g(g;,q;) such that
d .
0L =—2(4,,4:) » (2.5.17)
dt
the integral of motion becomes
oL . .
55% ~8(9,,9:) = p:5q; — 8(4,,4:) - (2.5.18)

We see that (2.5.15) and (2.5.16) are particular cases of the third case.

THEOREM 2.5.2 (Noether) To every infinitesimal transformation of the form
(2.5.10), due to a variation of the Lagrangian of the form (2.5.17), it corresponds to a
conserved quantity defined by (2.5.18).
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2.6 Inverse Lagrange problem

The study of the inverse problem for a given evolution equation consists of the
calculus of variations to determine if this equation is identical to a Lagrange equation
(Santilli 1978, 1983).

Zamarreno deduced in 1992 the known Helmholtz conditions (1887) for the
existence of a matrix of multipliers allowing an indirect Lagrangian representation of
the Newtonian system ¢, = F;(¢,q,t). He considers the case when F, is time
independent, and gives the functional relation between the Lagrangian and a first
integral of motion equations. This section presents the principal results obtained by
Zamarreno.

The inverse Lagrange problem consists in determining the Lagrangian from a given
evolution equation.

DEFINITION 2.6.1. Given a system of second order differential equations
qi = F;(q]9q27"'9qn5q.]aq.25"'9q.n9t) > l = 1923"'9’1 > (261)

which describes the motion of a mechanical system with n degrees of freedom, the
inverse problem consists of determining a Lagrangian L(q,q,t) such that

78 =1’?i(qi,c}i,t)<:>i 6_L —a—L=0, Vie{l,2,...,n}. (2.6.2)
de\ 6g 0q,

We assume that the dynamic functions F, € C*are defined for a time interval
(¢, <t <t,) for which the generalized coordinates and velocities vary in [¢’,¢/] and
[¢',g]] intervals of the phase space. The operator d/d¢ is applied over the integral

trajectories of (2.6.1) and is defined as

i: I.i_+ql.i+£. (2.6.3)
dr 0q, 0q, Ot

Lagrange equations (2.6.2) can be written under the form
L . L L oL

F + + Z_0,i=12,.,n, (264
“ 24,04, 34,04, 04,01 oq, 264

and represent an over determined system of n second order partial differential
equations in L(q,q,t). The results are presented in the following propositions
(Zamarreno).

PROPOSITION 2.6.1 If the system (2.6.1) is equivalent to the Euler—Lagrange
equations corresponding to a variational principle whose Lagrangian is L(q,q,t), then
the partial derivatives of generalized momenta with respect to the generalized velocities

o, L 0p;

o, =—-= =—=q,, 2.6.5
! GQJ aq[aq/ aq ! ( )

i
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satisfy identically the system of equations
day 10 10R

a, a, =0. 2.6.6
d ¢ 2 aq/ ik 2 aql Jk ( )

PROPOSITION 2.6.2 In the same conditions as before, the equations

) o(a, F,
a(a’k};}{)— (ajk k)+l Q-H}ki aia[h _aia'h :0, (267)
oq oq, 2\ o o, )\ 04, oq, "’

i i

J
are identically verified.

Let us denote by o, the multipliers that allow an indirect Lagrangian representation
of (2.6.1)

d(oL) oL
a.(q.q,00G —F)=—| — |-—, i,j=1,2,..n. 2.6.8
(4,400, - F;) dt(éqij o0 J ( )

Expanding the time derivatives on the right-hand side, we obtain
oy =0y . (2.6.9)

In this way the equations (2.6.6) and (2.6.7) coincide according to well-known
Helmholtz conditions. We also have

oo, oa.
by 0% (2.6.10)
g,  0q,
because
oo, ? 3 .
g OL 0L duy 2.6.11)
0q,  04,04,04;, 04;04,04,  0q;
Consider only regular systems for which
det(a,)#0. (2.6.12)

PROPOSITION 2.6.3 If a; is a symmetric solution of (2.6.6), then its determinant A

satisfies the equation

d—A+AZa—E=o. (2.6.13)
dt o 04,

COROLLARY 2.6.1 If a,; and o are two nonsingular symmetrical matrix solutions

of (2.6.5), the determinant A" =| (% Y''| is a constant of evolution of the system.
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PROPOSITION 2.6.4 If o is a symmetric nonsingular matrix, solution of (2.6.6),
then A is a Jacobi multiplier for the dynamical system written in the equivalent form

4@ ¢, F F = F

n

g=% _d9, _ _dg, _dg _dg, __dg, (2.6.14)

PROPOSITION 2.6.5 If o is a symmetric matrix, solution of (2.6.5) and the matrix

i

OF,
F of elements FYe is skew symmetric, the trace of any integer power of «, are
9,
constants of motion for the dynamical system.
We apply the variation of constants method to integrate (2.6.6), for the uncoupled
case
do;, 1 6F 1 6F

i o, +——La, =0. (2.6.15)
de 26q, 72 0q,

The solution of (2.6.15) is expressed as

. OF,
a; exp[—— + aFJdtj. (2.6.16)

oq, 0q,

Here, the repeated indices do not imply summation. Writing a., M,,Ol,, , we obtain

da Ldu, 10F . 10F .
i Wy IO e X 0. 617
Vdr 20q, T ag, A 26.17)

From p, =p,, and taking into account that oc;. are solutions of (2.6.15), it follows

da; 10F, . 10F, .

)

My - Oy - O Hy,
de Y 28(]‘/‘ 209, "

=0, k#j, h#i. (2.6.18)

Replacing OL; from (2.6.16) and multiplication by OL;._I , yield

du,, OF
dt  29q, 24 9q;, oq,
+la—]f;’ot*.hexp Iai oF, dt |=0, j=k,i#h
2 0g, 20\ eg, e,

Denoting by a; the expressions

OF, OF, _OF,
a; =—-exp j - |d¢ |,
0q, o4, o4,

the system (2.6.19) becomes

(2.6.19)
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du,.j
dt

PROPOSITION 2.6.6. The determinant T" of elements , is a constant of evolution

+%(pika,g. tH,a,)=0, k#j, h#i. (2.6.20)

for the dynamical system.

PROPOSITION 2.6.7.  Sufficient conditions for the matrix(a,;) to be diagonal are

-1 _ _
a;a; = kij = const.

If F, does not depend explicitly on time, the following results hold:

PROPOSITION 2.6.8 If the multipliers o satisfy the Helmholtz conditions and the

dynamical system is autonomous, there exists a first integral 1(q,q) for the dynamical

system given by

iqu aql )
2 2
GikaJr[ oL —a—L.jq'k -a (2.621)
04;0q; 09,04, 0q;
for which dI =0, along the system trajectories.
We can define 1(q,q) as
iqu aql )
. F, F
o, F+ 3 Lig, g | 2L (2:622)
2\ 04, aq; q,

PROPOSITION 2.6.9 The Lagrangian that allows an indirect representation for the
autonomous system

4, =F(q,,9,), (2.6.23)
by using a.;, must verify
1= a—_Lq,. -L, (2.6.24)
aq;

where 1(q,q) is an integral for (2.6.22).
As an example, consider the simple pendulum equation

é+§sin620.
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The Helmholtz conditions (2.6.6) and (2.6.7) are satisfied for o =mi*. A prime
integral / is obtained by integrating (2.6.22)

1= %mlzé2 +mgl(1—cos0),
and the Lagrange function is obtained from (2.6.24)
L= %mﬁéz —mgl(1-cos®).
Another example is given by (Santilli 1978)

L1, .
g +5v(qf +2¢,4;) =0,
B
G, +5Y(q2 +2¢,4;) =0,

T B .
g +5v(q§ —q; exp(yq,)—q; exp(yq,)) = 0.

This system of equations satisfies the conditions of Proposition 2.6.7, and therefore
(2.6.6) admits a diagonal symmetric matrix as a solution

o, =exp{y(q, +4;)},
o, =exp{y(q, +45)},

053 =exp(vqs) ,
which satisfy (2.6.7) The first integral is obtained from (2.6.22)

C . C . C .
I =5q§ eXP(vq3)+5qf expi{y(q, +q3)}+5q22 exp{y(q, +4;)} -

The Lagrange function is determined then from (2.6.24)

C . C . C .
L= qu eXp(vq3)+5q12 exp{y(q, +q3)}+5q§ exp{y(q, +4;)} -

Among other works dedicated to inverse problems in mechanics we mention Chiroiu
and Chiroiu (2003a), Frederiksen, Tanaka and Nakamura.

2.7 Recursion operators

The existence of infinitely conserved densities for evolution equations is explained
by generalized symmetries that are groups, whose infinitesimal generators depend not
only on the independent and dependent variables of the system, but also the derivatives
of the dependent variables.

The existence of infinitely many symmetries for evolution equations of the form
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u, =u, + f(u,u,...u, ), 2.7.1)

where u, =u_, u, =u_, and so on, and the right-hand sides are homogeneous with

respect to the scaling symmetry 7 = xu, +Au , with A >0, it was studied by Wang.

The equations of the type (2.7.1) are called A-homogeneous equations. If an
equation (2.7.1) has a nonlinear symmetry, it has infinitely many and these can be found
using recursion operators.

Integrable evolution equations in one space variable, like the KdV equation, admit a
recursion operator, which is an operator invariant under the flow of the equation,
carrying symmetries of the equation into new symmetries.

In 1977, Olver provided a method for the construction of infinitely many
symmetries of evolution equations, originally due to Lenard. This recursion operator
maps a symmetry to a new symmetry. For the KdV equation, for example, a recursion
operator defined by Im(D, ) is given by

D? +§u +§uxD;1 , (2.7.2)

where D_' is the left inverse of D,. Magri studied in 1978 the connections between

conservation laws and symmetries from the geometric point of view. He observed that
the gradients of the conserved densities are related to the theory of symmetries.

This problem required the introduction to Hamiltonian operators. Magri found that
some systems admit a pair of Hamiltonians. For example, the KdV equation can be
written in two forms corresponding to a pair of Hamiltonians

1, . 2 1
u =D (u_ +—u")=(D, +—uD_+—u_)u.
t ,\( xx 2 ) ( x 3 X 3 x)

The Nijenhuis operator (hereditary operator) is a special kind of recursion operator
found as an integrability condition. For any vector field 4, leaving the Nijenhuis

operator 2linvariant, the 4, = 2A7(4,), j=0,1,..., leave 2 invariant and commute in

pairs. Gelfand and Dorfman gave the relation between Hamiltonian pairs and Nijenhuis
operators. For the KdV equation the operator

A=D? +%u +luvD;1 ,
3 37

is a Nijenhuis recursion operator and it produces the higher KdV equations, the KdV
hierarchy, which shares infinitely many commuting symmetries produced by the same
recursion operator

u, =AW (u,), j=0,1,...

The recursion method can be applied also to A >0, and A <0. In the particular
case A =1, we have

—  Potential Korteweg—de Vries equation f =u__ +u’,

—  Modified Korteweg—de Vries equation f =u__ +u’u_,

— Burgers equation f=u_+uu,.
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When A =2, we have
— Korteweg—de Vries equation f =u__ +uu_ .

A selected list of integrable evolution equations, scaling symmetry transformation
T, and the recursion operators are given below (Wang)
—  Korteweg—de Vries equation

u =u, +uu,,

t

T=xu, +2u,

2 1
A=D’+Zu+-uD,".
x TUTIH

—  Burgers equation

u =u.,+uu,,

T =-2t0, +(xu_+u)o,,
1
A, =D +u , A, =tD_+1tu, +Ex .
—  Potential Burgers equation

T=xu_,

x

1
A, =D, +u,, A, =th+tuX+Ex.

—  Diffusion equation

.2
T U UL,

u
T=axu,+bu, a,beC,

A=uD, +u, D"
—  Nonlinear diffusion equation

u, =D (u, /u*),
T=axu,+bu, a,beC,

2
a=Lp 2D
u u

—  Potential KdV equation
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Tzitzeica equation

_ 2
u, =u, +3u.,

t

T=xu, +u,

A = Df +4u — 2D;1uxx .

Modified KdV equation

_ 2
u =u, +uu.,

T=xu +u,

A=D] +£u2 +quD;lu .
3 3

Sine-Gordon equation

=sinu,
T=axu,+bu, a,beC,

"2 2 -1
A=D+u, —u D u_.

Liouville-Tzitzeica equation

t:expus
T=axu,+bu, a,beC,

2 2 -1
A=D—u +u D u_.

u,, = cexp(~2u) +Bexp(u),
T=xu_,

A =D +6(u, —ul)D! +9u,, —2uu D +
+(5u,, —22uu, . —13u’ —6ulu_ +9ul)D} +
+(u, —Suu, —15u u.  —3ulu_ —6uu’+18uu, )D, —
—duu +20wu, —20uu u_ +20ulul, —4ul +
2u D (u,. +5uu +5ul —Sulu —20uu u,  —
=5ul +5ulu ++2u,

-1
_Suxuxv +ux )Dx u,\’x'

+5u u_ —Sulu_ —

Dispersiveless long wave system

76
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U =uv+uv,, v, =u, +vw,_,

Xu, 2u
T= “l+a ,aeC,
xv, v
a|? 2u+ uXDX; ] .
2 v+v D
— Diffusion system

—_ 2 —_
U =u,+v ,v,=v

xx °

xu +2u 2u
T = +a ,ae(C,
xv, +2v v

— Nonlinear Schrédinger equation

2 2 2 2
v =—u_Tu@ +v),u =v, vu +v),
xXu, +u
T= ,
xv, +v

2 = 2vD'u D, 2vD'v
-D, +2uD'u  2uD]'v )

— Boussinesq system

1
vV, =—u_ +—uu_,

t XXX X
3

xu_+2u
= - ,
xv, +3v
2= [3v+ 2v.D.' D’ +2u+ uXDXIj

D/ 3v+v. D'

A :%Df +?14Dx2 +5u D +3u,_ +?u2 +2v,D'.



Chapter 3

SOLITONS AND NONLINEAR EQUATIONS

3.1 Scope of the chapter

Solitons or solitary waves are localized waves that travel without change in shape. In
the mathematics literature the word soliton refers to solitary traveling waves which
preserve their identities after a pair-wise collision. Solitons were first discovered in
shallow water by the Scottish engineer John Scott Russell in 1844, but they exist
everywhere, in many kind of systems. The study of solitons is an exciting branch in the
science of nonlinear physics and their importance as nonlinear waves is well-recognized
in the past two decades. The basic theory of solitons is simple and relies on
mathematical methods well-known to any applied mathematician.

In the last years of the nineteenth century, mathematicians as Korteweg, De Vries,
Bianchi, Boussinesq, Darboux and Backlund have analyzed some remarkable nonlinear
partial differential equations which possess the cnoidal or solitonic solutions.

Engelbrecht is right when he affirms that the story of solitons is the story of three
equations, namely Korteweg and de Vries, sine-Gordon and nonlinear Schrodinger
equations. In this chapter the first five evolution equations are briefly discussed and the
solitonic solutions outlined. The stability and particle-like behavior of the solitons can
be explained by the existence of an infinite number of conservation laws. So, these
equations can be interpreted as completely integrable Hamiltonian systems in the same
sense as finite dimensional integrable Hamiltonian systems, where we find for every
degree of freedom a conserved quantity.

The reader is referred to the remarkable monographs of Ablowitz and Segur (1981),
Dodd et al. (1982), Lamb (1980), Drazin (1983), Drazin and Johnson (1989) and
Engelbrecht (1991). We mention also the monographs of Carroll (1991), Nettel (1992)
and Newell (1985) for enlarged topics in soliton theory.

3.2 Korteweg and de Vries equation (KdV)

To explain the nature of solitons, we will consider the behavior of water waves on
shallow water. The scenario could be set in one of the canals, which was the 19th
century's analogue to highways nowadays. Indeed, it was in such a location that the
Scottish engineer John Scott Russell first noticed a soliton in 1844.
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The solitary wave, or great wave of translation, was first observed on the Edinburgh
to Glasgow canal in 1834 by Russell. Russell reported his discovery to the British
Association in 1844 as follows (Drazin):

“I believe I shall best introduce this phenomenon by describing the circumstances of
my own first acquaintance with it. I was observing the motion of a boat which was
rapidly grown along a narrow channel by a pair of horses, when the boat suddenly
stopped — not so the mass of water in the channel which it had put in motion; it
accumulated round the prow of the vessel in a state of violent agitation, then suddenly
leaving it behind, rolled forward with great velocity, assuming the form of a large
solitary elevation, a rounded, smooth and well-defined heap of water, which continued
its course along the channel apparently without change of form or diminution of speed.
1 followed it on horseback, and overtook it still rolling on at a rate of some eight or nine
miles an hour, preserving its original figure some thirty feet long and a foot to a foot
and a half in height. Its height gradually diminished and after a chase of one or two
miles I lost it in the windings of the channel. Such in the month of August 1834 was my
first chance interview with that singular and beautiful phenomenon which I have called
the Wave of Translation...”.

Russell performed some experiments in the laboratory in a small-scale wave tank in
order to study the phenomenon more carefully. This is shown in Figure 3.2.1, which is
one of Russell's original diagrams (Dodd et al.). Figure 3.2.1 is represented as a raised
area of fluid behind an obstacle. When this obstacle is removed, a long heap-shaped
wave propagates down the channel. Figure 3.2.1b is identical except that the initial
volume of trapped fluid is larger.

In this case two solitary waves are found. If a wave is somehow initiated in such a
canal, we expect that the wave rolls along the canal while it spreads out and soon ends
its life as small wiggles on the surface. But, in certain conditions a soliton can be
excited, and the wave will continue to roll along the canal without changing shape. It
turns out that a soliton is very robust against perturbations.

The bottom of the canal may be uneven and bumpy, but the soliton will gently pass
all obstacles.

Let us suppose the canal has depth 4 and note by #+m (m small) the elevation of

the surface above the bottom. Korteweg and de Vries derived in 1895 the partial
differential equation, which governs the wave motion (Dodd et al.)

on 3 |gof2 1 1 o™

M_2 189 2 iy : 32.1

or 2\/;ax(3 M 305 =0
3

where 6 =——— , a an arbitrary constant, 7 the surface tensions, p the density of
pg

the fluid and g gravity acceleration.
This equation bears the Korteweg and de Vries names, usually shortened to KdV,
and becomes one of the most celebrated equations, which is related to solitons.

Introducing
n=8au, &= /2“ /
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the equation (3.2.1) becomes

u, +u, +12uu, +u,, =0, (3.2.2)

where the subscripts denote partial differentiation wu, =0u/0t, wu, =0u/og,

Uger = 0’u/ 08, etc. The factor of 12 in (3.2.2) is a matter of choice and can be rescaled
by the transformation u — Bu +7y

a. Scott Russell's figure 4
—_—W
w
N _l_AA_—

A

b. Scott Russell's figure 6

Figure 3.2.1 From Scott Russell's Report on Waves 1844 (Dodd et al.).

1 1 .
For B= - and y = T the equation (3.1.2) becomes

u, —6uu, +u,, =0. 3.2.3)

The equation (3.2.3) is known as the standard KdV equation. By applying a Lie
transformation

u=kn+k,, &=kx+k,, t=kn+k;, (3.2.4)
we may write the KdV equation in the forms
u, tbuu, +u,, =0, u t(1+uu, tu, =0, 3.2.5)
by choosing in an adequate way the constants k,, i=0,1,2,3,4,5.
Returning to the equation (3.2.3) we look for a solution with the permanent
u=u(®), 6=£-ct, (3.2.6)

where c¢ is the velocity of wave.
Substitution of (3.2.6) into (3.2.5) gives

—cu'—6uu'+u" =0,
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where prime means the differentiation with respect to the new variable 0.
The above equation becomes

—cu' =3w?) +u"=0.
Integration with respect to 6 yields
u"=3ut+cu+ A,

where A is an integration constant. Multiplying this equation with ' and integrating
with respect to 6 we have

%u'z =u’ +%cu2 +Au+ B, (3.2.7)

with B an integration constant. The equation (3.2.7) can be reduced, in certain
conditions, to the Weierstrass equation (1.4.8). For g; —27g; >0, the solution is

expressed in terms of the elliptic Jacobi function.
At the limit m =1, the solution of the KdV equation is described in terms of
hyperbolic function

@(2) = e, +(e —e;) sech’ (u*,m) .
The boundary conditions u,u’,u” — 0 as 6 -, give 4=B =0, and
lu'2 =u’(u +lc). (3.2.8)
2 2
From du=u'd0 we have

_fdu_(_du
O_J'u' '[u\/2u+c’

or

1
—~2u+c)+6,,
Je ’

0= ia tanh(

N

with 6, an integration constant.

o 1 . .
Substituting « = _EC sech’¢ into the above equation we have

GzTatanh( Je(l—sech’$))+86,,

or
2 1
=-——atanh(—=+/ctanh’ ) +9,,
Je Je '

with ¢ = %\/; (0—96,) . Therefore, we obtain the solution
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u(®) = —%csechz{%«/g(e—eo)} , (3.2.9)

for any ¢>0 and O,. These constants are determined from the initial conditions
u(0)y=u,, u'(0)=c,.
We see from (3.2.9) that the amplitude of the wave depends on the velocity. Thus,
the wave having higher amplitude travels faster than the wave having lower amplitude.
Similarly the solution of (3.2.2) was found looking at solutions of the form
u=u(®), with 6=a—-wr+5 and & the phase constant. Requiring that u and its

derivatives to be zero as |6|—> oo the equation (3.2.2) may be integrated to give the
solution

u:iazsechzé[ai—(a+a3)‘t+6}. (3.2.10)

The constants @ and & are arbitrary, d playing the role of a phase.

The solution (3.2.10) represents a solitary wave, which has the shape as Russell
observed. This wave propagates at a constant velocity without change of shape. Its
velocity is ®/a = 1+a’, and depends on amplitude and vice versa the amplitude
depends on the velocity. Figure 3.2.2 represents the solution (3.2.10) for three values of
a. For smaller values of a, the wave is low and broad, and becomes narrow and sharper
as a increases.

a=1 a =037 a =015 (8=0.5)

Figure 3.2.2 Three solitary waves (3.2.10) for different values of a.

Up until this point we have talked about solitary wave solutions, which propagate
without change of form and have some localized shape. But there are many equations,
which have solitary wave solutions. The word solifon first appears in the paper of
Zabusky and Kruskal. They have studied the problem of Fermi, Pasta and Ulam (1955)
of motion of a line of identical particles of unit mass, with fixed end points, and put into
evidence a remarkable property of the solitary solutions (Kawahara and Takaoka). Their
interaction with one another as they passed through the cycles of evolution forced by the
periodic boundary conditions shows no change in the form, but only a small change in
the phase. Zabusky and Kruskal called these solitary waves solitons where the ending
‘on’ is Greek for particle. This particle-like behavior does not depend on periodic
boundary conditions. Zabusky and Kruskal numerically integrated the KdV equation on
boundary conditions u — 0 as & — o and considered two well-separated solitary wave
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solutions of the KdV equation as initial data with different velocities v, > v, . The taller
and therefore faster wave v, is situated on the left. As time increases throughout the

numerical integration, the tall, fast soliton overtakes the broad, slow one, as shown in
Figure 3.2.3. A larger soliton travels with a high velocity so that it overtakes the
smaller one and after the collision they reappear without changing their form identity.
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Figure 3.2.3 The interaction of two solitons running in the same direction.

The collision does not result in any small waves or wiggles after the interaction. The
two solitons look exactly as they did before the collision. This particle-like behavior is
generic for the soliton (Munteanu 2003).

Therefore a phenomenological definition of the soliton could be a localized wave
that does not radiate (generate small waves) during collisions.

The water wave soliton is a result of a dynamic balance between dispersion, namely
the wave's tendency to spread out, and nonlinear effects. In order to substantiate this
statement, we have to pass to some mathematics.
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The dynamics of water waves in shallow water is described mathematically by the
Korteveg—de Vries (KdV) equation (3.2.3). The second and the third term in the
equation are the nonlinear and the dispersive term, respectively.

Let us first investigate the effect of the dispersive term. Thus, we neglect the
nonlinear term in the KdV equation. This leaves us with the following:

U, + Uy, =0.

We know that waves with different wavelengths travel with different velocities.
Since the initial wave is composed of many small waves with different wavelengths, it
will soon spread out in the many components and can no longer be described as an
entity or object.

Now let us see the effect of the nonlinear term. We neglect the dispersive term in the
KdV equation, which leaves us with the following

u, —6buu, =0.

The top of the wave moves faster than the low sides and this causes the wave to
shock in the same way as the waves we see on the beach. This behavior is known as
breaking the waves.

When both the dispersive and the nonlinear term are present in the equation the two
effects can neutralize each other. If the water wave has a special shape the effects are
exactly counterbalanced and the wave rolls along undistorted.

For the KdV equation, there are four such linear independent symmetries, namely
arbitrary translations in x and ¢, Galilean gauge and scaling.

A conservation law for the KdV equation (3.2.3) is (Kruskal, Zabusky and Kruskal)

DU+D.F=0, (3.2.11)

where U is called the conserved density and F is called the conserved flux. The
expressions for the conservation of momentum and energy are known as

2

Dru—Dx(uiéJru?):O,

u’ u; o’
DI(?)—DX(uu& —7i+?). (3.2.12)

Zabusky and Kruskal continued searching and found two more densities or order 2
and 3 expressed in terms of highest derivative.

They missed a conserved density of order 4. Miura, Gardner and Kruskal found a
conserved density of order 5, and filled in the missing order 4. After the order 6 and 7
were found, Miura was fairly certain that there was an infinite number. Later it was
proved that the conjecture if an equation has one nontrivial symmetry, it has infinitely
many, is true under certain technical conditions (Wang).

Miura found that the modified Korteweg—de Vries equation (MKdV)

Ve = Vege +v2v€ , (3.2.13)

has an infinite number of conserved densities. He introduced the transformation
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u=v> +-6v,, (3.2.14)

which now bears his name. Applying the Miura transformation to (3.2.14) we have
(Wang)

u, — (U tuu,) =(2v+ \/EDE_ (v, = (Ve + vzvé ), (3.2.15)

from which we see that, if v(§,1) is a solution of (3.2.13), then u(§,1) is a solution of

(3.2.3). From this observation, the famous inverse scattering method was developed and
the Lax pair was found (Lax, Lax and Phillips).

Gardner also observed that the KdV equation might be written in a Hamiltonian
2

way. Notice that the Hamiltonian of KdV is H = u?

The integrability of the KdV equation can be understood in the same sense as finite
dimensional integrable Hamiltonian systems, where we can find for every degree of
freedom a conserved quantity named the action.

Let us return to the linearised KdV equation

u +u +u. =0, (3.2.16)

where ®=k—k’. The term u__ contains the dispersion of waves. Let us ignore the
dispersive term in the KdV equation (3.2.5)

u,+u+hu, =0, (3.2.17)
and introduce the initial conditions
u(x,0)= f(x). (3.2.18)
To solve this problem, consider the equation wu, +u,u, =0, with the solution
u =u(x —u,t), which propagates with the velocity u, . For u(x,0) = f(x), the complete
solution is u(x,t) = f(x—u,t) . This solution leads to the idea to consider a functional
equation of the form (Dodd et al.)

u= flx—(u+]. (3.2.19)

From
u, =(-un)f", (3.2.20)
u, z_[tut +u+1]f’a (3221)

we obtain the equation to be verified by the solution of (3.2.17)
[u, +(u+Du JA+#")=0. (3.2.22)
The equation (3.2.19) is an alternative form of (3.2.17), and can be solved by the

characteristics method. Dodd and his workers, Eilbeck, Gibbon and Morris, have shown
that (3.2.19) is solvable for triangle initial conditions of the form
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UyX, 0<x<l,
S(x)=qu,(2-x), 1<x<2, (3.2.23)
0, x<0;x>2.
From (3.2.19) we have

u,(n—ut), 0<n-ur<l,
um,t) =<u,(2—m+ut), 1<n-ut<2, (3.2.24)

0, in rest,

where x—¢=m. The solutions are

Upn Uy

, , 0<n-ur<],
1+uyt L+u,t
2_ —
. LA | u, = 1<n-u<2, (3.2.25)
1—u,t I—u,t
0, 0, in rest.

The behavior of the solution (3.2.25) may be understood intuitively from (3.2.19).
Consider a wave traveling with the velocity (u# +1). The apex of the triangle overtakes
the lower points if u increases. The wave becomes multi-valued after the breaking time

1 L . .
t =—, when the wave breaks. The conclusion is that the absence of the dispersive
u,

term yields to a discontinuous (shock) behavior of waves.

By inclusion into the equation of the term &8u__, even for small values of &, the

xxx 2

third derivative is very large and the shocks never form (Zabusky and Kruskal).

Inclusion into the equation of a dissipative term Ou_ instead of the term u_ , leads to
the Burgers equation which is a nonlinear diffusion equation
u, +uu, =0u,, . (3.2.26)

3.3 Derivation of the KdV equation

Consider the irrotational bidimensional motion of waves on the surface of an ideal
and incompressible fluid, generated by a disturbance. The fluid occupies a volume V'
at time ¢, and a hard horizontal bed bounds it below. The upper boundary is a free
surface (Lamb, Miura).

Consider an orthogonal system of coordinates xOz, with the vertical axis Oz, and
the axis Ox oriented along the fixed bed.

The components of velocity are

V(x,z,t) = (v (x,z,1),v,(x,z,1)).

The equations of the hard bed and of the free surface are
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S, f(x,z,8) = z—h-m(x,£) =0,

where /4 is the depth of the fluid, and m is an unknown function that has to be
determined. The volume occupied by the fluid is

V ={(x,z) e Rx[0, h+n(x,0)]}.

The velocity of each particle is derived from a potential ¢: ¥ x[0,00) > R, ¢ C?,
so that v(x,z,t) = grad ¢(x, z,¢). The continuity equation is

b +9.. =0, (x,2,01) €V x[0,00). (3.3.1)

The Lagrange equation on a characteristic curve is written as
1 5 )2
¢, +5(¢x +¢.")+g(z—h)+-—=const.
p

An atmospheric pressure p, =0 is acting on the free surface. So, the boundary

condition on §, is written as

0 +§(¢f £+ g(z—h) =0, (33.2)

for z=h+mn(x,¢). Another boundary condition on S, is derived from the Euler—

Lagrange condition, according with, for a material surface, we have f =0
n/+¢,\’nx_¢z :0' (333)
We add the condition of a fixed surface S,, v,(x,0,#) =0, that is
¢. =0, (3.3.4)

for z=0. Relations (3.3.1)—(3.3.4) are enough to determine the partial differential
equation that must be verified by mn:Rx[0,0)—>R. So, we introduce the
dimensionless quantities

x=1Ix,, z=hzy,, v, =~ghv,,, V. =A/ghV,.,
o0z =2 et (),

/
n(-xa t) = an() (X, [)s t= _toa
\gh

where [ is the length of the disturbance, % the depth of the fluid, a the amplitude of
the disturbance, g the gravitational force constant, and @ the velocity.

Noting with a superposed bar the quantities that depend on x,,z, and ¢#,, the
equations (3.3.1)—(3.3.4) become
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8250,)(0)(“ +$O,zozo = 0 H

_ - I ot -
Mo+ o, +5 00 G, 80, ) =0,
60,20 = 62 (ﬁ(),to + a’$0,x0 ﬁO,xD )7

for z, =1+o0m,(x,,%,) , and
60,4) =0,
a h

, 0=—.
/

Dropping the bars, the motion equations and the boundary conditions are

824),\' X + ¢zz = O’

for z, =0, with a =

n+9, +%a(8’2¢22 £9.2)=0,

¢Z = 62 (n[ + (xd)xn)( )’
¢, =0, for z=0.

for z=1+an, 3.3.5)

For small amplitudes (a — 0 ), and for large wavelengths (6 — 0) we suppose that
8% = 0() . For arbitrary o,d , the new variables are introduced
Ja o

§=?(x—t), =5 b (3.3.6)

that yield a reference system that moves with a unit velocity at z=0.
For 6= O(x/& ), we have t=0(1) for large moments of time. By changing the

function
- Jou .
¢(§,T,Z):?¢(X,Z,t), n(ast):n(xyt)s (337)
the equations (3.3.5) become
o.. + O“I).gg =0,
n+a¢r—¢§+%(¢3+a¢g)=o, for z=1+an, (338)
¢, =a(-m,+on +apmn.), for z=I+an,
¢, =0, for z=0.
Looking for the solutions of the form
0(E12)= D 0", (12), (3.3.9)
n=0

it follows that, for fixed &,t, and z €[0,1+an]
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M&nﬂ=9d&ﬂ+aWK&ﬂ—%ﬁ%A&0H

2 4

[9 Ev- 1 ga(g ) + 0 g;g] + O(OL})’

(3.3.10)

where 0,,0,,0, are arbitrary functions that depend onz. The conditions (3.3.9),
(3.3.10) on the surface z=1+an +a’n, +0(a’) lead, further, to the partial
differential equations verified by n,,n;....

Note that the equation verified by m, is the KdV equation written under the form

1
Eno,ggg + 3“0“0,@ + Zno,r =0. (3.3.11)

We observe that (3.3.11) may be written under the form

Pq q

1
where ng’ng’ r=1.

Equation (3.3.12) is equivalent to the equation
7+ 2. +h 5. =0, (3.3.13)
for a change of variable

q T

t=Ls gLy An=LnE.

q r p

Thus, equation (3.3.11) can be reduced to the standard form of the KdV equation
u,—6uu +u,_ =0, (3.3.14)

by the change of variables
E=x, t=6¢ m,(,1)= —%u(x,t) .

Generally, by applying a Lie transformation
u(&,1) =kou(x,t)+k,
E=kyx+k,, t=kt+ks,
and choosing the constants k,,...,k;, in a convenient way, the equation (3.3.14)
becomes
u, t6uu, +u,, =0,

or
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i, £ (1+@)a, i =0.

3.4 Scattering problem for the KdV equation
Consider the KdV equation
u, —6uu +u_ =0.
A solution of the KdV equation for imposed conditions u,u’,u” — 0, as x — o, is
u(x,0) = f(x) =-U,sech’x , 3.4.1)

at the initial moment of time ¢#=0. This is the reason for choosing (3.4.1) as the
potential function in the Schrodinger equation (1.2.13). Thus, we have

@"+[k* +U,sech’ (x)]p = 0. (3.4.2)

To solve a direct scattering problem means to find the fundamental solutions
(1.2.14), the coefficients ¢; (1.2.16), and the transmission and reflection coefficients

(1.2.19) and (1.2.20).
Using the change of function

o(x) = C,sech™ (x)y(x), (3.4.3)
the equation (3.4.2) becomes
y"+2iktanh(x)y'+[k* +ik + U, sech’(x)]y=0. 3.44
The change of variable
_Iztanh() 1) veR, (3.4.5)

transforms (3.4.4) into
2(z=D)y"+[-(1-ik) + 2(1-ik)z]y '+ (—k* —ik-U,)y =0,

where y(z) = y(x). This equation is written as

zz-D)y"+[-y+(+a+P)z]y'+ap y=0, (3.4.6)
where

=1-ik,
1 l

=__1k+ —_ 347
2 4 ( )
1 1

=——ik— +—,

P 2 4

and admits as solution the hypergeometric series
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F(z)= Flapyz)=1+2Lop
Y

;. a(o+1)...(a+n=DBR+D...B+n-1) e
y(y+D)...(y+n-1)

(3.4.8)

This series is convergent for |z| <1. We have also U, = —%. From mentioned
changes (3.4.3) and (3.4.5), the solution of (3.4.2) becomes

(k) = C, (W)%F(a, B,v;w) . (349

where the complex constants are given by (3.4.7), and C, is an arbitrary constant.
The hypergeometric series has the following property (Abramowitz and Stegun)
Trey-a-p
Ly =)l (y=P)
1— Z)y—a—[i F(Y)F(_Y +O+ B)
T(a)l'(B)
for any z with arg|1 - z| <m,and I' is the Euler function.
Thus, the solution (3.4.9) becomes
exp(x) +exp(=x) i Ty —a—P) ..
1
2 F(y-a)l'(y—B)
exp(x). F'(VI'(—=y+a+
2 (a)I'(B)

F(a,B,y;2) = F(o,B,a+B—-y+L1-2)+

(3.4.10)

+( F(Y_G:Y_Bﬁ_a_ﬁ'*‘l;l—z),

o(x;k) = C, (
(3.4.11)

where

1+ tanh(x)

E:F((X,B,(X,+B—Y+1 )9

1+ tanh(x)

F,=F(y-o,y-B,y-a-B+1L ).

Taking x — o into (3.4.9), and x — —oo into (3.4.11), we write
exp(ikx)
2ik
ok = ¢, SRCI) Ty —a=P) | (3.4.12)

2% T(y-o)l(y—P)
el exp(ikx) r(Hr-y+a+p)
2% F(a)I'(B)

o(x;k)=C,

, X —>00,

b
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To determine the fundamental functions f;(x, k), i =1,2, we observe that @(x; k) may

be written as a linear superposition of them. It follows that there exist the functions
A(k), B(k) so that

@(x; k) = A(k) f, (x; k) + B(k) £, (x; k) .
According to (1.2.14), the properties of ¢ at infinity are given by
o(x; k) = A(k)exp(ikx) + B(k)[c,, (k) exp(ikx) + ¢,, (k) exp(—ikx)],
for x — oo,
o(x; k) = A(k)[c,, (k) exp(ikx) + c,, (k) exp(—ikx)]+ B(k) exp(—ikx),
for x— —oo.

(3.4.13)

Comparing (3.4.12), to (3.4.13), it results
B(k)c, (k) =0,
A(k)+ B(k)c, (k) = C, /2",
and

T(1—ik)[(~ik)

. 1 1. 1
F(2_1k+\/UO +4)F(2—1k—\/U0 +Z)

¢, (k) =c, (k) = , (3.4.14)

B(k)=0, A(k)=C, /2" .
Consequently, we have

f(ek) = % = [exp(x) + exp(-n)* F(ouB.y;

1Z@nh()) 3415

Comparing (3.4.12) , to (3.4.13), , and using (3.4.14) we have

CI(MI'y—a-p)
2 I(y-)(y-p)’
G ITr(-y+a+p)
2 rre)

A(k)ey, (k) + B(k) =

A(k)e, (k) =

Therefore,
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T (1—ik)T(=ik)
. 1.1 . N
F(2—1k+\/UO +4)F(2—1k—\/U0 +Z)
T (1-ik)T(ik)

Ci (k)= ch(k) =

ey (k) = " = = (3.4.16)
F(E— /U0+Z)1"(5+ U°+Z)
() = ra+ik)r(-ik)

1 1.1 1.
- U, + O (=+,|U, +—
(2 0 4) (2 0 4)

Using (1.2.17) and (1.2.18) and the property of Euler function, the transmission and
reflection coefficients are given by

r ik + Ju, +Hrd—ik- Ju, + 1y
Thy=—2 472 4

T(1-ik)T(—ik)

E

T'(1+ik) | 1 1 . 1 1
R, (k)=————"T(——-1k+,|U,+)(——1ik —,|U, +—)cos U, +—
< (k) k) (2 0 4) (2 0 4) (my|U, 4),
I'(ik) 1 . 1 1 . 1 1
R (k)= I'(——ik+,/U, +—)'(——ik —,|U, +—)cos(m,|U, +—). 3.4.17
L (k) T (ik) (2 0 4) (2 0 4) (U, 4) ( )

The fundamental solution f, comes from (1.2.16a), where f, is given by (3.4.15),
and ¢,,,¢,, by (3.4.16). Looking at the expression (3.4.17) we see that certain values of

U, yield to vanished reflection coefficients

U,=N(N+1), NeN. (3.4.18)
In this case, the transmission coefficient is

T(=ik + N+ DI(=ik = N) _ (=ik + N)(=ik + N —1)...(~ik)

T (k)= ; ; — : , (3419
rd-ik)I'(-ik) (—ik)(—ik —1)...(-ik— N)
and the equation (3.4.2) is written as
@"+[k* + N(N +1)sech’x]p =0 (3.4.20)

The bounded solutions of this equation are the associated Legendre functions,
k=in, n=1,...,N,

(p(x,in):PIC(T):(I—TZ)E%PN(T), n=1,.,N, (3.4.21)
where
N
P =y,

N2V dr”
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are the Legendre polynomial of degree N, and 7T = tanhx . Consider now the poles of
transmission coefficient (3.4.17). Since the Euler function admits negative integers as
poles, we can say that, if & is pole for T'(k) then there exists m € N* such that

l—ik—‘fU0 +l =-m.
2 4

Let us choose k so that keR, or k=ix, k«>0. In this way we find a finite

number of poles

1 1
Ky =y Uyt =(n+2), m=0., M1, (3.4.22)

fUO+l—l, for ‘/U0+l—leN,
4 2 4 2

,/Uo+l—l +1, for /U0+l—le£N.
4 2 4 2

In particular, for (3.4.18) the poles of the transmission coefficient are

k,=1in, n=1,..., N, and solutions in these points are given by (3.4.21).
In the case N=1, the equation (3.4.2) becomes ¢"+[k*+2sech’x]o=0. The
k+i

coefficients of reflection vanish, and the transmission coefficient is 7' (k):r,
—1i

M=

accordingly to (3.4.19), and has a single pole k, =1.
The solution is

o) =P (T)=1-T° diTPm,

1d
P(T) :EE(TZ —1), T =tanhux,
or
¢(x) =sech(x).
In the case N =2, the equation (3.4.2) becomes ¢"+[k*+6sech’x]p=0. The
coefficients of reflection vanish, and the transmission coefficient is
_ (2-ik)(1~ik)

T) Q+ik)ik+1)’

with poles k; =i, k, = 2i. In this case the solutions are

@, (x) = P) (tanh x) = 3 tanh x sech x.
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3.5 Inverse scattering problem for the KdV equation
Let us return to the relationship between the solution of the KdV equation
u,—6uu, +u, =0, 3.5.1)
with imposed conditions wu,u — 0 at |x| — o, and the initial condition as an N -
soliton profile, N e N
u(x,0) = f(x) = N(N +1)sech’(x), (3.5.2)
and the solution of the Schrodinger equation
o, (6, 0) +[k* —u(x,0)]e(x,1)=0. (3.5.3)
This relationship is expressed by (1.2.10)
o, =—4¢,  +6ue, +3u ¢ . 354

The fundamental solutions f;, i =1,2, satisfy the conditions
fi(x,k;t) =~ exp(ikx), at x > o,
fo(x,k;t) = exp(—ikx), at x > —o, (3.5.5)
and yield
Lo kst) = ¢, (ko) £, (x, k3 0) + ¢, (ks o) £ (x, =k )
S kst) =y, (k1) £ (x, =k ) + ¢ (K3 0) £ (3, K5 ) (3.5.6)

where ¢, are related to the reflection and the transmission coefficients by

¢, (k1)

R, (k;t) = s
a() ¢, (k1)

R, (k1) =% (3.5.7)

1
¢, (k;1) .

The fundamental solutions are typically defined by

T(kyt) = (3.5.8)

Ji(x, k;t) = exp(ikx) + ?AR (x,x";t)exp(ikx")dx',

So(x,k;t) = exp(—ikx) + ] A, (x,x';t)exp(—ikx")dx’, 3.5.9)

—o0

where the kernels A4,, 4, verify the equations (1.3.16a) and (1.3.16b)
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rR(x+y;t)+ J-rR (x"+ ;) Ay (x, x")dx "+ A, (x, ;) =0, x<y,

Gy [r (e 04, (6 x " 0dx "+ 4, (x, 330 =0, x>y,

—0

where

(0= [Ry(lnexplh)de

r (2:0) = i [ R, (k) exp(-iko)d

when 7T'(k) admits poles in the upper half-plane.
Analogously, it results

(3.5.10)

Q. (x+y;t)+ jQR(x"+ Vi) Ay (x,x")dx"+ 4, (x, ;) =0, x<y, (3.5.11a)

Q,(x+y;0)+ IQL(x"+ Vi) A, (x,x"t)dx"+ 4, (x,y;6) =0, x>y. (3.5.11b)

—0

In the above relations we have

Q.(z;t)= % .[RR (k,t)exp(ikz)dk + iz my, (i, ;1) exp(—x,z) ,
e =1

Q,(z;6) = % j R, (k,tyexp(~ikz)dk +1 D my, (ik,; 1) exp(x,2) ,
% I=1

. __'cll(kl;t): “ A2 gl
WMM%IE@B ﬂmwmmw},
. __~sz(k1§t): b N2 4l
%wm—zﬁﬁ{jmmmwn,

when 7'(k) admit poles k, =ix,,[=1,...,n.

(3.5.12)

(3.5.13)

Consider now the relation between the potential function u(x,#)and the kernels

Agyand 4,

u(x,t)=-2

d4, dA
x,t)=2—L(x,1),
dx( ) dx( )

and

(3.5.14)
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o(x,k,t) =h(k,?) f,(x,k,t) =

=h(k,t)[cy (k;t) f,(x,=k;t) +c,, (k5 0) £, (%, ks 1)].

97

(3.5.15)

Due to the fact that £, is a solution of (3.5.3), namely an eigenfunction of L given by

(1.2.7), associated to the eigenvalue k*> which does not depend on time ¢, we may say
that @ is also an eigenfunction for the same eigenvalue, and then ¢ is a solution for

(3.5.4)
o, =—4¢, . +6up +3u@.
From the conditions u,u, —0 at |x| > o, we have
lim @, +45,..) = 0.
Substitution (3.5.15) into (3.5.16) leads to
lim[(h, — 4hik™) exp(ikx)] =0,
and thus, A, = 4hik’, or
h(k,t) = h(k,0)exp(4ik’t).
We can write on the basis of (3.5.17)

lim /e, exp(ikx) +8ik’c,, ) exp(~ikx)] = 0,

and obtain
213
¢y, =0, ¢y, =-8ik’c,,.
Therefore

¢y, (k,1) = ¢y, (k,0),
¢y (k, 1) = ¢y, (k, 0) exp(-8ik’t) ,
¢, (k,t)=¢,,(k,0) exp(8ik’t) .

According to (3.5.13) we have
my, (k;,t) = my, (k,0)exp(8ik’t)

my, (ky,1) = my, (k,0) exp(-8ik’r) .
In a similar way, it results
Ry (k,,t) = R, (k,0)exp(8ik’t),
R (k1) = R, (k,0) exp(~8ik’)

and

(3.5.16)

(3.5.17)

(3.5.18)
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Q,(z;1) = ;_n [ Ry (e;0) expliChz +8K*0)]dk + " my, (irc,; 0) exp(8k, 't — x,2) ,

I=1

Q,(z:0) = i ijL (k,0) exp[—i(kz — 8*)]dk +§ m, (i%; 0) exp(=8ic, 1 +,2) . (3.5.19)
In regards to the form of (3.5.19) for the initial conditions (3.5.2), the equation
(3.5.3) at ¢ =0 is written as
0, (x,0)+ (k> —u(x,0)(x,0)=0. (3.5.20)
In the section 2.2 we found the values
R, (k,0)=R, (k,0)=0, (3.5.21)

with poles k, =i/, [/=1,...,N . The corresponding solution is the generalized Legendre
function (3.4.21)

¢(x,il) = P, (tanhx) . (3.5.22)

The functions (3.5.19) become

N
Q(z:0) = my (i1;0)exp(8Pt ~Iz) ,
=1

N
Q, (z:0) =Y my, (i;0)exp(-8/t +Iz) (3.5.23)
1=1
and (3.5.11) take the form of Marchenko equations

N © N
D XIENZY )+ [ X (02, () A (6, XA+ Ay (x,38) =0, X<y,
n=1

x n=1

N x N
P XHEOZEG)+ [ DX OZE WA (e x" A" + 4, (x,yi0) =0, x>y (3.5.24)

n=l1 —oo =1
Here we have
XX(x,t) =m,, (in,0)exp(8n’t —nx),
Z,(y)=exp(-ny),
XE(x,t)=m,,(in,0)exp(-8n’t + nx),

Z,(y) =exp(ny), (3.5.25)

where the summation index is 7.
If we write the solution of (3.5.24) as
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Ay (x,p,t) = ZN:Lf x,0Zr (), (3.5.26)

the equation (3.5.24), reduces to an algebraic system in unknowns
Lf (x,t), n=1,...,N,

of the form

v
XFot)+ L (e, 0+ (x,1) j ZR N XF (", Hdx" =0, n=1,..,N.

m=1
With (3.5.25), it is easy to discover that this system can be written under the form
A(x, ) L* (x,t)+ B(x,t) =0, (3.5.27)
where

Ax,t)ye M, , B(x,t)eM,, L (x,1) eM,,,

A, (x,t)=3,, +mg (in,0) ! exp[8m’t —(m+n)x], mn=1,.,N,
m+n
B, (x,t) =m,, (in,0)exp(8n’t —nx), n=1,..,N . (3.5.28)

The solution of (3.5.28) is

N
L (xe,y==>"4,  (x,0)B,(x,t), m=1..,N.

n=l1

Return to (3.5.26) and have

Ag(x,p,0) = Ly (x, ) exp(-ny) = E" (y)L (x,1)

=l
where
E(y)e M,, E, (y)=exp(-ny), n=1,.,N.
Thus
A (x,x,8) = E"(x)L* (x,1) =

N N
=Y E (0L, (x,0)= Y E,(0)[-4,," (x,0]B,(x,0),
m=1 m,n=1
if we take into account that

) = i 0)explm't ()] = =B, (.} (),
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mn

el (3.5.29)

1 d d
- ma[det Ax,0]=—[In |det A(x,1)[]

A, (x,8) = ﬁ: A (x, I)%Anm (x,0)=tr[ A" (x,t)%A(x, )=

The solution of (3.5.24),is found in a similar way. The potential function u is
according to (3.5.14)

2
u(x,t) = —2%1n|detA(x,z)| , (3.5.30)

with the matrix 4 defined by (3.5.28), .

Return now to the equation (3.5.1) and consider N =1, and u, u, >0, as |x| —>
and the initial condition u(x,0)=-2sech’(x). The Schrédinger equation (3.5.20) is
given by

9, (x,0)+ (k> +2sech x)@(x,0) =0.
From (3.5.21) we have
R, (k,0)=R,(k,0)=0, T(k,0) :%,

and
¢(x) =sech(x). (3.531)
Also, the functions (3.5.23) become
Q,(z;t) =my (1;0)exp(8t —z), Q,(z;¢)=m,,(1;0)exp(-8t+z).

To calculate the normalized constants at =0, we need the fundamental solutions
fj (x,1;0), j=12,0f (3.5.1) that have the properties

S1(x,1,0) = exp(—x) as x—> o,

fr(x,1,0) =exp(x) as x—>—o. (3.5.32)
Because (3.5.32) are solutions for (3.5.1) it results f,(x,1;0) = ¢ ;sech(x), j=12.
From (3.5.3) we obtain ¢, =¢, = —% . So, we can write
J1(x,1;0) =f2(x,i;0):%sech(x), (3.5.33)

and, accordingly to (3.5.13)
. . 1 -
My (i,0) = my, (,0) = { j[zsechz(x)]dx} '=2.

Equations (3.5.24) become
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2exp(8t—x—y)+ J-2 exp(8t —x"— y) A, (x,x";t)dx" + A, (x, y;£) =0, x<y,

2exp(—8t+x+y)+ J-2 exp(8t+x"+ )4, (x,x";1)dx"+ 4, (x,y;£) =0, x> y.

To determine the solution u we solve one of the above equations and obtain

exp(8t—x—y)

Ay (x,y,t) =-2 ,
w(0.2.1) 1+ exp(8t —2x)

and them from (3.5.30)
u(x,t)=—-2sech(x—4t). (3.5.34)

3.6 Multi-soliton solutions of the KdV equation
Two-soliton solutions for (3.5.1) are derived for N =2, and u, u, -0 at |x| - o,

and the initial condition u(x,0)=—6sech’(x), (Data and Tanaka). The Schrédinger
equation is given by (3.5.20). From (3.5.21) we have

R, (k,0)=R, (k,0)=0,

(1-ik)(2-ik)

O e v

The fundamental solutions f;(x,1;0), f;(x,2i;0), j=1,2, of (3.5.1) have the
properties
fi(x,1,0)=zexp( x) for x—>t0, j=12, (3.6.1a)
Jfi(x,2i,0) zexp( 2x) for x—>to0, j=1,2, (3.6.1b)
and then we have
f,(x1:0) = ¢/ 0(x,i;0), j=1.2,
f,(x,2i50) = ¢, " 0(x,2i;0), j=1,2.

From (3.6.1) it results ¢,

Therefore,
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S (x,1;0) = 1 tanh(x)sech(x),
2 (3.6.2)
f(x,2i;0) = %sechZ ().

From (3.5.13) it results

My, (1,0) = m,, (1,0) = {T[[% tanh’ (x)sech” (x)]dx} ' =6,

My, (2i,0) = m, , (2i,0) = {?[%sech“(x)]dx}’l =12,

and (3.5.23) become
Q,(z;t) = 6exp(8t —z) + 12 exp(64t —2z2),

Q, (z;1) = 6exp(—8t + z) + 12 exp(—64¢ + 2z2).
Next we solve the first Marchenko equation (3.5.24)
6exp(8t —x—y)+12exp(64t —2x—2z)+ A, (x, y;t)x
x wj[z exp(8t — x"— y) +12exp(64t — 2x"— y)] 4, (x, x";¢)dx" = 0, (3:63)

for x < y. Assuming the solutions of the form (3.5.26)

A (%, y,1) = L (x, 1) exp(=y) + Ly (x,1) exp(-2Y) ,
the equation (3.6.3) is reduced to (3.5.26), where
1+3exp(8t—2x)  2exp(8t—3x) }

A(x, 1) =
(1) {4exp(64t—3x) 1+ 3exp(64f —4x)

I (r.1) = Li (x,1) . Buf)= 6exp(8f —x) '
L, (x,1) 12 exp(64t —2x)

The solution of (3.5.26) is given by

e = 6 { exp(72t — 5x) — exp(8t — x) } ’
det A(x,t) | —2[exp(64z —2x) + exp(72¢t — 4x)]
where
det A(x,t) =1+ 3exp(8f —2x) +3exp(64t — 4x) + exp(72t — 6x) .
So, we can write

—exp(8t —2x) — 2 exp(64t — 4x) —exp(72t — 6x)

A(x,1)=6 .
1+ 3exp(8f —2x) +3exp(64t — 4x) + exp(72t — 6x)
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Let us remark that this solution may be obtained also from (3.5.29).
Finally, the solution is given by

3+ 4 cosh(2x —8t) + cosh(4x — 64¢)
[3cosh(x —28¢) + 4 cosh(3x—361)]*

u(x,t) = —ZiA(x, x;t)=-12 (3.6.4)
dx

This solution was derived for ¢ > 0, but it makes sense also for ¢ < 0. The solution
consists of two waves. The taller wave catches the shorter one, coalesces to form a
single wave at ¢t =0, and then reappears to the right and moves away from the shorter
wave as ¢ increasing. The interaction of waves is not linear. The taller wave has moved
forward, and the shorter one backward relative to the positions they would have reached
if the interaction were linear (Drazin and Johnson). The nonlinear interaction of waves
is characterized by the phase shifts. The solitons occur as ¢ — oo, and interact in this
special way.

The asymptotic behavior of the solution for ¢ — oo, is examined by introducing
& = x—16¢ . The solution is written as

3+ 4cosh(2& + 24¢) + cosh(4&)

u(x,t)y=-12 =
[3cosh(§ —12¢) +cosh(3E +12¢)]

As t — oo, we obtain the solution
1
u(x,t) ~ —8sech”(2¢ —Eln 3).
This wave is moving with a velocity of 16 units, the amplitude of § units, and a
phase shift of % . As t - —oo, we have the wave

u(x,t) = —8sech”(2¢ +%ln 3),

having a phase shift of (—hl73 ). For n=x-4t, the solution becomes

3+4cosh(2n) + cosh(4n —48¢)
[3 cosh(n —247) + cosh(3n —240)]*

u(x,t)=-12
which yields
1
u(x,t) ~ —2sech*(n +Eln 3), t>wo,
and
2 1
u(x,t) ~ —2sech™(n —Eln3) , 1 —> -0,
By approximating we can consider that

u(x,t) = —SSechz(Zﬁ—%ln 3) —2sech2(n+%1n 3), t—>o,
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u(x,t) ~ —8sech’(2¢ +%ln 3)—2sech’(n —%ln 3), t—>—o.

The terms exponentially decreasing at t — too were neglected.
Note that the solution at +o00 consists of two solitons having the velocities 16 and 14
units, respectively, with the tallest and then fastest soliton moving forward by an

| . 1 .
amount @, = %3 , and the shorter wave moving back by ¢, = _n73. The three-soliton

solutions are derived from (3.6.1), withN=3, and w,u -0, |x| — 0,
u(x,0) = —12sech’(x) . As the previous example, from (3.5.21) we have
R, (k,0)=R, (k,0)=0,

(1-ik)(2—ik)(3—ik)
(—ik —1)(=ik —2)—ik—3)

T(k,0) =

and

o(x,1;0) = P (tanh x) = %[5 tanh’(x) —1]sech(x) ,

¢(x,21;0) = P (tanh x) = 15 tanh(x)sech’(x) ,
¢(x,3i;0) = P’ (tanh x) = —15sech’ (x) .
The fundamental solutions are
f(x,1;0) = %[5 tanh”(x) —1]sech(x),
J;(x,2i;0) = %tanh(x) sech’(x), J;(x,31;0) = %sech3 (x).

According to (3.5.13) we have
Q,(z;t) =12exp(8t —z) + 60 exp(64f —2z) + 60 exp(216¢t —3z) ,

Q, (z;t) =12 exp(—8t + z) + 60 exp(—64¢ + 22) + 60exp(-216¢ +3z) ,

my ,(,0) =12, m, ;,(2i,0) =60, my ;(3i,0) = 60.

Further, it is sufficient to study the Marchenko equation (3.5.24),
12exp(8t —x— y)+ 60exp(64t —2x —2z) + 60exp(216¢ —3x—3z)+ A, (x, y;t) +

+ I[Z exp(8t —x"— y) +12exp(64t —2x"— y) +60exp(216¢ —3x"-32)] 4, (x, x";#)dx" = 0,
for x < y. Assuming the solutions of the form

A (6, 9,0) = L (x,0) exp(=y) + Ly (x, 1) exp(=2y) + L3 (x,0) exp(-3) ,
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the above equation is reduced to (3.5.27), where
1+ 6exp(8t —2x) 20exp(8t —3x) 15exp(8t — 4x)
A(x,t)=| 4dexp(64t—3x) 1+15exp(64t—4x)  12exp(64t—5x) |,
3exp(216¢—4x) 15exp(216¢—-5x) 1+10exp(216¢—6x)

LY (x,1) 12 exp(8t — x)
L (x,0) =| LY (x,t) |, B(x,t)=| 60exp(64¢—2x) |,
L5 (x,1) 60exp(216¢ —3x)

det A(x,t) = 2exp(144¢ — 6x)[cosh(144¢ — 6x) + 6 cosh(136¢ — 4x) +
+15cosh(80¢ — 2x) + 10 cosh(72¢).

On the basis of (3.4.30) we have

M (x,t)
N(x,t)

u(x,t)=-12

>

where
M (x,t) =252 +12cosh(280¢ —10x) + 100 cosh(8¢ — 2x) + 20 cosh(224¢ — 8x) +
+160 cosh(64¢ —4x)+ 60 cosh(216¢ — 6x)+270cosh(56f —2x) +
+30cosh(72t — 6x) + 80 cosh(208f — 4x) + 50 cosh(152¢ — 2x),
N(x,t) =[cosh(144t — 6x)+ 6 cosh(136¢ — 4x) + 15 cosh(80¢ — 2x) + 10 cosh(72)]*.

Finally, we present the periodic solutions of the KdV equation
u,+6uu +u, =0,

written as a sum of solitons (Whitham 1984). The steadily progressing waves (trains of
solitons) are given by

u=2k’fE), E=kx—ot, (3.6.5)
where f(§) satisfies

fu=6B+(4—64)f 61", A:%(l—k—(’i , (3.6.6)

with B a constant of integration. For4=B=0, we obtain a single soliton,
f =sech®(E-E,), &, aconstant. A row of these solitons spaced 2c apart

£(&) = sech? (5-2mo), (3.6.7)

leads to an exact solution. Substitution of (3.6.7) into (3.6.6) yield

{i sech” (& - ZMG)F - i sech* (§-2mc) = B - Ai sech *(§ - 2mo) .
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This identity is true, and we have

o~ 1 _ 1 d4(o)
A(e) = 421: sinh*(2jo) 5(e) 2 do

As referring to the inverse scattering method, we mention that the representation
(3.6.7) may be viewed as another instance of the clean interaction of solitons. They are
superimposed but keep their identity and do not destroy each other under the nonlinear
coupling. Konno and Ito have studied the mechanism of interaction between solitons in
1987, by extending one of independent variables of the equations to complex and by
observing how singularities of solutions behave in the complex plane. Following Konno
and Ito, we choose ¢ as the complex variable. In the complex ¢-plane one soliton
solution is expressed as sum of poles, which are located equidistantly along the
imaginary ¢-axis. In asymptotic regions two-soliton solution is expressed as a
superposition of two separated solitons. Konno and Ito have studied the behavior of
singularities during the collision. They introduced an auxiliary function and analyze its
zeros which correspond to the poles of the solution at the same places in the complex
plane.

To illustrate the Konno and Ito method, consider the KdV equation

u, +12uu_ +u,, =0, (3.6.8)

which admits the following one soliton solution
k’ !
u(x,t)szech 5(kx—[3t+6) , (3.6.9)

where B =k’ . The auxiliary function is
2

u(x,t) =2 log d(x,1) . (3.6.10)

o

The double poles of the solution correspond with simple zeros of this function. For
&(x,t) =0, we have ¢(x,7" ) =0, the zeros being symmetrically distributed with respect
to the real ¢- axis. Consider only the upper half plane. For one soliton we have

0(x,2) = 1+ Aexp(kx—Bt) (3.6.11)

where A4 =expd is a positive constant. We can obtain zeros of ¢ at

t (k)y=t, (k)+it, (k), n=0,£1,£2,..., (3.6.12)
g, =Ho*d ., _Gnibm (3.6.13)
p p
By using the zeros, the soliton solution (3.6.9) is given by
2
u:—k—Z; (3.6.14)

Bz n=—o (t - tn (k)2 ‘
Therefore, we find that
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1. Double poles are equidistantly located in parallel with the imaginary ¢- axis.
2. Real part ¢,, (k) depends linearly on x and admits a trajectory of the soliton.

Poles located at smaller imaginary parts ¢, (k) affect more effectively the

In
soliton amplitude.
For two-soliton solution the auxiliary function is

O(x,2) =1+ 4 exp(k,x —B,t) + 4, exp(k,x —B,t) +

(3.6.15)
+ A3 exp[(kl + kz )x_ (Bl + Bz )t]a

with B, =k;, j=12, and

PR S)

3 (k+—k)2 141y . (3616)
1 2

As x — oo two solitons are separated in each other and locations of the zeros are
given by the sum of contributions from two solitons. To increasing x the zeros are
classified into two categories:

— A zero belonging to one soliton with % changes asymptotically into one for

another soliton with %, and vice versa, namely
t[n(kl) zt[)z(kz) . (3617)

— The zeros preserve their identity even though they receive effect of nonlinear
interaction in such a way as phase shift during interaction.

3.7 Boussinesq, modified KdV and Burgers equations

Fermi, Pasta and Ulam studied in 1955 the problem of a dynamical system of n
identical particles of unit mass on a fixed end line with forces acting between particles
(Dodd et al.). The motion equation of the particle » is

0,= /(0 =0.)-/(0,-0.1) (3.7.1)

where (, is the displacement of the particle with respect to the equilibrium position,
and f(Q) is the interaction force, which may be of the forms

f(Q)=y0+aQ’, (3.7.2)

or
f(Q)=v0+BQ*, (3.7.3)

with y a constant, and o,  chosen in such a way that the maximum displacement of
QO caused by the nonlinear term is small. Using initial sine-wave data, integrating the

equation (3.7.1) with (3.7.2) or (3.7.3) yields to the conclusion that the equipartition of
energy criterion failed. The energy is kept in the initial vibration mode and a few nearby
modes, without spreading in all the normal modes of vibrations.

Using the McLaurin expansion
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fln+a)= [eXP(aai)}f(n) ,
n
where n is now a continuous variable, the equation (3.7.1) becomes (Dodd et al.)
0= flexp() -1 01~ f1(1-exp(-—)0l.
n on

with QO(¢,n) = 0, (¢) . Expanding the function f as a McLaurin series we obtain

o 190 |1 Q0
0= f(){82 T } f(O){ —— }

T f"'m{ (6Qj L
on n
P= f(O){l2 o 1; 14 o'P } f"(O){2 s o 622 +..}+
ox ax ox

This equation can be written as
12 ox*

L fwm{ 2] g_P]

if we note x=n/ and P=QIl", where r is to be determined from the balance of the

fourth derivative term with the nonlinear term. For the quadratic nonlinearity given by
(3.7.2), it results y= f'(0), 2o = f"(0) and f"(0)=0. Therefore, we choose r=1,

and taking u(x,7) = Z—P up to 0(14) , we obtain the Boussinesq equation
x
2 4 2 2
%( f—z%mz“uz +Pyu J:ZT?, (3.7.4)

which describes the motion of waves in both directions. In the approximation 0(12),

(3.7.4) reduces to the linear wave equation.
One solution of (3.7.4) is

u :La2sech21[ax—oot+6], (3.7.5)
8a 2
with
o =ya’l +a'* 12 (3.7.6)

The Boussinesq equation is known either in the form of the system of equations

1 8
u,=v,, v, 3um+3uu
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. T | e .
and admits the Hamiltonian Ev. The system has an infinite number of symmetries and

conservation laws, also an infinite number of exact solutions.
The Boussinesq equation (3.7.6) can be reduced to a KdV equation if the waves are
propagating in only one direction

3 3.1 a0 (1)
Lo = +2a13u“>a”—+2ﬁa” -0. (3.7.7)
12 6 o€ ot

Indeed, (3.7.7) is obtained by a scaling transformation on x and ¢
E=¢’(x—ct), 1=¢", (3.7.8)
where ¢ is a small parameter, and by expanding u in powers of ¢
=eu’ +eu® +..., (3.7.9)
with c:ﬁl, p=1/2 and ¢g=3/2.
For a cubic nonlinearity given by (3.7.3), it is obtained the motion equation up to

the approximation O (l N )

2

TU Bl + Pyu j:a—” : (3.7.10)

82 1* 0%u
o

ol 12a7

This equation may be written under the form of a modified KdV

I ou? 3 2 ou au“
138 (w0 ) Ly -0, 3.7.11
e P () % 2= (3.7.11)

for p=1, ¢=3 and c= \HZ with wave solutions traveling only in the direction +§

U=—

|
a* sech’ L[ —ot+38], (3.7.12)

373
0= (3.7.13)

24\fy

With an appropriate changing of variable, the modified KdV equation (3.7.11) may
be written under the normalized form

u, +3ulu, +u, =0. 3.7.14)

Miura (1976) has shown that the explicit nonlinear transformation v=u"+iu_,
maps solutions of the modified KdV equation into solutions of the KdV equation.

Writing u = L , the equation (3.7.14) reduces to
g

g2 :f.}‘(,:cx _.fxz > fgxxx _3f:(g‘¢x +3f)o(gx _fx.txg—"_gtf_gft :0’ (3715)
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which admits two-soliton solutions
g =2a,exp0, +2a,exp0, +2a,Aexp(20, +6,) +2a, Aexp(6, + 26,),
f=1+exp20, +exp26, +2(1- A)exp(6, +06,)+ Aexp(20, +20,), (3.7.16)
with
0,=ax-at+d,, 0, =ax—a't+3§,.

Whitham obtained in 1984 the periodic solutions for (3.7.14) expressed as sums of
solitons. Any steady progressive wave is given by

u=-2kf (&), E=hkx—ot, (3.7.17)

where f(§) satisfies
fie =2B+ QA+ =21, A:%(k—(’i—l), (3.7.18)

with B a constant of integration. For 4=B=0 we obtain a single soliton,
f =sech(§-¢&,) . A row of these solitons spaced 2c apart

£(8) =S sech (& 2mo). (37.19)

leads to exact solution. Substitution of (3.7.19) into (3.7.18) yield

{i sech (§— 2m0)? - i sech’ (¢ —2mo) =B+ Ai sech (§—2mo).

o o < h(2j .
This identity is true, and A :6ZM, B=0. Integrating (3.7.18) we
T sinh”(2jo)
obtain a Weierstrass equation with polynomial of four degrees
f; =—C+QA+1)f*—f*, (3.7.20)
writen as

=== hzf2f.
The periodic solutions are expressed as

S =7 dn(,8). (3.7.21)

Therefore, (3.7.19) gives the Jacobi elliptic function dn in terms of a sum of sech
functions. The modified KdV equation has also an infinite number of conserved

o I |
quantities. Its Hamiltonian is Euz .

Another remarkable equation is the nonlinear diffusion equation

u,+uu, =0u_, (3.7.22)
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known as the Burgers equation. The diffusion coefficient dis a positive and real
constant. The Burgers equation (3.7.22) includes nonlinearity and dissipation, leading to
a nonlinear version of the heat equation.

The simplest solution of (3.7.22) is the Taylor shock wave

u= a8(1—tanh%(ax—8a2t)) . (3.7.23)

As x —> o, we have u >0, and as x —» -, u—>2ad. The shock solution is
continuous because the term Ou  prevents the tendency of nonlinearity to form
discontinuities. For u(x,0) = f(x) and & — 0, the solutions of (3.7.22) may be written
as a functional

u=f(x—ut), (3.7.24)

that can be determined by the characteristics method.
In 1931 Fay (see Whitham 1984) derived the following solution for Burgers
equation (d=1)

sin nx
u(x,t)=-2 3.7.25
(1) = z sinhnt ( )
Another two solutions are derived from the Cole—Hopf transformation
2
= o, , (3.7.26)
¢
by taking ¢ to be initially a row of equally spaced functions. We have
¢=1+2>"(-1)" exp(-n’t)cosnx,
1
[-(x—(j-Dnl’}. (3.7.27)

The last form leads to the saw-tooth profile for small ¢. Parker found in 1980 (see
Whitham 1984) another equivalent form, obtained as a certain superposition of equally
spaced shocks of the form (3.7.23) moving with zero speed relative to a basic frame.

In the saw-tooth wave the shocks decay, and in order to remain periodic and
bounded as x — oo, we must add a term proportional to x. The latter adjustment is
made from the elementary solution of the Burgers equation, u =x/¢. Therefore, the
Parker exact solution is given by

"= f—EZtanh“(x_—zk"), (3.7.28)
" 2t

N
where the summation is interpreted as lim Z
N—w Py
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3.8 The sine-Gordon and Schrodinger equations

We have seen that the sine-Gordon equation is related to the construction of
pseudospherical surfaces. In 1967 Lamb obtained the sine-Gordon equation in the
analysis of the propagation of ultrashort light pulses (see Coley ef al.). He exploited the
permutability theorem associated with the Béacklund transformation to generate an
analytic expression for pulse decomposition corresponding to the two-soliton solution.

Let us begin with a mechanical pendulum problem, consisted from N identically
pendulum of mass M linked by torque springs (Dodd et al.). The total restoring torque
exerted by the springs is composed of the torque due to the gravity and the torque due to
the torque springs given by

[, =-Mdgsing, + k(¢ =20, - ¢,;) , (3.8.1)
where d is the distance of the center of mass from the central axis, g the gravity

acceleration constant, ¢, is the angle made by the i- th pendulum with the downward

vertical, and k is the torque constant.
For an array of pendula having the same moment of inertia J, the Newtonian
motion equations for the i pendulum is

Jo, =T, (3.8.2)
where o, is the angular velocity of the i- th pendulum. Inserting (3.8.1) into (3.8.2) we
obtain the equation

J(.I.)[ = _Mdg sin o, + k((PHl - 2(pi - (PH) : (3.83)

To obtain a continuous model for the system of pendula, a limiting process is
considered, by introducing new space and time variable

v [Mdgx . [Mdg,
k h J

where 7 is the distance between pendula. The equation (3.8.3) is reduced to the sine-
Gordon equation

Py =Py +sinQ=0. (3.8.4)

Another form of sine-Gordon equation is the nonlinear version of the known Klein—
Gordon linear equation from the field theory, derived by Skyrme in 1958 (Perring and
Skyrme)

¢.>oc _¢n :m2¢> (385)
where m is a constant, namely
d)xx _¢tt = m2 Sin¢ * (386)

For new variables &=my(x—vt)+8 and y>=(1-v?>)", the equation (3.8.6)
becomes

bz =sing. (3.8.7)
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Multiplying the equation (3.8.7) by ¢, and integrating, we have
¢ =—cosdp+C.

Assuming the boundary conditions of the form ¢ — O(mod2x), the integration

¢

constant C is zero. Using cos¢ =1-2sin’ 5 it results from d¢ = ¢.dg

&= ILZIntan%,

26in2 1
2
or
$_
tan4 =expk. (3.8.8)

It is easy to show from ¢, =-2sechg tanh, sin¢=-2sechg tanhg, that the
solution of (3.8.8) is given by

¢ = 4arctan exp[my(x —vt)+9], (3.8.9
with
Y =>1-v)". (3.8.10)

The solution (3.8.9) is named kink because it represents a twist in the variable
¢(x,1) , which takes the system from one solution ¢ =0 to an adjacent solution with

¢ =2mn. Using the Bicklund transform we can derive for the equation sine-Gordon
multi-soliton solutions. In section 1.7 we have obtained the two-soliton solution ¢,,
(1.7.23)

b, —¢ _ M, 1y tan¢2_¢]
4 Ky =1y

tan

>

where ¢, and ¢, are two solutions for the sine-Gordon equation (3.8.9)

¢, = 4arctanexp[my(x—vt)+9,],

¢, = 4arctan exp[my(x—v,¢)+9,],

generated from ¢ given by (3.8.9), by the Bécklund transform (1.7.23) of parameters
p, and p,. If ¢, is a solution of the type (3.8.9) and ¢,, ¢,, two-soliton solution
generated from ¢, , then a three-soliton solution ¢, is given by

an¢3_¢1 — My + 1y tan¢12_¢22.
4 My =1y

t

Another equation, exhaustively investigated by both physicists and mathematicians,
is the nonlinear Schrédinger equation (NLS)
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00 a¢

15T +Bdl o= (3.8.11)

where ¢ is a complex function. Applying to (3.8.11) the Painlevé analysis with

associated conditions ¢ — 0 as | x | > oo, we obtain a traveling soliton solution
o= a%exp{i [%bx—(ib2 —a*)]}sech[a(x—bt)], (3.8.12)

where @ and b are arbitrary constants.
The propagation of waves in dielectric wires is described by the NLS equation with
an additional dissipative term

0p 10%
1—+ +iep=0, 3.8.13
o 2ot +o[ o[ +iegp= ( )
where ¢ is a positive constant. When & =0 the solutions have the form
d=rexpi(0+nt), (3.8.14)

with r(x—ct)and O(x—ct) real functions, and c,n real constants. Substitution of
(3.8.14) into (3.8.9) yields

e’=l(c+£), §”? =-2F(S), (3.8.15)
28
with
S=r, F(S)=S3—2(n—%cz)SZ+BS+C. (3.8.16)

In (3.8.16), B,C are arbitrary integration constants. Analyzing the nature of the
roots of the cubic equation in the right-hand side of (3.8.16),, we obtain the soliton
solution

¢ = Asechaexpif, o = A(x—y—ct),

B:cx—%(nz—Az)t+8, A :2(n—%cz)>0, (3.8.17)

and ¢,y ,0d constants.
If we attach to (3.8.13) an initial condition of the type (3.8.17) for € # 0, we obtain

Y e, g, Yo B ooy (3.8.18)
dr dr dt dr

The amplitude of wave is decreasing with time as A4 = 4, exp(—2¢t) , where 4, is

the initial amplitude. As the amplitude decreases in time, the width of the wave 1/ 4
becomes smaller, in contrast with linear waves for which 4 = A, exp(—¢?) .
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In the case (3.8.13) when the dissipative term ie¢ has a bigger weight then the

nonlinear and dispersive terms, namely for & >> 4°, the waves are damped. In this case
the width of the waves remain unchangeable.
For another NLS equation

2
00,09
ot ox’

by repeating the calculations, we obtain the soliton solutions

o|0[=0, (3.8.19)

o =rexpi(0+nt),
r*(€) = m—2k’sech’kE (3.8.20)

ctan 0(§) = -2k tanh k&,
for any ¢, and

E=x—ct,n=-m, k:%(2m—c2)”2, m>%c2.

3.9 Tricomi system and the simple pendulum
Consider the following differential system of equations (Halanay, Arnold)
V= fi06V0 0,0, =120,

where the functions f;, i =1,2,...,n, are continuous and verify the Lipschitz conditions

i

with respectto y,,i=1,2,...,n,

|f;(yUyZ""y/i"’yn)_fz"(yl’y27"7ylg7"yn) |S Aik(yli _y/y),

for k=12,...n.
By imposing the initial conditions

Vi (xo) = yio >
the solutions y,, i =1,2,...,n, verify the Volterra equations

V@ =3+ [ AL (D3O, O, T=1.2,0m,

Xo

and can be recursively calculated by
YN =3+ [ AL O 0,y (0, m=0,1,2,....

Consider now the Tricomi problem (Tricomi)

Y{:yZyw y;:_y1y3a y;:_mylyza (391)
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and the initial conditions
»(0)=0, »0)=1, »,(0)=1, (3.9.2)

with 0<m<l1, y'= % . The recursive relations become

P = [P O (de , y () =1 [ e (ede,
0 0

W) = 1= [ o e (3.9.3)
0

or

@ _ @ _ @ _
nw=x,y =1,y =1,

2
@ _ @ _q1_%
o=x .0 —1—2—!,

3 5
G _ X X
' =x (1+m)3!+6m5!,

3 5
@ _ X x
) =x-1+m) 3!+12m 5!+...,

2 4
@ _q1_X X
yy, =1 2!+(1+4m)4!+...,

2 4

@ _q_p X r
¥ =1 m2!+m(1+m)4!+...,

3 5
O :x—(l+m)%+(l+l4m+m2)%+---a
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4 6

2
® 1 X r r
y,) =1 2!+(1+4m)4! m(42+15m)6!+...,

2 4 6
&) X r r
y =1 m2!+m(1+m) 2 m(15+42m) 6!+....

In this way we can calculate the approximations y™, ™, y™
m — oo , the solutions of (3.9.1) turn in

3 5
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,m=0,1,2,.... For

y = x—(l+m)%+(l+l4m+m2)%—... —>snx,
x2 x4 x6
¥y, :1—;+(1+4m)z—(1+44m+16m2)a+... —cnx, (3.9.4)

2 4 6

—l-mX r nX
v, =1 m2!+m(1+m)4! m(16+44m+m)6!+...—>dnx.

From (3.9.1), after a little manipulation, we have

’ ’ d
2y + 2,05 = a(yf +37)=0,

2my,y{ +2y;y; = %(myf +;)=0,
and by integrating, we obtain
Y. +ys =const., my. +y; = const.
On the basis of (3.9.2), relations (3.9.6) become
vty =lomyl+y; =1,
or
sn’x+cn’x=1, msn’x+dn*x=1.
For arbitrary initial conditions
20 =y, 1,(0)=yy, »,(0)=;,

the solution of (3.9.1) may be written in a general form

Yi= zAikcnz (o x+B,).
1

(3.9.5)

(3.9.6)

(3.9.7)

(3.9.8)

(3.9.9)

Consider now the motion of the simple pendulum of mass m and the length /

(Figure 3.9.1) described by (Teodorescu)

0+w’sin6=0, 0)2:%.

(3.9.10)
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For small 8 we have sin0 = 6, and the equation (3.9.10) admits harmonic solutions

. 2
of period T = nlid
®

0= Acos(wt+ ). (3.9.11)
The constants are determined from the initial conditions

B(0)=a, 6(0)=P. (3.9.12)

z F=mg

Figure 3.9.1 The simple pendulum.

It is preferable to consider two cases:
Case 1. 6(0)=0, 9(0):VTA:B, (3.9.13)

with v, , the speed of mass for y =/, and
Case 2. 8(0)=a, 6(0)=0, (3.9.14)

with v, the speed of a mass in free downfall from the distance a, without initial speed.
The energy theorem gives (Valcovici ef al.)

vz—vf1 =2g(y-1), v=lé,

or
v2
Vi=2g(y-a), a=1-—*~, (3.9.15)
2g
v=a,y=lcosb, a<l. (3.9.16)

When a >-/, we have the harmonic oscillations problem. It results v, < 2\/5 .

Since —[ <a <1, we write
a=Ilcosa , 0<a<m, (3.9.17)

where the angle o is the amplitude of the motion. The equation (3.9.15) becomes
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6 = 200° (cos®—cosar) , cos>cosa , (3.9.18)
or
) 2, .20 .50
0° =40 (sin"——sin" —). (3.9.19)
2 2
The solution of (3.9.19) and (3.9.13) is
0= Zarcsin[\/;sn(mt)] , (3.9.20)
with
. 2 O B ..
=sin”" —=(—)". 3.9.21
m 5 (Zm) ( )

The solution (3.9.20) may be obtained directly from (3.9.10), noting
sing = x/anmt , cosg = «/Ecno)t , that yields to 0= 20)«/% cnwt, and
0 = 4w’men’or . The period of (3.9.20) is given by

T =40K , (3.9.22)
where K is the complete elliptic integral. For small values of m we have

2 1.3-5-(2n—1)

T =2no[l+ ‘m"]. 3.9.23
N e wone e Kl (3.9.23)

Another way to derive the solution (3.9.10) and (3.9.14) is to define
0 =4arctanU(¢). (3.9.24)

4tan (1 —tan” @)

The identity sin4e =
4 ® (1+tan® @)°

, with ¢ = %, leads to another form of the

equation (3.9.10)
U+U0U* 20U +0’U(1-U?) =0,
which has the solution
U = Aexpint. (3.9.25)
Thus, the solution of (3.9.10) and (3.9.14) is represented by the real part of
expression

0 = darctan(d expiot), A= tan% . (3.9.26)

This solution is known as the breather solution. The importance of this solution may
lie in the fact that its rest energy varies from 16, the rest mass of two solitons, down to
zero as o tends to one.

For a=-/ it results in an asymptotical motion. We have v, :2@ , and the
equation (3.9.15) may be written under the form
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0’ = 40’ coszg. (3.9.27)
For (3.9.13) we have

0 = 4arctan(exp wt)— 7 . (3.9.28)

This solution can be derived from (3.9.10) and (3.9.13) by the Béacklund
transformation. So, consider # and v so that

%(u+v)t - wsin?2—Y, %(u—v)t = asin 22 (3.9.29)
. 1 .U
For v=0itresults —u, = wsin—, and
2 2
p= L 9 jog|tan |4 (3.9.30)
20 gy sinu/2 4

The solution (3.9.28) monotonically increases to © as ¢t — o , with 4o0=J.

When a < —/we have a rotational motion, with v, > 2@ . The equation (3.9.15)
becomes

6> = 40*(1—m’sin’ %) , (3.9.31)

with

xzzg(;l;“):%(mz—mé),wéz%, 1>m*=li>o. (3.9.32)
—a

Solution of (3.9.31) and (3.9.13) is written as

4°
—.

0 = 2arcsin (snAt), 2L =B, m” =

(3.9.33)

The solution (3.9.33) may be directly obtained from (3.9.10), by defining
sin(0/2) =snAs, cos(0/2) = cnkt , that yields 6 = 2AdnAs and 6 = 21> m cnAssn s .
The rotation period is given by

i 1, « 13, »
T=—[1+(— +(—— +...].
LA+ m”



PART 2

APPLICATIONS TO MECHANICS

Chapter 4

STATICS AND DYNAMICS OF THE THIN ELASTIC
ROD

4.1 Scope of the chapter

The theory of the thin elastic rod occupies an important position in the history of
vibration theory. Wallis (1616—1703) and Joseph Sauveur (1653—1716) have observed
that a stretched string can vibrate in parts with certain nodes at which no motion takes
place, whereas a strong motion takes place at intermediate points, called ‘loops’. The
dynamical explanation of this vibration was provided by Daniel Bernoulli (1700-1782)
in 1755. He stated the famous superposition principle of the coexistence in the vibrating
string of a multitude of small oscillations at the same time.

The elastic line in which the resistance of a bent rod is assumed to arise from the
extension and contraction of its longitudinal filaments was investigated by James
Bernoulli (1667—1748). Daniel Bernoulli suggested to Leonhard Euler (1707—1783) that
the differential equation of the elastica could be found by making the integral of the
square of the curvature taken along the rod a minimum. Euler obtained on this
suggestion the differential equation of the curve. J. L. Lagrange (1736-1813) and Lord
Rayleigh (1842—1919) anticipated in their works the fundamental ideas of the modern
topological and perturbation method foundered later by Poincaré and Lyapunov.

We must mention that the problem of the bending and twisting of thin rods was
solved in an elegant analytical fashion by Love in 1926. He made a classification of the
form of the rod, which is inflexional elastica and non-inflexional elastica. Since the thin
elastic rod is an example of a solitonic medium, it is interesting to see that the
inflectional elastica can be reobtained by using the soliton theory. Due to the large
displacements in the fundamental equations, even if the strains are small, the nonlinear
effects yield to the soliton solutions.

The study of solitons in the thin elastic rod is an exciting branch in mechanics.
Besides the strings and rods there are many physical problems that can be treated as
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long thin elastic rods. In biology there are many 1D media such as DNA, RNA and o -
helix of protein. In this chapter the basic laws of equilibrium and motion for a thin
elastic rod are studied and solved, following the Tsuru and Munteanu works. The
localized solutions are expressed by elliptic and hyperbolic functions. The solutions
expressed by the hyperbolic functions are solitons. The rod deviates from a plane and
has a 3-dimensional structure, changing its form as the torsion angle increases.

This chapter is referred to the publications of Love (1926), Tsuru (1986, 1987),
Munteanu and Donescu (2002), Antman (1974) and Antman and Liu (1979).

4.2 Fundamental equations

Let us consider a thin elastic, homogeneous and isotropic rod of length /, straight
and having a circular cross section of radius a <</ in its natural state. External forces
and couples fix the ends of the bar. We suppose the rod deforms in space by bending

and torsion. The rod occupies at time ¢ =0 the region Q, = R’. After motion takes
place at time ¢, the rod occupies the region Q(¢) .
We know the motion of the rod between ¢ =0 and ¢ =¢ if and only if we know the
mapping
S(0,7), Vte[0,2], 4.2.1)

which takes a material point in Q, at¢# =0 to a spatial position in Q(¢) at¢ = ¢,.

The mapping (4.2.1) is single valued and possess continuous partial derivatives with
respect to their arguments. The position of a material point in €2, may be denoted by a

rectangular fixed coordinate system X =(X,Y,Z) and the spatial position of the same
point in Q(¢) , by the moving coordinate system x =(x, y,z).

Following the current terminology, we shall call X the material or Lagrange
coordinates and x the spatial or Euler coordinates. The origin of these coordinate
systems is lying on the central axis of the rod. The motion of the rod carries various
material points through various spatial positions. This is expressed by (Truesdell and
Toupin, o06s and Teodosiu, 00s)

x=fi(X,t), i=1,2,3. (4.2.2)

We take s to be the coordinate along the central line of the natural state. The
orthonormal basis of the Lagrange coordinate system is denoted by (e,,e,,e;), and the
orthonormal basis of the Euler coordinate system by (d,,d,,d;).

The basis {d,}, k=1,2,3 is related to {¢ }, k=1,2,3 by the Euler angles 6,y
and ¢ . These angles determine the orientation of the Euler axes relative to the
Lagrange axes (Tsuru)

d, = (—sinysin @+ cosy cos @cosO)e, +

+ (cos ysin @ +sin y cos ¢ cos B)e, —sinBcose;,
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d, = (—sinycos @—cosysincosB)e, + 423)
+(cos y cos ¢ —sin y sin @ cos 0)e, +sin Osin e, -
d, =sinBcosye + sinBsinye, +cosOe;.

The Z-axis coincides with the central axis. The plane (xy) intersects the plane (XY)

in the nodal line ON (Figure 4.2.1).
The motion of the rod is described by three vector functions

RxR > (s,t) > r(s,t),d,(s,t),d,(s,t) € E’. “4.2.4)

The material sections of the rod are identified by the coordinate s. The position vector
r(s,t) can be interpreted as the image of the central axis in the Euler configuration. The

functions d, (s,?),d, (s,t) can be interpreted as defining the orientation of the material
section s in the Euler configuration. The function

dy(s,t) =d,(s,t)xd,(s,1), (4.2.5)
represents the unit tangential vector along the rod and can be expressed as

d,(sinOcos y,sin Osiny,cos0).
We introduce the strains y,,y,,y; by
r'=yd,, (4.2.6)
where (') means the partial differentiation with respect to s.

Since {d k}, k=1,2,3, is orthonormal, there is a vector u such as

d =uxd, . (4.2.7)

Figure 4.2.1 The Euler angles 0,y and ¢ .

The components of u with respect to the basis {d, } are

uk = %eklm dl’ : dm 4 (428)

where e, the components of the alternating tensor. The relations (4.2.8) become
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’ ’ ’
ul = d31d21 + d32d22 +d33d23 >

! ’ ’
u2 = d11d31 +d12d32 +d13d33 >

’ ’ ’
u3 = d21d11 + d22d12 + d23d13 >

where d,,

Substitution of (4.2.3) into the above relations gives

i=j=1,2,3, are the components of vectors d,,i =1,2,3, given by (4.2.3).

u, =0'sinp—y'sinOcos @,
u, =0 cos@+y'sinBsing , (4.2.9)

u; =@ +y'cos .
These functions measure the bending and torsion of the bar. The functions

u,, k=1,2,3, can be interpreted as the components of the angular velocity vector (the

variation with respect to s) of the rotational motion of the moving system of coordinates
relative to the fixed system of coordinates. If we substitute the differentiation with
respect to s with the differentiation with respect to time we will obtain the components
of the angular velocity vector defined by (4.2.9). The functions u, and u, represent the

components of the curvature of the central line denoted by ik corresponding to the
planes (yz)and (xz)

K =ul +u; =07 +y"sin’ 0, (4.2.10)
and u, is the torsion of the bar denoted by 1
U, =1=0 +y'cosH . (4.2.11)

In this way we consider the rod is rigid along the tangential direction and the total
length of the rod / is invariant, the ends being fixed by external forces.
The full set of strains of the rod is { yk,uk} . In the natural state d, coincides with

r',and d, are constant functions of s. The values of the strains in the natural state are
yi=y»=0, yy=1 u,=0. (4.2.12)
In the following we assume that extensional and compression strains have the values
y,=y,=0, y», =1and focus only on the bending and torsion of the rod.
The link between the position vector » =(x,y,z) and unit tangential vector d, is
obtained from the first two relations of (4.2.12) and (4.2.6)
r'=d, . (4.2.13)
From (4.2.13) we obtain

r= [dds, (4.2.14)

0
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or

x(s)= .J.coswsin 0ds, y(s)= jsinwsin 0ds,

0 0
2(s) = [cosds (42.15)
0

To characterize the position of ends of the rod we introduce the vector D of the
components x(L), y(L),z(L)

D= [dds. (4.2.16)

0

The elastic energy of the deformed rod U is composed of the bending energy and
the torsional energy (Landau and Lifshitz, Solomon)

Al . C,
%=—IKdS+—IT ds, (4.2.17)
20 20

where Kk and Tt are given by (4.2.10) and (4.2.11).
The quantities 4 and C are the bending stiffness and respectively the torsional
stiffness related to the Lamé constants A, p by

1 1
A= Zna“E, C= Ena“u, (4.2.18)

£ HGA+2W)

At+p
section of the rod.
The elastic energy can be written in the form by using (4.2.10) and (4.2.11)

where is the Young's elastic modulus, and a is the radius of the cross

1 1
U :%j(e'z +y'? sin’ 9)ds+% j(<p'+w'cose)2ds. (4.2.19)
0 0

To write the equilibrium equations, the variation of the elastic energy U with
respect to 6, @ and y is considered.

THEOREM 4.2.1 The exact static equilibrium equations of the thin elastic rod with
the ends fixed by the external force F =—\ with .= (A, \,,A;) are given by
A(y"* sinBcos0—0")— C(¢'+ ' cosO)y'sin 0+

' ) (4.2.20)
+ X, cosBcosy + A, cosOsiny —A, sinf =0,

5 ) ’ '
Z 14 -
65[ y'sin” 0+ C(¢"+y'cosB)cos 0] (4.2.21)

—A, sinOsiny + A, sinBcosy =0,
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g[—c«p' +y'cos0)] = 0. (4.2.22)
A)

The end couples at s=0 and s=1 are M,0), i=1,2,3, and respectively
M., i=12,3, where

M, (s)= A0, the couples with respect to the nodal line ON, (4.2.23)
M, (s) = Ay'sin> 0+ C(y'cos 0+ ") cos 0 , the couple with respect to Z-axis, (4.2.24)

M,(s)=C(¢'cosO+vy'), the couple with respect to z-axis. (4.2.25)

Proof: The unknowns of the problem are Euler angles. The vector is assumed to be
known. The position vector r(x,y,z) is related to d; by (4.2.13). To take this

constraint into account we introduce the functional 3
JI= U +\D, (4.2.26)

where A =(A,,A,,A;) is the Lagrange multiplicator, and D is defined by (4.2.16).
Applying the variational Hamilton principle, the variation of J is given by

83 =8 U+ASD =0, (4.2.27)

where 8D is the variation of the end positions.
We write (4.2.27) under the form

1
I=38[1(6,0y,v',9,¢)ds =0,
0
where the Lagrange function L is

= g(e” +y'?sin’ 0) +§(\V’cose+(p')2 + (4.2.28)

+ A, sinBcosy + A, sinBsiny + A, cosO.

The variation of the functional with respect to 6, ¢ and v is

j(—se+—se '+ L 5y +8—Ls + L sy + Lsonds = 0.
00 oy | oy o0 | 0p

Observing that 66’ = 8289’ dy' = §6w, 3¢’ = ai&p , and integrating by parts the
s s s

terms 8—66' a—LS ' a—L&p we obtain
00" oy’ op
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oL
—86 —5
‘ Er

0 0

1
+ j[a—L—i(a—L,Dsedﬁ j(a—L—i( oL ]]S\Vds-i- (4.2.29)
o6 as\ oo Moy asl oy’
o0 g
op Os\ o9’
Taking into account that

50(0) =30(1) =0, dy(0) =dy(!) =0, 8¢(0)=d¢p() =0, (4.2.30)

0

+

C——

the first three terms in (4.2.29) are vanishing and we obtain the Lagrange equations

G_L_E(G_Lj =0, oL_ofa =0, oaL_ofor =0. (4.2.31)
00 oOs\ 00 oy Os\ oy’ op Os 8(p
The conditions (4.2.30) express that the functions 6+386, y+03y, @+03¢ have the

same values at s = 0 and s = /. The nonvanishing integrals must be zero for any
variations 86,8y, and this is possible only if the integrands are identically zero.

Substituting (4.2.28) into (4.2.31) we obtain the differential equations (4.2.20)—
(4.2.22).

If F=(F,F,,F,) is the force applied to the rod's ends, with F,, i=1,2,3, the
components of the force with respect to the fixed coordinate system (X,Y,Z), then this

force is related to A by

Fo9Y_ (4.2.32)
oD

Therefore, —g represents the external force that fixes the ends of the rod. This force
is supposed to be known. The couples M = (M,,M,M,) can be determined from

53 = [{(TS (4.2.20))30+(TS (4.2.21))3y + (TS (4.2.22))3¢}ds +

+[ 40’80 +[ Ay'sin’® 0+ C(¢' +y'cos0)cos 018y + C(¢' + ' cos0)d¢],, (4.2.33)

where 7S are left-side parts of equations (4.2.20)—(4.2.22). Into equilibrium the

integrand in (4.2.33) is zero
83 =[A460'80 +[ Ay'sin® 0+ C(0' + ' cos0)cos 010w +
[ [Ay (o'+vy )cos 00y (4.234)
+C(¢'+y'cos0)3¢],.

From here we derive the couples at the ends of the rod with respect to ON and Z and
z axes

03 ou ,
1 69 |x =0o0rl = 69 |Y =0 0}“[:| Ae ‘.&':0 orl>
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M2 = @ |v:00rl = a_U |\v:()orl :l A\V,Sil’l2 e + C(\V' CoS 9 + (P’) Cos e |t:00r 1>
oy oy |
03 ou ' !
M3 _ :| C((P COSe+ \V ) |5:00r 1"

a |s:00r = E |s:00r 1

The equilibrium equations (4.2.20)—(4.2.22) are coupled nonlinear ordinary
differential equations in unknown Euler angles.
Next, we see that the equation (4.2.22) can be solved

@'()+y'(s)cosB(s) =,

with o an integration constant.
From the torsion definition (4.2.11) we conclude that o =1 . So, the above relation
becomes

Q'(s)+wy'(s)cosb(s)=7. (4.2.35)
With (4.2.35), equations (4.2.20) and (4.2.21) can be written as
A(y" sinBcos0—0")— Cty’ sinO+ X, cosOcosy +

. . (4.2.36)
+A,cosOsiny —A,sin6 =0,

A(y"sin0+2y'0'cos0)— Ct0'+ A, siny —A,cosy=0. (4.2.37)

We introduce

A=A +A0 Ly, =\|J+7r+arctan;:—l, (4.2.38)
2
and write

A, CcOS\Y+ A, siny =—Asiny,,

e Y+A, Sy v, (4.2.39)
A, siny —A,cosy =Acosy,.
Adding (4.2.36) multiplied by 20" and (4.2.37) multiplied by (-2, sin 0) we obtain
— Ay (sin® 0) — A(y]*)'sin® 0— 4(0")' + A, (cos 0)' —
—2siny, (sin0) —2Asin O(siny,)" = 0.

Dividing by 1/2 we have
[g(e’2 +y/*sin” 0) +Asin Osiny, — A, cos0] =0. (4.2.40)

Integrating (4.2.40) with respect to s we find the bending energy density of the thin
elastic rod

ng =—Asin@siny, +1,cos0+C,, (4.2.41)
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with C, an integration constant. In the case A =(0,0,A;) the equilibrium equations
(4.2.35)—(4.2.37) become

Q'(s)+y'(s)cosO(s) =1, (4.2.42)
A(y"* sinBcos0—0")—Cty' sin0—A,sin0=0, (4.2.43)
A(y"sin0+2y'0'cos0)—C10'=0. (4.2.44)

To write the motion equations, let us introduce the inertia of the rod characterized by
the functions

R> 5= (po4y)(8),(Po1;)(5), (P 1, (5) € (0,0), (4.2.45)

where (p ¢4y) is the natural mass density per unit length, 4, the area of the cross section,
(po11) the principal mass moment of inertia around the axis which is perpendicular to
the central axis and ( p, /> ) the principal mass moment of inertia around the central axis.
We suppose to have

Tl',(l4 TE(14

p=Ap, = Tcazpo sk =1p, = Tp()a ky,=1p, = Tpo, (4.2.46)
where p, is the mass density per unit volume, and /,,/, geometrical moments of inertia

around the axis, which is perpendicular to the central axis and respectively around the
central axis. The kinetic energy K of the rod is a sum between the energy of the
translational motion K, the energy of the rotational motion of the tangential vector K,

and the energy of the rotational motion around the central axis K; (Tsuru)

K=K +K,+K,, (4.2.47)
with
!
_P .2
K = Ojr ds, (4.2.48)
K =ﬁ1jd2ds=ﬂlj(gz+gz)ds (4.2.49)
2 2 J 3 2 J 1 2 > b
k 1
K== [@lds, (4.2.50)

where the dot represents the differentiation with respect to time, and Q(Q,,Q,,Q;) is
the vector of angular velocity of rotation
Q, =—ysinBcosp+ Bsin g,
Q, =\ysinOsin @+ 0cos o, (4.2.51)
Q, =ycosO+@.
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These relations are analogous to (4.2.9). Using (4.2.7) we get for K, and K,

1
K, :% j(\pz sin® 0+ 60%)ds, (4.2.52)
0

1
K, =%2 j(q;cose+¢)2ds . (4.2.53)
0

We prove now the following theorem:

THEOREM 4.2.2 The exact set of motion equations of the thin elastic rod with the
ends fixed by the force F =-h with A =(\,A,,\;) are

—pF=A'=0, (4.2.54)

k (y? sin@cosG—é)—kz(gb+\|'/cose)\i/sin6—
—A(y" sinBcosO—0")+ C(¢' +y'cos )y sinO— (4.2.55)
—A, cosBcosy —A, cosOsiny + A, sin6 =0,

—%{/’q\i/sin2 0+k, (¢ +\cos0)cos O} +

+§{A\u’2 sin® 0+ C(¢' +y'cos0)cosO} + (4.2.56)
s

+A,sinBsiny —A, sinBcosy =0,

ks 2030+ C 2 (0 4y c0s0) =0 (4.2.57)
S

Proof: The unknowns are the force vector ¢ and Euler angles. The position vector
is related to Euler angles through the constraint (4.2.13).
The kinetic energy K is given by

L L L
p .2 k] 72 k2 . SN2
K== |rds+— |d,"ds+—= cosO+@)°ds . 4.2.58
20[ 5 of 5 > 0I(\u ?) ( )
We introduce the Lagrangian
L=K-U, (4.2.59)
and the action

T
I= [deL . (4.2.60)

0

To take account of the constraint (4.2.13) we introduce a new functional

T 1
L=T+L=1+[dt [ds('-d;)- ). (4.2.61)
0 0
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We write this functional under the form

Ll o, ko, k A C
I, = [dr [ds [+ 1+ (o0s0+9)" =1’ == (= d

or

I, = ].dt [J.ds Lr, 71 c ¢ ),
0 0

where [1is the vector of Euler angles [(0,y,p) and L the Lagrangian

L=P2 +£d§ +k—2(\i1cose+(j))2 —ﬁ(e'2 +y'?sin” 0) -
2 22 2 (4.2.62)

—%((p’+\u'cos6)2 + (' —d,)\
The variation with respect to » and [ gives

or' +

6_L, ! a—L.Sr'+a—L8g’+6—L,6g’+a—]f6¢) =0.
or or ag ag as

ol oL
8, = Ojdt st(56r+

We see that Sr':gﬁr, & =§6r, 6g':%6g,6¢=%6g, and by integrating

through parts the terms a—L,Sr',%Si’ etc., we obtain
r i
SI:aLS +6L6 +aL6 +6—L6g +
or' oy 197 |, o' o, 06 ol,
T 1
+ Jar fos a—L—ﬁ(aLj 8(6L] 57+
or os\or') ot\or
(4.2.63)

oL O oL o oL
+ |de |ds —| = |9 =0.
Jofo{ 22 22 2

8r(0,0) = 57(0,T) =0, 8r(1,0)=5r(,T) =0,

According to

8(0,0)=58(0,T) =0, 8(1,0)=5(/,T)=0, (4.2.64)

the first four terms in (4.2.63) are vanishing. The condition for integrands to be
identically zero lead to the Lagrange equations

G_L_Q(G_LJ_Q(G_L_]:() oOL_0foL) ofdl)_, (4.2.65)
or os\or') ot\ or oc 0Os\ ¢ o 6g
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By substituting (4.2.62) into (4.2.65) we obtain the motion equations (4.2.54)—
(4.2.57).

Differentiating both sides of (4.2.54) with respect to s, and using (4.2.13) the
equation (4.2.54) becomes

—pd, —\"=0. (4.2.66)

The motion equations (4.2.54)—(4.2.57) are coupled nonlinear partial differential
equations in unknown Euler angles and the vector function A which characterizes the
external force applied to the ends of the rod to maintain it fixed.

We have to supplement the motion equations with initial conditions

A(s,0) = Ay (5) = —pv*d, (5,0)+(0,0,1,) ,
0(s,0)=0,(s), y(s,0)=w,(s), (4.2.67)

0(s,0) = @y (s).

4.3 The equivalence theorem

This section focuses on the relation between the equilibrium equations and the
motion equations of the thin elastic rod (Tsuru). The purpose is to determine the
conditions when the motion equations can be reduced to the equilibrium equations. In
connection to this, the following theorem holds:

THEOREM 4.3.1 Given A,0,v and ¢ as functions only of the variable & =s —vt
and suppose that

A =Cd, +(0,0,1;), 43.1)

with {=-pv’ and d, = (sin@cosy,sinOsiny,cos0). In these conditions the motion

equations (4.2.54)(4.2.57) are equivalent to the equilibrium equations (4.2.20)—
(4.2.22) for

A-ky* > 4, C—kp’ >C, E>s. (43.2)

Proof: We note by prime the differentiation with respect to the new variable
& =s—vt . The system of equations (4.2.54)—(4.2.57) become

-V =1, (4.3.3)
kv (w'? sin@cos©—0") = k,v* (¢’ + ' cos 0) y'sin 6 —

—A(y" sinBcos0—0")+ C(¢'+ ' cosO)y'sinO— (4.3.4)
—A, cosBcosy —A, cosOsiny +A,sin0 =0,
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—aié{—vklw’sin2 0— vk, (¢’ +y'cos0)cos 0+

+Ay" sin* 0 +C(¢'+y'cos0)cos0} +A, sinOsiny —
—A,sinBcosy =0,

—k, @%[—vtp’—vw'cose+ C(@'+y'cos0)]=0.

Rearranging the terms in (4.3.3)—(4.3.6) we have

-V =h+¢,

(A—kv*)(y'" sin@cos0—0")—
—(C = kv*) (@' + ' cos 0)y/'sin O+
+ X, cosOcosy + A, cosBsiny —A, sind =0,

(A= kv )(y"sin 0+ 2y’ 0’ cos 0) —
(C—kv*)0'(¢' +y'cos0) +
+A,siny —A, cosy =0,

@'(s)+w'(s)cosb(s) =7,

with ¢ an integration constant.
Taking into account (4.2.13) the equation (4.3.8) becomes

—-pvid, =L+¢,

or

=(—pv’sinBcosy —¢,, —pv'sinOsiny—¢,, —pv'cosO—¢,).
S P y=q 2 3

From (4.3.1) we have
¢ =(CsinBcosy, CsinBsiny, LcosO+A,).
It can be seen that equations (4.3.12) and (4.3.13) are equivalent if
C=-pv’, ¢=(0,0,—L).
With these conditions, the motion equations (4.2.54)—(4.2.57) become
(A=ky*)(y'" sinBcos0—0")—
~(C = k") (@' +y'cosO)y'sin®—A,sin® =0,

(A=kv)(y"sin0+2y'0’ cos 0) —
—(C—kv)0'(¢' +y'cos0) =0,

Q'(s)+y'(s)cosO(s)=T.
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(4.3.5)

(4.3.6)

4.3.7)

(4.3.8)

(4.3.9)

(4.3.10)

4.3.11)

(4.3.12)

(4.3.13)

4.3.14)

(4.3.15)

(4.3.16)
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Hence, the equations (4.2.54)—(4.2.57) coincide with equilibrium equations
(4.2.35)-(4.2.37). We note that the quantity A, is known. The constant v, which defines

the variable & can be determined from (4.2.67), .

4.4 Exact solutions of the equilibrium equations

Consider the case when the force A =(0,0,A,) with A, =i, =0 is parallel to the Z-

axis of the Lagrangian system of equations. Let us consider the equilibrium equations
(4.2.42)—(4.2.44) and introduce A, =X, =0

A(y'* sinBcos0—0")—Cty’ sin@—A,sin0=0, 4.4.1)
A(y"sin0+2y'6" cos0)—Ct0' =0, (4.4.2)
Q'(s)+y'(s)cosO(s)=1. (4.4.3)

Multiplying both sides of (4.4.2) with sin® we get
Asin® Oy" + A(sin’ 0)y' + Ct(cos0) =0,
or
A(sin® Oy")' + C1(cos0)' =0,
integrating we have
Asin® 0y’ + Ctcos0+B =0, (444
with B an integration constant. In the virtue of (4.4.4) we obtain

CtcosO+3
= 4.4.5
v Asin’ 0 (44.3)
Substituting (4.4.5) into (4.4.1) and multiplying the resulting equation with 20" we
obtain by integration

2
_ (Ctcosb+pP) +2CTCOSGC‘ECOS6+B

40" — —
Asin” 0 Asin” 0

—2);c080+y=0,

with y an integration constant. The above equation can be written as

C*1* cos’ 0—p°
Asin® 0

Substituting u =cos0 into (4.4.6) we obtain the differential equation

u,z_l_uz _C212u2_B2
A Al -u?)

A0 + —2h,co80+7=0. (4.4.6)

+2Mu—y?, 4.4.7)

or
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%u’z = f(u), (4.4.8)
1., 1. ., | 2
F) == == S - Ly,

We have obtained a Weierstrass equation (1.4.14) with a polynomial of third order.
The torsion t and the integration constants y and 3 are determined from the boundary

conditions

v(0)=v()=vy,,
0(0)=0(/)=9,,

10)=1t())=r1,. (4.4.9)

The qualitative nature of the solutions of (4.4.8) for arbitrary values of the constants
can be studied by elementary analysis. We write the equation (4.4.8) in the form

1

Eu/z —aw’ +hu’ —au+c= fu), (4.4.10)
with
Ay 1 C*t? 1 B’
a:__¢0’ b:— — , cC=—— —). 4.411
A 24 v A ) 24 v A) ( )

We are looking for general bounded waves of permanent form. We have u'> >0 .
So, u varies monotonically until u’vanishes. The graph of f for different values of the
constants @, b and c has six possible forms (Figure 4.4.1). Since u'"> = f(u)>0,

solutions will occur only in the intervals shaded in the figure.
If u, is a simple zero for £, from Taylor's formula we have

S@) = fu)+@—u)f'(w)+O0f{(u—u)},
or, because f(u,)=0
u? =2f"(u)u—u)+O0{u-u)’}, for u—>u,. (4.4.12)

Therefore,
u(s)=u(s,)+(s—s)u'(s,) +%(S =5,)"u"(s))+O{(s —5,)"}, (4.4.13)

where u(s,) =u,. From u"> =2 f(u) we have u"*(s,)=2f(u(s,)) =0, and u'(s,)=0.
Differentiating both sides of u'> =2f(u), it results u"(s)= f'(u(s)) and
u"(s;) = f"(u,) . From (4.4.13) we get

uzul+%f’(ul)(s—sl)2+O{(s—s1)3}, for s —s,. (4.4.14)
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It follows that u has a local minimum or maximum u, at s,,as f'(u,) is positive or

negative, respectively. Similarly, if u, is a double zero of f we have

!/ 1 "
S@) = f)+@—-u)f (141)+5(u —u,)” f"(u) + O{(u~u,)"},
or
u? = f"(u)wu—-u) +0{u-u)}, for u—u,. (4.4.15)
The quantity u'is real only if f"(u,) >0 (Figure 4.4.1b) and in this case we have

u'=f"u)w—-u). (4.4.16)

Relation (4.4.16) yields

L oy

—u,
and integrating with respect to s we have

In(u—u) =% f"()s+InC ,

where
u—u, =C exp(ty/ f"(u)s . (4.4.17)
@ ; : () ; ;
u u
(c)
: Ao i /

Figure 4.4.1 Schematical graphs of the function f{u).

Thus, u ->u, as s > oo. There is only one possibility for a triple zero u, = ——

(Figure 4.4.1f). The exact solution is

u(s):—i+ 2
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where s, is an arbitrary constant. This solution is unbounded at s =, .

Consider now the cases a, d, e, and the right-hand part of the case ¢ shown in Figure
44.1.If u'>0,thenf >0 forall s>0 and u — +0, as s > +oo. If '(0)<0, then u

will decrease until it reaches u = u, . In this case u, is a simple zero and so u' changes

sign and once again u — +o as s — 4. So, for these four cases we have unbounded
solutions.
Let us see the case from Figure 4.4.1b. The solution « has a simple zero at u, and a

double zero at u,. The solution has a minimum at u =u, and attains u =u, as

s — *oo. Here we have a solitary wave solution with a amplitude u, —u, <0 (Figure
4.4.2a)

u=uy+(u, _”3)Sin2 ¢ =u; +(u, _”3)(1_cn2¢) =
=u, +(u, —uy)(1—cn’¢) = u, + (u, —u;)sn’¢p =

la]

=u, —(u, _“3)Cn2( 7(“1 —uy)(s—$3),m).

Finally we consider the cases in Figure 4.4.1c. The solution « has simple zeros, that
is a local maximum at u, and a local minimum at u,. Thus u' changes sign at these

points and since the behavior near them is algebraic, consecutive points u = u, , u = u;,,
will be a finite distance apart. The solution will oscillate between u, and u, with a finite
period (Figure 4.4.2b).

The period can be determined from u' = /2 f(u) as

(4.4.19)
b J.\/2f (u)
We have
z(‘z)d Mz(j_z) u'ds "J. J_
05 (53) u wisy U \/2f(”
From the above formula we have implicitly the solution
du
s=8+ |——, 4.4.20
3 I £2/ W) (20

where u(s;) =u, . The sign + corresponds to the case u' > 0 and the sign — to the case
u' < 0.

Solutions (4.4.20) are known as the cnoidal solutions because they are described by
the cosine and sine Jacobean elliptic functions (Freeman).

These solutions were found by Korteweg & de Vries in 1895. Finally, the single
bounded solutions of the equation (4.4.8) are the cnoidal solutions (the solitary solution
is a particular case of the cnoidal solution).

We can write the solution (4.4.20) as (Abramowitz and Stegun)
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u

du
- 4421
* S3+“‘!‘i\/2a(u—ul)(u—uz)(u—us) ’ ¢ )

with u, <u, <u, three distinct and real roots of the equation f{u:) =0.

TY el infinite period §F—teo

JE—

Figure 4.4.2 a) Soliton solution, b) Cnoidal solution.

The integral (4.4.21) may be reduced to an elliptic integral of the first kind

V= ,/%(nl —u)(s—s;3), (4.4.22)

with m = 2" , 0<m <1, the modulus of the elliptic functions. The solution is
Uy —u,
u=u,+(u, —u3)sin2 O=u, +(u, —u3)(l—cn2¢) =

=uy +(u, —u)(1- cn2(|)) =u; +(u, - u3)sn2(|) = (4.4.23)

(e —en? M Y

=u, —(u, —uy)en”( 5 (4, —uy) (s —85), m).

We have
¢
do
v= [— (4.4.24)

!\/l —msin® 0

The period of cos¢ is 2m, so the period of the function cn is

/2 d@
4 [—2L 4k, (4.4.25)
o V1—msin* 0

In fact K(1)=o0, then the period of the function sech v is infinite. Parameters
u,and u,determine the amplitude of the cnoidal functions. The parameter s,
determines the phase. The period of the solution u is
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2

Uy —u

2K (m)

(4.4.26)

The case of three distinct and real roots.
We will prove the following theorem in the case when the equation f(u)=0 has

three distinct and real roots.

THEOREM 4.4.1 Given u, <u, <u, the distinct and real roots of the cubic equation
f(u)=0, the equilibrium equations (4.4.1)~(4.4.3) have a unique solution for the Euler

angles

"*;1'(% ) (s —,).m) =

u =1, — (1, —u;)en’ ( (4.4.27)

=u, —(u2 —U )an[w(s =5 ),m],

U, —u A
with m=-—2—2 and w= [, |(ul—u3),
U, —u, 24

1 B+Ct Uy — Uy
=—1{- II{w(s —s,), ,m]—
Ve 1-u, bts =) 1-u, ]

—Hﬂ[w(s—sg),
I+u, B B

(4.4.28)

Uy — iy

7m]}7

©(C—-A) 1 B+Ct Uy, — U,
=— s+ [w(s —s;),—,m]—
¢ A 4A2w2{1—u3 [wls=s,) 1—u, ]

-Ct u,—u
b T(w(s —sy),———,m)},
1+u, 1+u,

(4.4.29)

where T1(x,z,m) is the normal elliptic integral of the third kind
T1(x,z,m) = jd—y (4.4.30)
o Ol—zsnz(y,m)

Proof: The solution of (4.4.7) is given by (4.4.23) that implies (4.4.27). In the virtue
of (4.4.3) we have

':—CL%}. (4.431)
A(l—u™)
Decomposing in simple fractions, we rewrite (4.4.31) as
o BrCr  B-Cr (4.4.32)

240-u) 2A(1+u)
From (4.4.27) we have
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1—u=1-u, —(u, —u)sn’[w(s —s,),m],

T+u =1+u, +(u, —uy)sn’[w(s —s;),m], (4.4.33)
or
1-u -1 sn’[w(s —s;),m],
1-u, 1-u,
Iru _ 1427 sn’[w(s —s,),m]. (4.4.34)
1+u, 1+u,

We introduce (4.4.34) into (4.4.32) and integrate with respect to s. The solution
(4.4.28) is straightly obtained. Substituting (4.4.31) into (4.4.3) we get

(C— A’ +Pu+ At
Al-u?) )

¢ =t—y'cosO= (4.4.35)

Decomposing in simple fractions, we have for (4.4.35)

oo-HC-A), BrCr  B-Cr (4.4.36)
A 24(-u) 24(1+u)

Similarly, the solution (4.4.29) is obtained. We now prove another theorem.

THEOREM 4.4.2 In conditions given by the theorem 4.4.1, the components of the
position vector are

x=Rsin(y+A)=Rsin®, (4.4.37)
y=Rcos(y+A)=RcosD, (4.4.38)
2 =57 Blam(u(s — s, )], (4.4.39)
w
with
1 2.2 2
R =x_‘/2 |0, | Au+CP > Ayp? (4.4.40)
3

A:—arctan(B 4 de(u)j, (4441
u

+Ct

) Z%S-i-COH(WS,CI,m) , (4.4.42)

where f(u) is given by (4.4.8) and C, , C, are constants, and
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¢ v
E(am(v),m) = E(v,m) = I\/l—msinz 0do = Idnz(y,m)dy, (4.4.43)

is the elliptic integral of the first kind.
Proof: The components x and y of the position vector are obtained from (4.2.15),,.

Multiplying (4.4.1) by siny and (4.4.2) by cosOcosy and subtracting we have

%[—AO’ siny — Ay'sinOcosBcosy + CtsinBcosy] = (4.4.44)
=X, sinOsiny =A,d,,,

where d;, is the y component of the unit tangential vector.

Multiplying (4.4.1) by cosy and (4.4.2) by cosOsiny and summing we have

di[AG'cosw — Ay'sin O cosOsiny + CtsinOsiny] =
s

(4.4.45)
=—A,sinfcosy = —A,d,,,
where d,, is the x component of the unit tangential vector.
Integrating with respect to s (4.4.44) and (4.4.45) we have
x= Id31ds = —%[AO' cosy — Ay'sinOcosOsiny + CtsinOsiny]+x, , (4.4.46)
0 3
y= Idnds =%[—A9’sin\v — Ay'sinBcosOcosy + CtsinBcosyl+y, , (4.4.47)

0 3

with x,,y, integration constants.

Choosing x, = y, =0 and substituting (4.4.5) and (4.2.6) into (4.4.46) and (4.4.47)
we have

(Bu + Cr)siny 3
JBu+Cr)* +2f () 42
A2 f (u) cosy
JPurC 2w A

x:l\/Z\k3 | Au+C*t> + Ay + B[
A%

(Bu+Ct)cosy
JBu+Cr) +2f () 4
A2 f(u)siny
JBu+Cry +2f )4

y:lsz | Au+C>7 + Ay + B[
A%

Denoting
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R:%\/2|k3 | Au+C0 + Ay + B2,
3

the above relations become

2w

siny _ Pu+tCr 1
\/1+ 2/ (u) A4 \/1+ 2/ (u) A

cosy

(4.4.48)

([3u+Cr)2 ([Su-i-C‘c)2

3

4 2f(u
cos\y N Bu+Ct

\/1+ 21 (u) A2 JH 21 (u) A
(BM+C‘E)2 ([3u+C'c)2

siny

y=R[ (4.4.49)

We mention that R is always real. The quantity under the radical is always positive

1
VI+x?

due to the condition > >0. Using the formulae cos(—arctanx)= and

. X
sin(—arctan x) = ———, we denote
1+x°

A = —arctan 4
Bu+Ct

V2f (u)j )
and obtain
x=R(sinycosA+cosysinA), y=R(cosycosA—sinysinA),

that yield (4.4.37) and (4.4.38).
From (4.4.5), (4.4.7), (4.4.9) and (4.4.41) we have

2 22
(D,:\V/+A’:—£—B(B +A'Y CZ‘E )+2}\.313(,;'C ’
24 2420 Au—B? — Ay+C7)

that yields (4.4.42) by integration with respect to s, where

B’ + 4y -C?*1*)-21,ACt+ C’T
24N, Au, — B — Ay + C20)

0

_ 20, A(u, —uy)
b 20 Au, B - Ay + C*

(4.4.50)

The component z of the position vector » is computed from ( 4.2.15 );

z= | uds = ].[uz —(u, —uy)en’ (W(s —s;),m)]ds =

0 0
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5= T B am (s —s, ) m), (4.4.51)
w

where E(am(v),m) is the elliptic integral of the second kind (4.4.43).
We used here the formula

E(am(v),m)=myv+m jcnz (w,m)dw (4.4.52)
0
where m+m, =1 and m = e e
U — U,

We see in the virtue of (4.4.37)—~(4.4.39) that the rod is confined on a plane when
Ct=0 and B=0. In this case the shape of the rod is called the ‘elastica’ by Love. In

the general case when Ct#0 and # 0 the shapes of the rod are very complicated and
the rod is not confined in a plane, the deformation being spatial. Tsuru has obtained

various shapes of the rod analytically and numerically.
The case of a simple root and a double root. Let us consider the case

2 2
B=Cr, v=cr

7 (4.4.53)

This implies that a=b, c=-a and fu) from (4.4.12) becomes flu) =
a(u+1)*(u—1). Therefore, f{iu) has a simple root and a double root. We prove the
theorem:

THEOREM 4.4.3 Given u, =u,=-1, u,=1 the roots of the cubic equation

f(w)=0, the Euler angles are uniquely determined from the equilibrium equations
(4.4.1)(4.4.3)

Ayl 2 [[As]
u(s)=—-1+2——sech”,[——s, 4.4.54
(s) y y ( )

—Cts 44 [ Ay
= + arctan(— tanh(—, |—>5)), 4.4.55
V=" (Cr (= y s)) ( )
® :M-l-arctan(ﬂtanh . /Ms) . (4.4.56)

24 Ct A

Proof: The solution of (4.4.8) is expressed in terms of hyperbolic functions. Indeed,
consider the solution in the form

u(s) = Asech’B;s+C,.

Substituting  this  solution into (4.4.8) and taking account that
u' =—-24,B, sech’B,s sinhs , we obtain by balancing the powers of the function sechz
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C]:—I,AI:Z‘M', B = [ >0.
A A
So, the solution of (4.2.8) is
A A
u(s)=—1+2%sech2 Ms.

[2s

The minimum of u is —1 at s = Zoo. The maximum of u is (—1+27) as s=0.

The curve is asymptotically straight along Z-axis. The deformation is localized around
s =0. Using (4.4.31) we have

i Ct
Vo

(4.4.57)

Substituting (4.4.54) into (4.4.57) we get

- cr . (4.4.58)

2 Atanh’ 2] s
A

Integrating with respect to s we have (4.4.55). Substituting (4.4.53) into (4.4.32) we
obtain

’:M’ (4.4.59)
A(l—u)
or
o C 7(A4-C)
o=t (4.4.60)

Finally, integrating (4.4.60) with respect to s gives (4.4.56).
We prove the following theorem:

THEOREM 4.4.4 Given the conditions of the theorem 4.4.3 the components of the

position vector are
N2 A [ A +1
—| 1A ) sin (_Crsj , (4.4.61)

Ay 24

V2A A (@) , (4.4.62)

Ay 24

z=-s +1—Atanh(2s) . (4.4.63)

3

Proof: Substituting (4.4.53) into (4.4.50), we obtain
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C,=0. (4.4.64)
From (4.4.42) we have
o=y (4.4.65)
24

The relations (4.4.61) and (4.4.63) are derived from (4.4.37) and (4.4.38). From
(4.4.39) it results (4.4.63).

For graphical illustration we consider the values £ =194200 x 10°Pa, v,=0.28, p=
7876kg/ m’,[=10m,anda=2 x 10~ m.

The shape of the rod of infinite length into which the central line is deformed is
called elastica.

Figure 4.4.3 displays four shapes of elastica for t=0 and different set of values
(p=0.3, A= 0.4,y=0.2), (=0.7, A,= 0.2,y=0.1), (=0.3, A= 0.1,y=0.1) and
(Bp=0.9, A,= 0.4, y=0.3) from left to right. These shapes are similar to the shapes of
elastica found by Love in 1926.

The case 1 # 0 is illustrated in Figure 4.4.4. We see that for 7+ 0 the rod deviates
from a plane and has a three-dimensional structure. This structure is simpler for small
values of Tt and more complicated when t increases.

Figure 4.4.3 Shapes of elastica of Love for t=0 (k= 0).

In Figure 4.4.4, the following sets of parameters were considered from left to right
(t=0.2, p=0.3, A,=0.4,y=0.2), (t=0.3, $=0.7, A,=0.2,y=0.1), (t=0.4, $=0.3,
A,=0.1,y=0.1)and (t=0.5, $=0.9, 1,=0.4, y=0.3).

In this case, the shape of the rod consists of a single loop or a series of loops lying
altogether in space.
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Figure 4.4.4 Four shapes of elastica for t#0.

4.5 Exact solutions of the motion equations

We determine the exact solutions of the motion equations using the equivalence
theorem 4.3.1. The motion equations (4.2.54)—(4.2.57) are equivalents to equilibrium
equations (4.2.35)+(4.2.37) if

A-ky’ >4, C-kpy' >C, E>s.
According to this theorem, we have
A =—pv’(sin O cosy,sin Osin y, cos 0) +(0,0,1,) ,
where A, is supposed to be known. The period of the function u« is given by (4.4.26)

2 2n

2K (m) =—, 4.5.1)
u—u, k

P\ U — U
k=—]——. (4.5.2)

V2K (m)

The frequency of a cnoidal wave is given by
0)=k2=—2k(u1 +u, +uy). (4.5.3)
a

The theorems demonstrated in the static case are valid also in the dynamic case. We
suppose  A,0,yand ¢ are functions of variables &=s—-vt. We have

A =Cd,+(0,0,1;) ,L=—pv*, d; = (sinBcosy,sinOsiny,cos0) and A,aconstant.
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The case of three distinct and real roots.

THEOREM 4.5.1 Given u, <u, <u, the distinct and real roots of the cubic
equation f(u) =0, the motion equations (4.2.54)—(4.2.57) have a unique solution for

the Euler angles
o 2 1A _ _
u=u, —(u, —uz)en”( Y (u, —uy)(E—-&;),m) = (4.5.4)
=u, —(uy —uy )an[w(‘:_‘:s)a m],
with m="2""5 and w= |7\3|(u1—u3),
u, —u, 24
_ 1 _B+(C—k2v2)r e WU 3
Ty e e T T e
i (4.5.5)
PR g ot
+u, 1+u,
(p:_r[C—A—(kzz—kl)vz]§+ 12 _ [3+(C—k2vz)1:><
A—ky 4(A-kyv )y w I—u,
- —(C=k*)t U, —u (4:36)
<Ml - £ - B g 2=,
—u, 1+u, I+u,

where I1(x,z,m) is the normal elliptic integral of the third kind.

THEOREM 4.5.2 In conditions given by the theorem 4.5.1, the components of the
position vector are

x=Rsin(y+A)=Rsin® , “4.5.7)
y=Rcos(y+A)=RcosD, (4.5.8)
2 =g~ Blamug g ), (45.9)

with

R =%J2 10 (A= kP u+(C—k PP +(A—ky )y +B2,  (4.5.10)
3

A = —arctan 4
Bu+Ct

sz(u)J, 4.5.11)

_B
® ==L+ GG Cm), (4.5.12)
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where f(u) is given by (4.4.8), and C, , C, are constants, and E(am(v),m) is the

elliptic integral of the first kind.
Unknowns &;, v, m, y, A;, T and P are determined from initial conditions

(4.2.67) and boundary conditions (4.4.9).
The case of a simple root and a double root.

THEOREM 4.5.3 Given u, =u,=-1, u,=1 the roots of the cubic equation

f(w)=0, the Euler angles are uniquely determined from the motion equations

(4.2.54)—(4.2.57)
|25 > | 1A
=—1+2 sech E, 4.5.13
u(é) A—k]vz A_le25 ( )

:M can[w h( |1
2A—kv?) (C—kv))t A—k

_ 124 C+v(k22 2k)IE arctan[4(A k]‘;)tanh ‘7‘3|25], (4.5.15)
2A-kp?) (C—kp* )t A=ky

THEOREM 4.5.4 Given the conditions of the theorem 4.5.3 the components of the
position vector are

—=9)], (4.5.14)

:\/2\X3|(A—klv2)(u+l) [(c kv )rgj 4.5.16)
” 2(4-k)?)

20 (A= k) 1) o [(c ke’ )réj @5.17)

A 2(A—kV*)
7= _§+4(A_—k1v2)tanh(2g)_ (4.5.18)

Finally, let us remember that the equation (4.4.8) has the form
- f(w), (4.5.19)
with

F) = —— o =Ly M) At (y—B—)]. (4.5.20)

A=k "7 2 A=k A=k

1



Chapter 5

VIBRATIONS OF THIN ELASTIC RODS

5.1 Scope of the chapter

The first treatment of the partial differential equations of wave motion was made by
D’Alembert in 1750 in connection with the vibrations of thin rods. Daniel Bernoulli,
Euler, Riccati, Poisson, Cauchy, Lord Rayleigh (1877) and also Strehlke (1833),
Lissajous (1833) and Seebeck (1852) are foremost among those who have advanced
knowledge in this problem. The vibrating rod has been a point of research in physics
and mathematics, at last centuries up to the present day. Its current importance is
associated with the theory of vibrating solitons.

In this chapter the vibrations of thin elastic rods are studied. In section 5.2 the small
transverse and torsional vibrations of the initial deformed rod are considered. The large
relative displacements can occur even when the strains are small. The nonlinear effect
caused by the geometrical constraint yields to soliton solutions. The transverse
vibrations of a helical rod are presented in section 5.3. The rod vibrates in space by
bending and twisting. The vibrations are studied around the strained position of the rod
which satisfies the static equilibrium equations given by the theorem 4.2.1.

In section 5.4 it is shown that for a special class of media that do not remember the
interaction process (DRIP media), the waves admit the solitonic features, but in contrast
to solitons, the waves distort as they propagate by an amount that is not altered by the
interaction. The only effect of the interaction is to alter the arrival time of their fronts at
any point. The vibrations of a heterogeneous string are considered in the last section.

Before proceeding, we mention the material we referred in this chapter: Love
(1926), Landau and Lifshitz (1968), Lewis (1980), Synge (1981), Seymour and Varley
(1982), Tsuru (1986, 1987), Munteanu and Donescu (2002).

5.2 Linear and nonlinear vibrations

Consider the transverse vibrations of a rod confined on a plane with no torsional
displacements. In this case the Eulerian angles ¢ and y are zero in the motion

equations (4.2.54)—(4.2.57). So, we have
—-pi=A"=0, (5.2.1)

—k0+ 40" —A, cosO+L,sin0=0, (5.2.2)
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A,sin0=0. (5.2.3)
The unit tangential vector along the rod is given by
d, =(sin®, 0, cos0). (5.2.4)
Substitution of (5.2.4) into (4.2.66) gives
pb’sin®—pHcosO—A"=0, (5.2.5)
p6? cosO+pOsinO—17 =0. (5.2.6)
Equation (5.2.2) becomes
—k, O+ A0" —A, cosO+A,sinB=0. (5.2.7)

For 0 =g <<1, and neglecting terms of the order &”, equations (5.2.5)~(5.2.7) can
be written as (Tsuru)

—pE—A"=0, (5.2.8)
AT =0, (5.2.9)
A, = —kE+ Ae" . (5.2.10)

Substitution (5.2.10) into (5.2.8) leads to the transverse vibrational motion
pE—kE"+ 4" =0. (5.2.11)
A wave solution of this equation is given by
€ =g, expli(ks —?)], (5.2.12)
with €, a constant. Substituting (5.2.12) into (5.2.11) we have

,  Ak*

1

The group velocity v, of this wave is
do A kQ2+Bk*) k
V== | ——— = p=—". (5.2.14)
dk - \p (1+BK*) p

Let us consider now the torsional motion characterized by 6 =y =0 (Zachmann).

The motion equations (4.2.54)—(4.2.57) yields the known wave equation of motion for
small linear vibrations

—k,9+Ce"=0, (5.2.15)
that admits solutions of the form
¢ = @, expli(ks —wr)], (5.2.16)

and the dispersion relation
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(5.2.17)

For large displacements, even when the strains are small, the nonlinear terms in the
motion equations (4.2.54)—(4.2.57) cannot be neglected. In this case we must consider

the geometric constraints expressed by r'=d,, | d; |=1.

Consider firstly the plane motion of the rod, in the absence of torsion (y =@ =0).

The motion equations are given by (5.2.5)—(5.2.7). We may assume that the

functions 0(s,#) and A(s,t) are functions of the variable & =s—vz.

Denoting with prime the differentiation with respect to &, the motion equations

(5.2.5) —(5.2.7) become
pv’0"? sin0—p1°0”"cosO—A/ =0,

pv*0” cosO+pv*0"sinO—A) =0,

(=kv* + 4)0" =L, cosO+A,sin0=0.

Note that the equations (5.2.18) and (5.2.19) can be written under the form

pv*(0'cos0) +A =0,
1

pv’(0'sin0) =17 =0.
Integrating twice with respect to & , the above equations are

A =-pv sin@+y,E+3,,

A, =pv' cosO+7,E+5,,
where v,,v;,0, and J; are constants.
By imposing the boundary conditions
0'=0, /=0 as s >+, >0,
itresults y, =y, =0.
Inserting (5.2.21) and (5.2.22) into (5.2.20) we have
(A—kv*)0" =8, cos0+3,sin0=0.
Defining

8, =+/8; +8; sina, 8, =4/8] +5; cosa.,

the equation (5.2.24) becomes the known simple pendulum equation

2
%Hﬂﬁsinezo,

where we denoted 6 > 0+ a , and

(5.2.18)
(5.2.19)

(5.2.20)

(5.2.21)

(5.2.22)

(5.2.23)

(5.2.24)

(5.2.25)
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, O +8

0, = .
¢ A—kp?

(5.2.26)

The exact solution of (5.2.25) is expressed in terms of elliptic or hyperbolic
functions, depending on the initial conditions. For the conditions (5.2.23), the solution

of (5.2.25) is
)
smz = tanh(®,§) .
From (5.2.27) it results
cosg = ,/l1-tanh*(w,£) = sech(w,£).
Thus, with the aid of the formulae
sin 0 = 2 tanh(w,&)sech(w,&) , cos O = sech’ (w,&) — tanh* (w,&) ,

the equations (5.2.21) and (5.2.22) become
A, = —2pv’ tanh(w,&)sech(w,&) +3, ,

L, = —2pv°[sech’(®,&) — tanh® (w,£)]+5, .
When the ends of the bar are fixed, the equation (5.2.1) yields
px+A, =0,
pz+A; =0.
From (5.2.31) and (5.2.30) we obtain the following solutions

x= isech[wo (s—vt)],
@,

z=—5+ itanh[co0 (s—vt)].
(DO

0.25 0.5 075

Figure 5.2.1 Shape of the elastica.

(5.2.27)

(5.2.28)

(5.2.29)

(5.2.30)

(5.2.31)

(5.2.32)

(5.2.33)

The solution (5.2.32) represents a soliton. The solution (5.2.33) is a kink and
represents a twist in the variable z . The shape of elastica, into which the central line is
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deformed, is a single loop and it is represented in Figure 5.2.1 (®, =8). The shape of

the kink (5.2.33) is represented in Figure 5.2.2.

Since the waves can move in the rod in both directions, a head-on collision is
possible. Konno and Ito have studied nonlinear interactions between solitons for KdV
and Boussinesq equations. In 1962, Perring and Skyrme investigate the head-on
collision of two kinks with equal but opposite velocity. The kink traveling to the left is
called an anti-kink. Using the same definition, an anti-soliton is a soliton traveling to the
left. It is interesting to investigate the behavior of waves during their mutual interaction.

To understand the effect of the collision between waves into the motion of the rod,
let us consider next two initial conditions for the equations (5.2.31)

X, = 2 sech[w, (s —v,1)],
0

z, = —s+i‘[anh[o)0 (s=v1)], (5.2.34)

0

X, = 2 sech[w, (—s —v,t +0)],
O‘)O

z,=5s+A+ itanh[o)0 (=s—v,t+9)],
®,

that represent two waves traveling with the velocities v, > v, , in opposite directions.

03F Z

02

01

0 R A

0.1k
02F —/

-03F

Figure 5.2.2 Shape of the kink solution.

The result of integrating the equation (5.2.34), is shown in Figure 5.2.3, and the
result of integrating the equation (5.2.34) , in Figure 5.2.4, for v, =0.5, v, =035, A=
0.75, 6=1.75and o, =2.44.

The two solitons are separated before the collision, then coalesce in the interaction
zone and separate again afterwards, without change of velocity and shape, but with a
small phase shift. In the collision zone there is no linear superposition. In contrast to the

elastic soliton collision, the collision of kinks is inelastic because after collision, a small
amount of energy is left in the form of oscillations.
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The two kinks keep in some way their structure, but the oscillations indicate a
dissipation of energy. After collision the velocities of kinks are v/ = 0.46 and v, =0.33.

The coalescing of two kinks in the interaction zone (s,?) is represented in Figure 5.2.5
for two cases: v, =0.5, v, =0.35, and v, =v, =1. In the second case, after collision

the kinks velocities are v/ = v, =0.87 .

Figure 5.2.3 Collision of a soliton and an anti-soliton traveling in opposite directions with different
velocities.

The solitons and kinks behave stably in the collision process even if the interaction
between them takes place in a nonlinear way, where we cannot apply the principle of
the linear superposition to the process. In the interaction region the kinks behave in a
complicated way. A projection of the collision zone on the plane (s,7) can be seen in

Figure 5.2.5.
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V1=0.5
v,=035

Figure 5.2.5 Projection of the interaction zone on the plane (s,¢) of two kinks of velocities v, =0.5,
v, =0.35 (left) and v, =v, =1 (right).

5.3 Transverse vibrations of the helical rod

Let us consider a rod that vibrates around the strained position, which satisfies the
static equilibrium equations given by the theorem 4.2.1 for A = (0,0,1) .

We begin with differentiating the equation (4.2.54) with respect to s (Tsuru)

—pd'3 —A"=0. (5.3.1)

Suppose that the strained rod has a helical form. The Euler angles are written as
0=10,(s)+ecos(kx—wt),



156 INTRODUCTION TO SOLITON THEORY: APPLICATIONS TO MECHANICS

Y =Vy,(s)+esin(ks —ot) , (5.3.2)

¢ =@, (s)+esin(kx —wt) ,
where 6,(s), w,(s), ©,(s) are solutions of the equations (4.2.54)—(4.2.57), and ¢ a
small parameter. Substituting (5.3.2) into (5.3.1) we obtain an equation in A
\'=—pd, , (5.3.3)
with
c'I'3 = (6cosOcosy — 20\ cosOsiny — 6 sin O cos y —
—\ysin@siny —\y?sinOcosy, O cosOsiny + 20\ cosOcosy — (5.3.4)
—67 sin Osin y +sin O cosy —\y* sin Osiny, —Osin0—6? cos).
Then, differentiate with respect to s the equations (4.2.55)—(4.2.57) and insert A"

given by (5.3.3). After little manipulation with neglecting terms of third order in €, we
obtain the vibrations equation written in a matrix form

Me=0, (5.3.5)
where M isa 3x3 symmetric matrix of elements
i 3Ky cos’ 0y,
(k> =y’ (5.3.6)
+{(C=24)cos’ 0, +(A-O)}y!’ + Cry, cosO, — Ak’,

2
(O]
M, =k—2{p+k1k2

2kpe’ ,
%wg cosf,sin6, +
(k" —yg (5.3.7)

+ksin 0, {(C —2A4)cos 0,y + Cr,

M,=M, =-

M, =M, =(2ko —Ck>)cos,, (5.3.8)

My, = 0 P (yl? +K)sin’ 0, + K, (cos” 0, +1)} -

(k” =y, (5.3.9)

—k*(Ccos® 0, + Asin” 0,),
M, =M,, = (2ko* —Ck*)cos8, , (5.3.10)
M., =2k’ —Ck*, (5.3.11)

and € a column vector
e=(g,8,8) . (5.3.12)
In (5.3.6)—(5.3.11) we have used the relations
k, =2k, @, =t—y,cosb,. (5.3.13)
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The dispersion relations are calculated from
detM =0, (5.3.14)

where the determinant of M is a cubic polynomial of ®” .
Consider the case of transverse vibrations. The characteristic equation is given by
(Tsuru)

P’ [(A—u )y + Kk (1+ k)" —pk’[Augyy (yg +13k% =k, (ug +1)) -
—Crugyl, (Wi +5k7)+ 2A(k* = k>l + kk* — 2k, Jo® —

—k(yy =k A uiyl =3A4ACTuyy, + Ay — k7 +2ku,)+C*t*]=0, (5.3.15)
where u, =cos0, = =£l.

The equation (5.3.15) is a cubic polynomial in ®”. We note with (0")? and (o")?
the roots of (5.3.15) which are functions of &. Numerical investigations show that for
v,> <k, the roots (w")* and (»~)* are positive, and for \|> >k the root (0*)* is
positive and (o ”)? is negative.

The waves are stable for real values of the angular frequency ®. Next, we consider
only the case |’ <k”.

The initial strain is determined by the parameters u,, y, andt. We represent
graphically the variation of (w")* and (o~ )> with respect to , for different values of
u,, Wy, and t. These are the dispersion curves, calculated for 4 =2.4404 Nm?, C
=1.9066 Nm” and p =7876 kg/ m’.

Let us choose u,=0.3 and vy €[0,1,2,3]. Figure 5.3.1 corresponds tot=0, and
Figure 5.3.2, tot=0.5. Then we take t€[0,1,2,3] and w;=1. Figure 5.3.3
corresponds to u,=0.3, and Figure 5.3.4 to u, =0.7. From these figures we observe
that the dispersion relations depend strongly on all parameters.

(o f (@ F

h Vf'u=l]
/ vyl
60 ;/ W;]ZZ
30 -
/,,/ i
0 1 2 K
30l t=0 uy=03 30l =0 1,;=03

Figure 5.3.1 Dispersion relations of the transverse vibrations of a helical rod for different values of g .
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v'y[]
w'[] =) / V’u“l
- , 60 -
60 ¥y=1

Vy=2
30 30
Yo=2 - w‘u =3
¥p=3 //

0 — -

o

-30L. t=05 uy=03 300l =05 up=03

Figure 5.3.2 Dispersion relations of the transverse vibrations of a helical rod for different values of vy .

12 (o F
h (e0) . " T=3
1=
40 - // =y 60 j =0
///, =2 ;,oT=2

ool W=l up=03 S0l W=l u=03

Figure 5.3.3 Dispersion relations of the transverse vibrations of a helical rod for different values of t

\(COH)2 ) \COJ2
T=3
- T= 00
30 2 200 -
T=1 T=1
/
15 - 4 100 - T=
/ =0 é/j T=3
/ 0 t . =
0 = k 1 2 k
sl W=l w07 o0l W=l up=07

Figure 5.3.4 Dispersion relations of the transverse vibrations of a helical rod for different values of t©
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Finally, we represent in Figs 5.3.5 and 5.3.6 the shape of the vibrating rod at
t=35and t=124, for y;=2, t=0.5, u,=0.2, A,=0.4. The initial value of ¢ is
calculated from (5.3.13).

t=35

Figure 5.3.5 Shape of the vibrating rod at #=35.

Figure 5.3.6 Shape of the vibrating rod at =124 .

5.4 A special class of DRIP media

Fermi, Pasta and Ulam studied in 1955 the oscillations of a heterogeneous string
which is governed by nonlinear wave equations of the form

Vo= AV )V » (5.4.1)

%:A3/2(p+w¢1), (5.4.2)
where y(x,¢) is the physical displacement, A(y_,y,) a positive function representing
the local speed of propagation, and p,v the material constants, and x ranges from —oo
to+oo . In particular, when 4= A(x), the equation (5.4.1) is applied to all physical
systems essentially involving only one space-dimension and onetime-dimension. For
the transverse vibrations of a string, we have 4> =T/m where T is the constant
tension and m the mass per unit length function of x, for the compressional vibrations
of an isotropic laminated elastic solid in which the density and elastic constants are
functions of x only, 4> =(A+2u)/p, and for the transverse vibrations of a laminated
solid, 4 =p/p.

In 1982 Seymour and Varley studied the equation (5.4.1) and have shown that, for
certain functions A(y,) that satisfies (5.4.2), the solutions of (5.4.1) are simple waves
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whose profiles can be specified arbitrarily, that have the properties: they interact
between themselves like solitons, being unaffected by the interaction, but in contrast to
solitons, distort as they propagate by an amount that is not affected by the interaction.

Since the interaction phenomenon for waves of arbitrary shape and amplitude is a
property of the transmitting medium rather than of the particular wave profiles,
Seymour and Varley named these media DRIP media (media that do not remember the
interaction process). In such media the profile of the interacting waves is not affected
by such interactions.

The equation (5.4.1) can be written as a system of first order equations

—e, (5.4.3)

X t

u, = A*(e,u)e, , u
or under the form
u,+Au, = A(e,+ Ae.), u,— Au, =—A(e, — Ae,), 5.4.4)

where u=y,and e=y,.

The problem of integrating (5.4.3) may be reduced to the determining of the
functions x = x(a,,B) and ¢ =¢(a,B) that satisfy the equations

X, = Aty, x, = A1, , (5.4.5)

where (o,B) are characteristic parameters (a.,f3) .
When A depends only on e, integration of (5.4.6) yields

u=GP)-F(a), c(e)=GP)+F(a), cle) = jA(s)ds . (5.4.6)

Consequently, (5.4.5) must be regarded as
x, = A(O)ty, x, =—A(o),, (5.4.7)

where A4 is a function of ¢ = G(B)+ F(a) . The equation (5.4.4) becomes
u, = Aey, u, =—Ae, . (5.4.8)

The equations are very difficult to be integrated, but there are some exceptions when
either G=0 or FF =0.For G =0, relations (5.4.6) and (5.4.7) yields

c=—u=F(a), x—A(F)t=a, (5.4.9)

that describe a right-traveling simple wave. For F =0, relations (5.4.6) and (5.4.7)
imply that

c=u=GP), x+AG)x =8, (5.4.10)

that describe a left-traveling simple wave. Both solutions represent waves moving with
the velocity A(c) into a uniform region where u and c are constant.

Let us consider now the class of DRIP media, that include a large variety of elastic—
plastic materials, composite materials, gases, foams, and so on.
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DEFINITION 5.4.1 (Seymour and Varley) 4 DRIP medium is a nondispersive medium
that transmits waves that do not remember the interaction process. The waves are of
arbitrary shape and amplitude and distort in time but by an amount that is not affected
by the interactions. A DRIP medium is defined by the condition that A(c) satisfies an

equation of state of the form

‘ZZ—A= pd"? +va¥?, (5.4.11)
C

where W, v are material constants.

The equation of state (5.4.11) contains two arbitrary parameters that is an advantage
to be used for a model of a wide class of different media.

The interaction of this type occurs when two solitons collide. The difference is that
solitons are represented by waves of permanent form whose profiles are specific.

We will show that for a DRIP medium the equations (5.4.7) can be integrated to
obtain a simple representation for x(o,p) and #(a,p) .

THEOREM 5.4.1 (Seymour and Varley) The general solutions of (5.4.7) are given
by
(o, B) = [1(B) — r(a)]4"* +u(R() ~ L(B)) »
t(o,B) =[1(B) + r(a)]4™"* + v(R(a) + L(B)), (5.4.12)
where
L'B)=IG'B), RPB)=rF'(an), (5.4.13)
and A(o,P)is determined from c=GP)+F(a)and (5.4.11), and the functions

F,G,R,L,r,l are determined from initial and boundary conditions.
Proof. The proof of this theorem belongs to Seymour and Varley. Return to (5.4.7)
and eliminate x . Thus, #(o,) will satisfy the equation

0 0
—(At,))+—(At,)=0, 5.4.14
aa( 5) 513( o) ( )
or, if we take into consideration that ¢ = G(B) + F(a)
%(ZA”ZIB)+(A'(c)A’”2ta)G'([3) =0. (5.4.15)

This equation can be easily integrated with respect to o . Using (5.4.11), integration
of (5.4.15) yields
2A”2tB +(u-vx)G'B)=g'P), (5.4.16)

where g is an unspecified function. From (5.4.16) and (5.4.7) , we obtain

i 1/2 ~ _lH—VA o
aBLJFVA(W Vx)} 2u+vAg(B)_0' (5.4.17)
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In a similar way

9
oo

A7 1 p—vA
t+vx) [-——— f'(a) =0, 5.4.18
LHM(M x)} 2u+vAf( ) ( )

where f is an unspecified function. Relations (5.4.17) and (5.4.18) leads to

wiovx=—t BVASR e 1 pEvADe (5.4.19)
f'(a) 4% oo g'B) A4 op
where
azd) _l ' ' _ M_VA(C)
e 20O @B o) = R (5.4.20)

On the basis of (5.4.11) it results that the function w(c) defined above verifies the

equation

®"(c)+uva(c)=0. (5.4.21)
Denoting ¢g = ﬁ% and p= ﬁg—g, we obtain from (5.4.20)
g _ 1 , o 1 '
G2 o(c)g'(G), F 2 o(c)f'(F), (5.4.22)

where it is convenient to regard (g, p) as functions of (F,G).
Integrating (5.4.22) we obtain the solutions

q=L'(G)o(c) - L(G)o'(c) +7(F),
p=R(F)o(c) - R(F)w'(c)+1(G), (5.4.23)

where
" 1 !’ n 1 ’
L +uvL=Eg , R +uvR:Ef . (5.4.24)

In order that (x,#) given by (5.4.19) and (5.4.23) to satisfy the equations (5.4.7) it

results that the functions / and » must be given by
(G)=L(G),r(F)=R'(F). (5.4.25)

From (5.4.19), (5.4.20) and (5.4.23) it follows the solutions (5.4.12). The relation
(5.4.13) is obtained from (5.4.25).
When 4 is independent of ¢, 4= 4, , we see that (5.4.7) can be integrated

X—Ajt=o, x+A,t=P, (5.4.26)

and, therefore, u and c are given by
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u=Gx+A4,t)-F(x—-A4,1),

c=G(x+A,0)+F(x—A1). (5.4.27)

These representations of the linear theory are interpreted as the superposition of two
nondistorting and noninteracting waves that move in opposite directions with speed 4, .

These formulae can be obtained from (5.4.12) and (5.4.13) by taking A(c) = B 4.
\Y

Now, we attach to (5.4.7) the initial conditions
u(x,0) =u,(x), c(x,0)=c,(x), —0<x<00. (5.4.28)

Normalizing (a,) so that at =0 to have a=x and B=ux, it follows from
(5.4.4)

1 1
F(x)= E[CO (¥)—uy(x)], G(x) = E[C0 (%) +uy(x)]. (5.4.29)
From (5.4.12) we obtain the solutions

x =[1(0) = ()] 4, () + W(R(x) = L(x)) ,

0= [Z(x)+r(x)]A(;”2(x)+v(R(x)+L(x)) , (5.4.30)

where A4,(x) is determined from c¢,(x) by (5.4.11). The equations (5.4.30) and (5.4.13)
and (5.4.29) determine the functions R, L,7,/ .

5.5 Interaction of waves

We present the Seymour—Varley method for analysis of the interaction of any two
waves that are traveling in opposite directions in DRIP media. The waves meet and
interact and then emerge from the interaction region unchanged by the interaction.
Following this method, we consider an interaction region in the plane (x,¢) composed
of five regions in which u# #0 and ¢ # 0, as shown in Figure 5.5.1. At 1 =0 the right-
traveling wave (RW) occupies the region —x, <x<-x,, x,x, >0, and the left-
traveling wave (LW) the region 0<x, <x<x,. The waves move into a region where
u=c=0. Suppose u,(x)and c,(x) are continuous. Suppose that at t =0 we have
F(x)= f(x) for —x; <x<-x,, and zero otherwise, and G(x)=g(x) for x, <x<x,,
and zero otherwise. In region I, we have G=0, F#0, L=0;in I, F=0, G#0,
R=0; in regionll, F#0, G#0; in regionlll,,G=0, F#0, L=L, and in
regionlll, , F=0, G#0, R=R, .

We have also f(-x)=/f(-x,)=g(x,)=g(x,)=0. The function A(c) is
supposed to be defined as
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A(f(x)), for —x, <x<-x,,
Alc) = A(x)=1{ A(g(x)), for x,<x<x,,
A0)=4,, otherwise.

We also see that for | x[< x, we have

R=L=0,l=r=—

2 1/2 °
and for —x; <x<-x,
- I(x)-1(—
L=0, R= A" () 1)
W+ vA(x)
L=t - 1)+ =2
2 f 1:11/2()6) ?

L (u- VAR —x
24" (x) ’

where

X T ds
I(x)= 21/2(x)_6[1;11/2(s) :

Also, we have for x, <x<x,

1(x,)—1(x)

R=0, L=A4"%(x) _
L+ vA(x)

X

1
r =5[1(x)—1(xf)—m],

(R —VA(X)L(x) +x
24" (x) ’

and for x > x,

1(x))~1(x,)

R=0,L=L = 4"
=4 A,

l_(M_VAO)Lr :_r_(M+VAO)Lr — X

2Aé/2 2A(1)/2 2Aé/2 :
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(5.5.1)

(5.5.2)

(5.5.3)

(5.5.4)

(5.5.5)

(5.5.6)

(5.5.7)



VIBRATIONS OF THIN ELASTIC RODS 165

t 7
i
o
5
8 //' //'
\\ My, A Mg y -
P -
d [[\ s
-
AR //\
W I
- e L
/ / . \
v - N\

-xl -xr Xl. Xy
Figure 5.5.1 The plane (x,¢) of the wave interaction

In the region I, the RW is a simple wave, in the region II it interacts with the LW,
and in the region IlII; it is again a simple wave. In a similar way, in the region I, , the
LW is a simple wave, in the region II it interacts with the RW, and in the region III, it

is again a simple wave. The important role of this analysis consists in that a simple
wave in III; is the same as the wave that is in I; m and that the simple wave in III; is

the same as that in I, . To show this, let us analyze the RW.
Since G =0 in I; and Il , the relation (5.5.1) gives

A:;I(ot), X Sas<-x,. (5.5.8)

In the region I, , the solutions (5.4.12) become
x=[(B)~r(@)]4" +uR(a),
t=[I(B)+r(a)]4"* + VR(ct) . (5.5.9)
Eliminating /(B) in the relations (5.5.9) we have
x—A(a)=o. (5.5.10)

Mention that in the relation (5.5.10), A4 is given by (5.5.8), /() by (5.5.2) and
R(a),r(a) by (5.5.3). In the region III;, R(a),7(a) are given by (5.5.3), and /(B) and
L(B)=L, are given by (5.5.7). Thus, here the solutions (5.4.12) are identical with
(5.5.9)if x and ¢ are replaced by

I=x+pl,, f=x—pL,. (5.5.11)

Therefore, in the region III;, we have a RW given by
F-A()i=o. (5.5.12)

So, by comparing (5.5.1) and (5.5.12) we see that the emerging wave is not affected
by interaction, it being identical with waves produced by the initial conditions ¢ =VL_,
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F(x)= f(x+pL,) for —x, —pL, <x<-x, —pL,, and zero otherwise, and G(x) =0 for

all x. The effect of interaction is only to change the effective origin of x and ¢ in the

xX+x
original wave. If the RW is before the interaction, a centered wave with 4 = L,
t
then after interaction, the emerging wave has 4 = L
t—VL,

To illustrate this, we consider a simple wave profile A(x) = sechx . This is the case

of interaction of two pulses having a soliton profile, traveling in a DRIP medium. The
calculations are performed numerically and presented in Figure 5.5.2. In Figure 5.5.2
we see that, in contrast to known theory of solitons interaction, these pulses travel in
opposite directions, interact and emerge unaffected by the interaction. In the interaction
region no coupling between waves is visible. This suggests that the waves may be
regarded individually. Speaking from a physical viewpoint, this interaction requires that
the energy of each field is carried individually without any transfer of energy between
fields. This property may be of the transmitting medium rather than of the particular
wave profiles.

_— —_—
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Figure 5.5.2 Profiles of waves against x for several ¢

5.6 Vibrations of a heterogeneous string

Synge studied in 1981 the vibrations of a heterogeneous string and has shown that
the solutions can be obtained by applying a linear integral operator to a Cauchy function
of position and time furnished by initial conditions. In the following we present the
Synge method applied to the partial differential equation

ytt :Az(x)yxx’ (5’6'1)

where A(x) is a positive function.
Synge method straighten the characteristics of (5.6.1) by using the transformation
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x—)u(x)zX% s

that yields

cll
ytt_yuu +_yu :0’
Cc
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(5.6.2)

(5.6.3)

where c(u(x)) = A(x) is transformed local speed. In the Cartesian coordinates (u,?),

the characteristics are straight lines inclined to the axis at 45°. By a change of variable

y(u, 1) =v(u,)o(u) ,
the equation (5.6.3) becomes, on division by ¢

v, =V, =2kv, +2hv,
with

k=28 G gpoptu b
c ¢ ¢ c

For ¢ = Je , we have k =0, and equation (5.6.5) reduces to

v, —v =2hv.

w~ Vuu

(5.6.4)

(5.6.5)

(5.6.6)

(5.6.7)

Integrating (5.6.7) over the triangle PAB (Figure 5.6.1) where P(u,t) is a generic

point, we have

([0 =, +2mv)dudt = [(v,dt+v,du)+2 [[Avdude =0,

or

W(P) = %[V(A) +v(B)+ [, dudr)+ [[Avauds.

Figure 5.6.1 The triangle PAB in the plane (u,?) .

(5.6.8)
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Introduce now the Cauchy function determined by the initial conditions for v and
v for t=0

C(u,t)= %[v(u —-,0)+v(u+1t,0)+ "]. v,(z)dz], (5.6.9)

u-1
which satisfies the equation
c,-C,=0. (5.6.10)

Then introduce a linear integral operator H to be applied to function v(u,?)

Ho(u,t) = ”h(u,)v(u] J)du, dt, . (5.6.11)

With (5.6.9) and (5.6.11), we obtain from (5.6.8) the integral equation for the solution
v(u,t)
v(u,t) = C(u,t)+ Hv(u,t) . (5.6.12)
To solve (5.6.12) we write it as C(u,t) =(1— H)v(u,t) , and then multiply it by
(1-H)™", and obtain an infinite sequence of operations applied to a specified Cauchy
function, that is

vu,t)y=(1-H)'C=(1+H+H"+..)C. (5.6.13)
The series converges if C and % are bounded in absolute values. This solves

completely the problem of vibrations of a heterogeneous string.
Next, we present the Lewis method to solve the equation (5.6.1) for the initial data

y(x,0)=f(x), y,(x.0)=g(x). (5.6.14)
The energy E of the string is given by
o 2 2
Eol (2tVig, (5.6.15)
2 c(u)

Since the energy is conserved, the flow on phase-space, induced by the propagation
of a wave according to (5.6.3) conserves the inner product

<v,v, >=(E'v,é,),

5:[“c(x) 0 ] (5.6.16)
0 Je(x)

where

0

O1v2) =5 [0, + py ) ).

—o0

Here, v is a point in the phase-space (y,,V,)
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q
V=[pj, q() =y, (w,0), p(u)=y,(u,0). (5.6.17)
Therefore, from (6.4.3) we have the equation governing the flow
iv(t) =Lv(), (5.6.18)
dt
where
0 0
v=|""|, L= A 2y =S (5.6.19)
i d,-2y 0 ¢

We calculate v(¢) by a sequence of linear transformations that reduce v(¢) to a

perturbation of the pulse. The operator L is screw-symmetric with respect to the inner
product (5.6.16) and so there exists a one-parameter group V(¢) of orthogonal
transformation determined by

%V(t) =LV(1), V(0)=1, (5.6.20)

so that v(¢) =V (¢)v is a solution of (5.6.18).
We based the following on the fact that %exp(tL) = Lexp(tL) , where

2 3
expL=E+L+—+—+..=lim oc(E+£)m,
21 3! " m

with £ the unit matrix, and det(expL)=-exp(trtL). Since trL =0, we have
det(exp L) =1. Also we have exp(—tox) =T(¢), with T(¢) the right translation by ¢

[T@) f1(x) = f(x—1),
and exp(zox)=T'(¢) , with

T')=T(-1)= f(x+1),
the left translation by ¢ .
The method is based on the decomposition of the phase-space (y,,y,) into a pair of
complementary subspaces. This induces a decomposition of each initial datum into a
forward-propagating part and a backward-propagating part.

In the homogeneous case (y=§—“=0), the equation (5.6.3) is reduced to
c

VY, — V.. =0 and the solution is expressed as a sum of two waves f(x—¢) and f(x+7)

that propagate independently. In the heterogeneous case both pulses are coupled by
vy # 0 considered as a perturbation.

So, we take

V(t)=cRW@)RE™", V(t)=exp(tl), (5.6.21)
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L=¢R'LRE™,
. (—ou -
i=| " T,
Y Ou
i
R= : . (5.6.22)
I
V2
It results
I7(t) =R&'V(t)eR™, L=Ré'LR™. (5.6.23)

We see that L can be written as a sum of two operators to separate the contribution
of the coupling term y # 0

.. - —-ou 0 0 —y
L=L,+T, L, = , I'= . (5.6.24)
0 Ou y O
In the homogeneous case we have I'=0 and
Vi) =U0@), U@)= re o (5.6.25)
T Lo T0) o

where T'(¢) is right translation by ¢
[T f1s) = f(s=1), (5.6.26)
and T'(¢) = T(—t) is left translation by ¢ .
The initial conditions (5.6.14) can be written under the form
y(,0) =), y,(,0)=y(u) . (5.6.27)
For I' =0 the solution of y, —y, =0 is written as D’ Alembert formula

u+t

Y(u,t) = %[(p(u +O+Qu—1)]+— j y(z)dz . (5.6.28)

u—t

Our aim is to obtain a similar formula for the inhomogeneous case I' # 0. For this
we use the well-known perturbation formula (Kato)

Vi)y=U()+ jﬁ(r — [V (s)ds. (5.6.29)
0
From this we can obtain an infinite series for ¥ () by an iteration scheme

I;(nﬂ) (t) — U(t) + ]U(t — S)F 17(") (S)dS )
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VO =U(®). (5.6.30)

We take into account that ¥ (¢)=exp(tL) maps forward-going data into forward-

going data and backward-going data.
So, we write

7 () = I;FF(Z) I}FB(t)
V(t)_(ﬁgp(t) VBB(t)]' (5.6.31)

Here, VFF maps forward-going data into forward-going data, VFB maps forward-
going data into backward-going data, VBF maps backward-going data into forward-
going data and VBB maps backward-going data into backward-going data.

From (5.6.25) and (5.6.30) we obtain for VFF

th

V.. ()=T()- j j T(t—t, WT'(t, - t,)yT (8, )dtdt, +... . (5.6.32)

The first term in (5.6.32) is simply translating a forward-going datum into a forward
direction. The integrant T(¢—1#,)yT'(t, —t,)yT(¢,) translates a forward-going datum in

the forward direction from time zero to time ¢, when it is reflected. On reflection it is
multiplied by the local reflection coefficient v, then translated backwards from time ¢,
to time #,, when it is reflected again, multiplied by y and translated forwards from time
¢, to time ¢. So, the second term represents the contribution to the forward-going

disturbance from all possible double reflections. The following terms consider third
reflections and so on.
Knowing this, it is easy to write

VFB ®= ] T’(t_tl WT(#)ds, -

. (5.6.33)
—[[] T e, 0T, — )T (5 )drdrdt + ..,
000
Vor (6) == [ Tt =1, yT()dr, -
. ! (5.6.34)
—[[] TC=t)vT' @&, 0T, =t W T'(1)dr drydt + ..,
000
Voo (t)=T'(t) - j .[T'(t—tl)yT(tl —t,)T'(t,)dtdt, + ... . (5.6.35)
00

Now, from (5.6.31) and (5.6.32)—(5.6.35) we have
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V() V,(t
V(t):( (@ Vi )J, (5.6.36)
V@) V(1)
with

V(6= f WV () + Vg () + Vg () + Vo ()]

-

Vlz (t) = %\/E[VBB (t) - VFF (t) + VFB (t) VBF (t)]

-

V(1) =%ﬁ[VBB<r>—VFF (O)+ Vo (0~ V iy (D], (5.637)

&l

sz(t) = %\/Z[VFF(I)-’- VBB(t) - VFB(t)_ VBF (t)]%

Taking account of the initial data (5.6.27) we have

1
Y (u,t)=— VC(”)[VBB(t) Ve (@) + Ve (8) = Vi (O] ——=—=0'(u) +
Vetw) (5.6.38)

1
+E\/C(”)[VBB O+ Ve (O) =V () = Vig (t)]m\l’(u)a
and

y(u,t) =) +— \/C(” J. Vs ) =V () + Vg (8) = Vg ()] ——=—=¢'(w)dt, +
V (“) (5.6.39)

+= \/c(u j Vs () + Vi ()= Ve (1) Vg (0] mw(u)dr
When ¢'(u) =0, (5.6.39) becomes
(1) = @(u)% [ (7))~ Tl (e, +§ [ [T+ T@)y@yd,.  (5.6.40)

After integration by parts we obtain D’ Alembert formula.



Chapter 6

THE COUPLED PENDULUM

6.1 Scope of the chapter

In the first four sections, the inverse scattering transform is applied to solve the
nonlinear equations that govern the motion of two pendulums coupled by an elastic
spring. The theta-function representation of the solutions is describable as a linear
superposition of Jacobi elliptic functions (cnoidal vibrations) and additional terms,
which include nonlinear interactions among the vibrations. Comparisons between the
cnoidal and LEM solutions are performed. Finally, an interesting phenomenon is put
into evidence with consequences for dynamics of the coupled pendula.

The reason why a pendulum is chosen is that its dynamics is rich and complex and
its equations are strongly related to the Weierstrass equation with a polynomial of
higher order, that admits an analytical solution represented by a sum of a linear and a
nonlinear superposition of cnoidal vibrations.

The modal interactions and the modal trading of energy were studied in the early
1950s by Fermi, Pasta and Ulam. In the section 6.5 we present the results of Davies and
Moon concerning the modal interaction, characterized by highly localized waves, in an
experimental structure. These waves are similar to Toda solitons. The extension of the
Toda interacting equation is given by Toda—Yoneyama equation, which is presented in
the last section.

This chapter is refers to the works by Donescu (2000, 2003), Munteanu and
Donescu (2002), Davies and Moon (2001) and Yoneyama (1986).

6.2 Motion equations. Problem E1

Figure 6.2.1 shows a coupled pendulum consisting of two straight rods O,Q,, 0,0,
of masses M,, M,, lengths O,0, = 0,0, =a, and mass centers C,,C, with O,C, =1,
0,C, =1, and O,0, =I. The rods are linked together by an elastic spring Q,0,, O, €
0,C,, O, € O,C, characterized by an elastic constant k . The elastic force in the spring
is given by k| 0,0, — 0,0, | . The kinetic energy T of the system is

T :%(1163 +1,63), (6.2.1)
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where 0, and 6, are the displacement angles in rapport to the verticals, /; is the mass
moment of inertia of 0,0, with respect to C, and I, is the mass moment of inertia of

0,0, with respect to C,. The elastic potential is written as (Teodorescu)

U=g(M, cos8 +M,l cosb,) _2(0102 -00,), (6.2.2)
where
0,0; =[0,0, +a(sin®, —sin0,)]* +a’(cosO, —cos0,)’ = 623)
= 0,0} +2a0,0, (sin B, —sin 0, ) +2a>[1 —cos(6, —6,)]. o
The generalized force is
O=F % = lécos ot(—sin6,i+cos 0, j)(—/, sin0,i+/ cosB,j),
1 1
where i, j are unit normal vectors and
O, = Acosowt . (6.2.4)
From Lagrange equations, where L =T +U
dfoL) oL
—=0,
dr 89 66]
(6.2.5)
dfoL ) oL _ 0
dr\ oo, ) @,
we derive the motion equations of the pendulum
= . k 0 2
1,6, + M gl sin 9, +Ea—(0102 -0,0,) = Acoswt,
(6.2.6)

1,0, + M,gl, sin0, +2 (00 -00,)" =

with g the gravitational acceleration. Equations (6.2.6) are coupled and nonlinear.
Substitution (6.2.3) into (6.2.6) gives

1.8, + M, gl, sin 6, — kH[~al cos®, —a” sin(, —0,)] = Acos o, 62.7)
L8, + M,gl, sin®, — kH[al cos8, +a’ sin(8, —6,)] = 0, o
where
H(0,.0,) =~ (0.0,) (6.2.8)
¥(6,,6,)

¥(6,,0,) =00, =[I* +2al(sin0, —sin0,) +2a’(1-cos(0, —0,)]"*.  (6.2.9)
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Figure 6.2.1 The coupled pendulum.

T=tm, =t /Mi , (6.2.10)
1

Mlzgllzw MlMZng:BW P =
Lk ’ Lk ’
AM,

g =3, =a, L_g,
! Kl I, 1,

Defining the dimensionless variable

and notations

6.2.11)

equations (6.2.7) are reduced to the dimensionless equations

{9} +wsin, +7(0,,0;)ofcos, +Esin(d, ~6,)] =Beosdr, )

éz +PBwsin6, —vy(6,,6,)a[cos O, +Esin(B, —6,)] =0,
_ M . o
where @ = ~ and the dot means the differentiation with respect to t, and
Y(elaez) =0 -1 s

®(0,,0,) =1+2&(sin0, —sin0,) +2&*(1-cos (0, —0,)) . (6.2.13)
The parameters M, and / are supposed to be specified, whereas m, &, k and o

are considered the control variable parameters, where

Zlam. (6.2.14)

The imposed initial conditions are

0,(0)=6;, 6,(0)=03, 6,(0)=6,, 6,(0)=6),.  (6.2.15)

>

Noting
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0=z, 0,=z,, 0,=z, 0,=z,

. T (6.2.16)
COSMT =z, —MOSINMOT =z,
the equations (6.2.12) become
Z, =z,
zZ, =z, (6.2.17)
z, =—wsinz, —y(z,,z,)a[cos z, + Esin(z, — z,)] + Oz,
z, =—Pwsinz, +y(z,,z,)0q[cos z, + &sin(z, — z,)],
Zy = Zg,
Zg= —6)225,
with initial conditions (6.2.15)
20 =2 50)=2, 20)=2, 2,0)==, 6218

z,(0)=1 z,(0)=0.

. T . . . .
Consider now the case |z, [< 3 and let us approximate the trigonometric functions

by series expansions (Abramowitz and Stegun)

3 5
sinz:z—z—'+z—’+8(z), | e(z) <210,
3 oS! (6.2.19)
z z 4
=1-—g <9.
cosz=1 2!+4!+8(Z), le(z)|£9-107".

Substitution of (6.2.19) into (6.2.17) yields to a system of equations we refer to as
the problem E1

Z =1y,

Zy, =2z,,

Z:3 = _WP(ZI)_O(?I(Z]’ZZ)’Y(Z]7Zz)+825’ (6.2.20)
z, =—PwP(z,)+00,(z,2,)¥(z,,2,),

Zy = zZg,

Zg= —(7)225,

with

P(z)=z+az’ +bz°, O,(z,,2,) = R(2)+R,(2,,2,),
0,(z,,2,) =R (z,)+R,(z,,2,), R(z)=1+¢ +dz*,

y(z],zz):—l+f’”z(zl,zz),
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R, (Zl 722) = _EJZI + E)Zz + 5&; _3‘7&2;21 +
+3GEz,2° —GEZ) +bEz) —5hEZdz, +
+10bE23 22 —10bEZ2 2] + 5bEz, 2! — bz,

f(zy,2,) =128z +2¢&z, +45‘§221 2y _2‘:&2212 -
238222 —2aEZ) + 242 —2dE Z) —2dEPz) +8dEP iz, — (6.2.21)
—12d&%z2 22 +8dE%z, 2} + 2bEZ] —2bEz],

6.3 Problem E2

A way for analyzing a system of equations by following LEM procedure given in
section 1.6 is to simplify the exact system of equations (6.2.20) by assuming

(0,,0,) =—&(sin0, —sin0,) — &> (1-cos(0, —0,), (6.3.1)
under conditions
| 2&(sin 0, —sin,) +2&*(1—cos(0, —0,) |< 1. (6.3.2)

Substitution of the function y(6,,6,) given by (6.3.1) into (6.2.17) yields

z, =z,
zZ, =2z,,
z, =—wsinz, +a&’ cosz, + a&’ sin(z, — z,) + 0 cos z, sin z, —
—a&cosz, sinz, +a&’sin z, sin(z, —z,) —
—a&’ sin z, sin(z, — z,) — &’ cos z, cos(z, — z,) —

—a&’sin(z, —z,)cos(z, — z,) + 8z;,

z, =—PBwsinz, —a&’ cosz, — G&’ sin(z, —z,) — 6 cos z, sin z, —

+a&sin z, cos z, — A& sin z, sin(z, — z,) +

+.&7 sin z, sin(z, —z,) + 6&” cos z, cos(z, —z,) + (6.3.3)
+6.&’ sin(z, — z,) cos(z, — z,),

Zy =z,

Z, =0z,

It is important to write the system of equations (6.3.3) under the form

z,=4,z,+g,(2), np=1..6, (6.3.4)

with
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g,(z2)=8B,sinz, +C, cosz, +
+D,,sin(z, -z, )+E, cosz, sinz, +
) i (6.3.5)
+F,,, sinz sin(z, -z,)+G,, cosz, cos(z, —z,)+
+H,,sin(z, -z, )cos(z, —z,).
In the above expressions (n, p,q,r =1,2,3,4), and the summation convection is
used over these indices. The nonzero constants of (6.2.5) are given by

A;=1 4,=],

()
A35:8’ A56:1> A65:——2,
!

B, =-w, B, =-Bw, (6.3.6)
G, = aéz, Cp = _&éza
Dy, = Outas, D, = _6@3,

Ey, =-ag, E,, =-ag,
E, =-0&, E, =4g,
321 = ag’, Fypy = —ag’,
421 = _&§2 s Fip = &“&2’
Gy = _aéza Gy = &iza
Hy,, :_0@3’ Hy, :&“23'

SR

Inserting (6.2.19) into (6.3.5) and neglecting the terms up to the sixth order, we have

8(2)=0,
gZ(Z) = 07

g, (2)=(—a&-w)z, + 0z, — al’(E- 1)212 —2a&*(1- €)z,z, —
—0&’(E—1)z5 — (0&d + 0EE + wid —af’8)z; —a&d(38” 1)zl z, +
+3a8’cz, 22 —ak(E°C - a)z; —a&’ (c? +& =2a)z -

a2 (a—4d -28%)z)z, — & (6d + & —64)z 23—

&> (5a—4d)z, 23 —a&’(d —24d)zt — (bw—0&ac —a&’d)z’ —

—a&(58%a6 +58°d —d)z'z, +100E (d + )22z -

—0E(10E2d +108°G¢ — ac)z 23 + 508> (d + ac)z, 22 - (6.3.7)
—af(E2d +E%aé—b)z3,
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g,(2) = 8Ez, +(-GE —Pw)z, —GE (1—&)z> —2GE (¢ —1)z, 2, —
—8EX(1-8)22 —aE(E2 e —a)z) +3068 22z, +
+AEC(E? —1)z, 22 — (GEG + GEC — acE’ +Pwa)z: —6E>(2a—d)z! —
—GE*(4d - 5a)z)z, — Q& (64— 6d —¢ Nzlz) -
—GEY(=5a+4d +23%)z, 23 + GEX(d + )zt — GE(-b + E2d + E2ad)z +
+5GE% (b +ad)z'z, —GE(10dE? +10a68> —ac)z2z) +
+1068(d + ac)ziz3 — 5683 (d + ac)z, zo + Ppwhz?,

g5(2)=0, g,(2)=0.

Using (6.2.7), the system of equations (6.2.4) yields to a simplified system of
Bolotin type (Bolotin), we refer to as the problem E2

4
t=Az+) F(2), (6.3.8)
i=1
where
6
Az = Zanpzp,
p=1
E(z)= z bnpquzq’
Pyq=1
6
F(z)= z CopgrZpZqZrs (6.3.9)
p.q.r=1

6

F3 (Z) = Z dnpq; Z Zl s

Psq.r,l=1

)

e

6

E(Z): Z npq)lm p Z >
7l

P9

with n=1,2,3,...,6 . The matrix 4= a,,is

0 0 1 0 0 O
0 0 01 0 0
e —a?—w Noc& 00 &6 O (63.10)
ag -aE—pBw 0 0 O O
0 0 00 0 1
| 0 0 0 0 -& 0]

The constants of (6.3.9) are defined as follows
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a=-0.16605, b=0.00761, ¢=-0.49670, d =0.03705,
Cyyyy = —0bd— bl +at’c—wa,

Cappy = —OEEBE> =1), ¢y, =30E°C, ¢y = —aE(EXE— )
dy,,y = —0EX(d +E =24), dy,,,, = -0k’ (G—4d -23%),
dy 1y = —0E*(6d +E —6d), dyy,, =—0aE’(5d—4d),
Ay, =—0E>(d =24), d,),,, =—0E>(2d—-d),

d,,, =—0E>(4d —54), d,,,, = —GE* (64 —6d — &%),
iy = —OE(<5a +4d +28%) , d pyyy = GEX(d +7),
ey = —bw+allaé+at’d
i1 = 100EGC+d), ey, =108 (aé+d),
€11 = —OE(10E2GE +10E%d — GE) , €31y, = 508> (GG +d) ,
Cypry = —QE(E2AC+E2d — D),

€ = (’VE;(&Z ac+ §2d~ _5) > €y = _BWI;-

6.4 LEM solutions of the system E2

In this section we derive the LEM solutions of the system E2 (Toma, Munteanu et
al. 2002b). For this, we apply to equations of the system E2 an exponential transform
depending on four parameters of the form (1.6.2)

v(1,6,,6,,0;,6,) =exp(0,z, + 0,2, +6,2,+6,2,), 6, €R,  (6.4.1)

that yields a linear first order partial differential equation

43 o < o’
_:Z(charm + Z O, ﬂpq P Z Culpgr A A A T
i 06, paa 80 8(5 pael 0c 00,00,

(6.4.2)

Z“: i o'y 24: v
+ o _ 4 G e >
nnparl 5 6(5 96,00, = npgrim 80p8(5 qaﬁraﬁ laﬁm)

P.q,r,l=1 P.q,r,l,m=1
with initial conditions

V(0,01,02,63,G4) =exp(0,z] +0,2% +6,25 +6,2,) , (6.4.3a)
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and bounding condition at infinity

|v(t,0,,0,,065,0,)I<v, as t—>w, (6.4.3b)

where v, =sup{|v(t,0)|: =0, ceR}.
An important step in solving the equation (6.4.2) is the observation that a series of

the form Z(ut)'” " verifies the equation. By looking on the explicit form of this

particular solutlon we can derive, without any information and in a purely deductive

way, other series of the form Z (u)" (ut)"o™c" , which verity the equation. So, there

m,n=0
must be a family of series that can be taken into consideration. In fact, this observation
yields to a solution of (6.4.2) and (6.4.3) under the form

v—1+z ) A'G"+Z 3 4 A’G °’

k=1 i,j=1
Kzl

.S ZAAA’GGG (6.4.4)

kJ,m=1 1i,j,r=1 l']'r'
k#l#m

+ z S 4’44, A’GGGG

kJ,m,n=1 1i,jrs=1 l']'r's'
k#l#m#n

where A4,(¢), n=1,2,3,4, are defined as

A, =D )" 4, @, (ut,m) + (D) B, (M, (ne,m)}. (6.4.5)

knm=0

Indices take integers values k£ =0,1,2..., n=0,1,2,.... In (6.4.5) the functions
@, (ur,m) and v, (ut,m) and p=p(n) are defined as

O (pm= D WA M),y = Y, ()" B (), (6.4.6)

m=k+1 m=k+1
4
p=>yak,, (6.4.7)
j=1

4
with Zaj =n+l, a,20, j=1,2,3,4. In (64.7) p,,j=1,2,3,4, are the roots
1=1

M=p, A==p, M=p,, A,=-p,, (6.4.8)
of the characteristic equation
A+ pr7+A)=0, (6.4.9)

with
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p=aE+oaf+Pw+w, A=affw+acw+wp. (6.4.10)
The unknowns 4, and B, depend on 1 in the following way

4, =C,(m)B,(M), B,,(n)=C,(M)C, (). (6.4.11)

The constants C, (n) verify the recurrence relation

\/kz +n2

C.(n)= K2k D C..(m, (6.4.12)
with
G )= w , (6.4.13)
where I' is the Gamma function, and
QALhauIr. o T LS (6.4.14)

r'Q) o (2+n)

Constants A, B are related between themselves by

B\ (n) = mAA4 (n), (6.4.15)
where 4" () is defined by
AR =1, 4% =
! k41 (6.4.16)

(m+k)(m—k—1)A% =2mA® — 4%, m>k+2.

We mention that B, (n) and C,(n) depend on the initial constants and on the

constants a,b,c,d,e of (3.1.1). Substituting B* (n) given by (6.4.15) into (6.3.6), , we
obtain

v = D ()" B (). (6.4.17)

m=k+1

We point out that y(uz,m) can be calculated from ®@(pz,m) by formulae

d .
y(us,m) = uaq)(ut,n) =pd(us,m) . (6.4.18)
Denoting
F(ut,)=Co(m) ()@, (ur,m) (6.4.19)
we obtain for (6.4.5)
A4,0) = D 4B (WF, (u,m) + C, (W E, (ut,m)} . (6.4.20)

n,k=0
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It is easy to observe that
F,(nt,0) =sinpt, FO (ut,0) =cos . (6.4.21)

Now, return to (6.4.4), and after a little manipulation, we have
i j k /
v=(1+> 4 i:)(l +> 4 cs—.2')(1 +3 4k %)(1 >4 %) . (6.4.22)
i L J J: 3 ! 7 !
and

v(x,0,,6,,65,6,) =exp(c,4, + 6,4, + 0,4, +0,4,) . (6.4.23)

Finally, the solution of (6.3.8) results from (6.4.27)

z,()=A4,(0) = D (B, (WF (u,n)+C, (VF; (nt,n)} . (6.4.24)
k,n=0

We refer to (6.4.24) as the LEM representations of the solutions of problem E2.
These solutions are bounded at ¢ —>oo. We name the functions F,(ut,n) the
incomplete Coulomb functions of vibration, or Coulomb functions of vibrations, since
they are similar to Coulomb wave functions (Abramowitz and Stegun). So, the LEM
solutions are describable as a linear superposition of Coulomb vibrations (Donescu
2003). The first terms in (6.4.24) represent the linear part of the solutions of the

problem E2 (n=1,2, k =0,1)

z, = Gy, cos pit + By, sin p,t + C,, cos p,t + By, sin p,t,

z, = C,, cos pit + B, sin p;t +C,, cos p,t + B, sin p,t, (6.4.25)

where the constants are definedas n=0 (n=12, £=0,1,...,9),

o 0 o
c Z, =V,Z C - -z, V7,
10 H 11— >
D, D,
0 P> o P> 0o P o D1
z; == N, -z, —= —z; — N, +z; —
B = a3 a3 a3 a3
10 D > Dy D >
2 2

Cy=Cyv », G =Cv,, Byy=Byv, , By =B,v,,

2 2 N.—N.
D1=p2 )4 ) D2=p1p2( 22 1)’

a32a13 al}

2 2 2
1 p 1 p a p a
_ 1 _ 2 _ Gy | 41
W= (——=ay), v, = (-——-ay), N, = (—+ay)——
a3 13 ;A by dg D
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0,_0 P2W2 0 pz 0_0 plpz
4 pz 4 z, (z, b -z 7)_2221 b
N, ZL(—2+a3l)—i ,C, = 412 312 2
Dray 4y D D,
0,0 P o P p1p2
-z, (z, b +wz/ 5 )— b
_ 312 412 422
Cs= D ,
3
W.
—z3(z4 P, +z, A)—i—zng PP
B. - 422 322 312
12
D, ’
0,0 P> P> 00 PPy
z,(z; = —wzg b )+ zyz
B. - 322 42 412
13 — )
D,

Cy =Cyw, Gy =Cywy, By, =B,w, By =B,

D. = b312p§p1 _b422p12p2 D = D0y (by, oW — by oy W)
3 = » Ly =

b322b412 b312b422 ’
3 p 3. p

W= Leby) =Ly,

: b312 b322 e ? b3|2 b322 e

0,020 PaWy w2 P 0_02 03 03
-z, (z, +z, )+8,2,2, =S,z +8,2,

C = C4111C302 Ca111C32
4= )
D
w2 PaWs 2 D 02_0
Zz( -4 ) =842, 2 +SSZI _sezz
C. = G111 Gi11Cam
15 = D B
s
2 PiW, 2 P 0_02
ENEA —Z )+(8,232y = 8,25 +5,24 ),
B = C3202Ca111 32028111
14 = D )
s
02 PaW; 2 P
—z4 (2} +z, V+(=8,20 2] + 5525 =S,z )L,
_ C3022Ca111 C3222Ca111
B =

D, ’

C,, =Cywy, Cys =Cyw,, By, = Bw;, Bys =Bjsw,,
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2 2
D. = 1 GipCunP P = CGinCaunPi Ps
. = .
16 Cy111Dara + Combiny

The following theorem holds:

THEOREM 6.4.1 The system of equations E2

dZ N N N

"=Eaz+2bzz+§czzz+

dt npp npq—p—q npqr—p-—q-r
p=1

Pq=1 pq,r=1

N N
+ Z A2 2,22 z CoprinZpZgZr %1% s N=12,3,.,N,
Poqrsl=1 Psqsrslm=1

with initial conditions

z,(0)=z, z) eR,

n?

admit for £<0.3, bound-stated solutions at t — « , of the form

z,()= D {B,,(F,(u,n)+C,, (F, (nt,n)},

k,n=0
where

F,(nt,n) = C, ("' @, (ue.m)
are Coulomb functions of vibration, and

O (utm)= D, ()" AP M),

m=k+1

R _ p|T(+in)|
C(m= mck—l(n) , Co(m)= BT

>

n
k+1’
(k) (m—k—1)AD = 24® — 4D m> k42,

AL =1 Al -

k+1

6.5 Cnoidal solutions

The aim of this section is to apply the cnoidal method to both problems E1 and E2.
First we analyze a particular case which can reduce the equation of motion to a
Weierstrass equation of the type (1.4.14) that admits an analytical solution represented
by a sum of a linear superposition and a nonlinear superposition of cnoidal vibrations.
We consider the uncoupled case ao=a (1,=1,=1)

(6.5.1)

0, + wsin®, +acos 6, =0,
0, +Bwsin 0, —acosO, =0,
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where

Migh _, MMl o

Ik Ik

M M

4, &:a, s W

I I M,
and initial conditions

6,(0)=6;, 6,(0)=65,6,(0)=6),, 6,(0)=6),. (6.5.2)

Multiplying the first equation by 291 , and the second one by 292 , and integrating
we obtain

67 =2wcosB, —2asin®, +C,, 62 =2uBcosh, +2asin6,+C,,  (6.5.3)
where C,, i=1,2, are integration constants. Approximating the trigonometric functions
by series of five-order, (6.5.3) yields

0’=P®,),i=12, (6.5.4)
where P.(0,) are polynomials of fifth-order in 6,

P(©,)=a, +a,0, +a,0] +a,0; +a,0} +a,0],i=12, (6.5.5)

with

a, =2w+C,, a,=2pw+C,, a, =-2a,

ad, =2a, a, =2wc, a, =2pwc, 65.6)
a,, =-2ad, a, =20d, o

a, = 2wd, a, = 2wdp,
as, = —2ab, as, = 2ab,
where, for sake of simplicity, we take
2w=C, 2w=0C,, a,=-a,=2a=0.
We recognize in (6.5.4) the Weierstrass equations of the form (1.4.14), for n =5
07 = 40 +A4,0° + 4,0’ + 4,0° + 4,6, (6.5.7)
where, by dropping the second index for constants a

1 3 5
AIZEal, A4, =a,, A3:Ea3, A, =2a,, A5=5a5.

The assumed initial conditions for (6.5.7) are

0(0)=6,, 6(0)=0,,. (6.5.8)
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We know that the equation (6.5.7) admits a particular solution expressed as an
elliptic Weierstrass function that is reduced, in this case, to the cnoidal function cn

P(t+8g,,8,)=e,—(e,—e,)en’(\Je, —e,t +3"),
where &' is an arbitrary constant, e¢,e,,e,, are the real roots of the equation
4y’ —g,y—g, =0 with ¢ >e, >e,,and g,,g, are expressed in terms of the constants
A, i=1,2,...,5, and satisfy the condition g; —27g; >0.

The general solution of (6.5.7) is expressed as a linear superposition of cnoidal
vibrations as given by (1.4.13)

n
2 .
elm = Zalcn [(Dlt’ mz] s
=1

where 0<m, <1, and the angular frequencies ®, , amplitudes o, depend on the initial
conditions. The Weierstrass equations admit also solutions expressed as a nonlinear
superposition of cnoidal vibrations. To derive these solutions, we adopt the Krishnan
solution (Krishnan)

)

eim(t) = 1+HS{)(Z‘) s

(6.5.9)

where () is the Weierstrass elliptic function given by (6.5.8), and A, u, are arbitrary
constants. Substituting (6.5.9) into (6.5.7) we obtain four equations in A, p, g, and

8

0 = Apt + A + AN+ AN+ A0 (6.5.10a)
Dp =440 +3400° + 24070+ 407, (6.5.10b)
6\ +%ku2g2 =641 +34 0+ AN, (6.5.10¢)
g, + 20’ g, = Ap+ A\ (6.5.10d)
From (6.5.10a), (6.5.10b) we get
6AN" +5400° +440 W +340°0 +2401 =0. (6.5.11)
Let us consider the special case where (6.5.11) is reducible to
(RA+Spw)* =0, (6.5.12)
A 1/4
=—| = A, 6.5.13
K ( 3 Alj ( )

with
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R=(Q4)", S=(64)"", 4, :gRS3, A, :%R2S2, A, :§R3S. (6.5.14)

We observe that both quantities R and S in (6.5.12) are both real or imaginary. In
the last case this equation leads to i(R'A +S'n)* =0 with R and S’ real quantities.

1 . 1
We calculate 4, = —a, = —a # 0 for the first equation (6.5.5), and 4 =—a, =a =0,
2 2

. . A 5~
for the second equation (6.5.5), with o > 0. In both cases we have —==5>0.
1

p:—(ﬁ] AL (6.5.15)

Using (6.5.13) we have a unique constant A from (6.5.10a) and (6.5.10b)
A =-30034,4,)"". (6.5.16)

Then

The definition of the constant A4, yields

5 ~ 5 ~
A5:Ea5:—50cb, or A5:5a5:5ab.

From (6.5.16) we have for both situations
L =-30(15a56)""%, a’b>0. (6.5.17)
From (6.5.15) and (6.5.16) we obtain

~\1/4
p=30[%) (1502b)2 . (6.5.18)

The unknowns g, and g, are computable from (6.5.10c) and (6.5.10d). It results that

A, U, g, and g, are always real. The expression (6.5.9) becomes

Me, —(e, — ¢, )an (\/ e —el)]
s (6.5.19)
1+ple, — (e, - e3)cn2 (\/ e —et)]

where A and p are given by (6.5.17) and (6.5.18).
A general form for nonlinear part of the solution of (6.5.7) can be written as

ZBkcnz [@,;m, ]
0, (x,1) = —=° . (6.5.20)

n

1+ hen’[o,t;m, ]
k=0
So, we can conclude that the solution of the equation (6.4.7) and the arbitrary initial
conditions (6.4.8) consist of a linear superposition of cnoidal vibrations and a nonlinear
interaction between them.

ermnlin (t) =
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'
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Figure 6.5.1 Solutions z, and z, calculated by cnoidal and LEM methods.

Next, we show that the cnoidal method is suitable for solving the system of
equations E1. Suppose the representations of solutions z, (), k£ =1,2,3,4, of the form

z,(t) = 2—log®(k)(nl,n2,...,nn), (6.5.21)
where the ® function is defined by

0 (M,\My,-M,) =

M

exp(Q_iM ', + ZM“)BV‘)M;“), (6.5.22)

—00 Jj=1 1/ =1

with
n,=-0t+B,, 1<j<n. (6.5.23)
Here, k; are the wave numbers, o, are the frequencies, B, are the phases, and n

the number of degrees of freedom for a particular solution.

The following result holds:
THEOREM 6.5.1 The bound-state solutions z,(t), k=1,2,3,4, of the system El
given by (6.2.20), (6.2.21) can be written as
z,(t) =z, () +z,/ (), n=[nn,..n, ], (6.5.24)

where z\\) represents a linear superposition of cnoidal vibrations

k C 2 .
Zl(m) 22 C(‘I(k)cn [wl(k)t’ ml(k)] s (6525)

1=0
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k . . . . . .
and z) represents a nonlinear interaction among the cnoidal vibrations

int

Z Bz(k>°n2 (68511 ]
zp (x,0) = —=2 : (6.5.26)

int n

2 .
1+ Zk,(k)cn [(ol(k)t,m,(k)]
=0

where 0<m<1, o, and o, ,B,,y, are determined from initial conditions (6.2.18).
In the small oscillations case M, =M,, =1, I,=1,=1 (a=a, B=1) the
solutions for m =0 are given by

z, = Cyenpt + Bsnp,t + C cnp,t + B, snp,t,

z, = Cyyenpyt + B,ysnpt + C, .cnp,t + B, snp,t.

The equivalence between LEM and cnoidal solutions for the problem E2 (£ <0.3)

is shown by numerical treatment of differential equations (Collatz, Halanay, Scalerandi
etal.).

Z)

BN =

1
L=}

0 5 10 15 20 25

Figure 6.5.2 The transient solutions z, and z, of the pendulum.



THE COUPLED PENDULUM 191

100 103 110 115 120 125

3+ Za -
2 .
1 A
o} i
1k J
2t .
-3 . . , . .

100 105 110 115 120 125

Figure 6.5.3 Stabilized solutions z, and z, of the pendulum.

Consider an example g=10m/s’, [ =1, =%, M, =10kg, for which &=0.25,
m=1.5, k=70. In Figure 6.5.1 are represented these solutions. As a result the
solutions calculated by LEM and cnoidal methods coincide in a proportion of 97.7%.
No visible differences are observed.

Figure 6.5.2 displays the transient evolution of solutions z,(¢) and z,(t) for m=1,

£=0.9, k=1.6x10", and the initial conditions z =z, =-0.8, z, =z, =0.02,
calculated by the cnoidal method. Figure 6.5.3 shows the stabilized solutions z,(¢) and
z,(¢) for t>100.

6.6 Modal interaction in periodic structures

Davies and Moon have studied in 2001 an experimental structure consisting of nine
harmonic oscillators coupled through buckling sensitive elastica. The structure was
modeled by a modified Toda lattice, and analytical results confirm the soliton-like
nature of waves observed in the structural motions. These systems exhibit complex
nonlinear wave propagation including solitons. The modal interactions and the modal
trading of energy were studied in the early 1950s by Fermi, Pasta and Ulam. Elastic
models of crystal lattices are developed by Born and Huang, Teodosiu. The Toda
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analytic solutions for a lattice with exponential interactions take the form of both
periodic traveling and solitons (Toda).

Consider the lattice model shown in Figure 6.6.1. This model is used by Davies and
Moon for modeling the experimental structure, for N =9. In the figure the masses are

m , all the spring constants are & , and all the damping coefficients are c.

X Ay XNt Xy
-] — — | — —
=~ —~ Pt o
+—a 3 . s )
?‘ l: e )—"\.'\;— T ‘I\ S
I =k = ==
T e e i e - . W e . T ¥

Figure 6.6.1 Nonlinear lattice model.

The equations of motion of the lattice model shown in Figure 6.6.1 are

_x./')_F(xj _xj—l)]a (6.6.1)

N Con. . . k 1
X = _;(3)?/ X _xj—l)_;xj +;[F(xj+]

with j=1,2,...,N, and boundary conditions of zero displacement of the fixed end and
zero force on the free end

X =0, xy,, =x,, (6.6.2)

where m is the block mass, k£ is the cantilevered beam stiffness, ¢ the damping
coefficient, F' represents the nonlinear force-displacement relationship for the buckling
elements, and N the number of masses. The damping term 3x; in the motion equation

comes about because the dampers between masses and the ones attached between the
masses and ground are taken to have identical coefficients. The expression for the force-
displacement behavior of the buckling elements is the same as that used by Toda to
model the interaction forces in an atomic lattice (Toda and Wadati, Toda)

F(x,.,—x,) =%[exp(b(xj+l —x,)-11, (6.6.3)

where v is the element’s linearised stiffness, and b determines the strength of the
nonlinearity. For the atoms interaction in a lattice of a solid the Morse interaction force
is valid in quantum mechanics of an electron motion, o being a constant

F(x

1= %)) = F[exp(-201(x,,, — ¥,)) ~ 2exp(-a(¥,., = x))].

j+l

Morse force of interaction governs precisely the nearest-neighbor interaction in an
anharmonic lattice of the atoms in a diatomic molecule of solids in a continuum limit.
But, no exact solutions are found for elasticity problems governed by Morse force. For
Toda interaction force there are some exact explicit solutions for the model. With & and
¢ set to zero, equations (6.6.1) and (6.6.3) reduce to a Toda lattice, and the functional
form of the nonlinear soliton solution is given by
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Xj =X =

(6.6.4)

Substitution of (6.6.4) into (6.6.1) and (6.6.3) with £ and ¢ set to zero, shows that it
solves these equations if we have

B=.,— smh k. (6.6.5)

If y>0 and b<0, x,,,(1)—x,(t) <0 for all values of j and . This corresponds

to the compressive atomic lattice waves studied by Toda. If y>0 and b >0, then
x;,(t)—x;(#) >0, we have the tensile waves, which propagate to the speed ¢ :Bf,

where a is the distance between masses. The speed of this soliton is dependent upon
the amplitude.

For the case of small displacement and zero damping, (6.6.1) and (6.6.3) reduce to
the linear conservative system defined by

X; +£x +— (x/+1 2x;4x,,)=0, j=12,.,N. (6.6.6)
m m

Substituting a  periodic  traveling wave solution of the form
x; (1) = Aexpli(kaj — wt)], into (6.6.6) we obtain the dispersion relation

o== f4—ysin2(k—a)+£ , (6.6.7)
m 2" m

where ® is the wave frequency, & is the wave number and a is the spacing between
adjacent masses. From (6.6.7) we see that the system allows only in the Brillouin zone
of frequencies to propagate without attenuation. The equation (6.6.6) has the solution

(k Djm

, j=L2,.,N, (6.6.8)
+1

X, (1) = ZA (f)sin——==
where 4, are time-dependent coefficients. The energy of the k- mode of vibration is
(Davies and Moon)

2N +1

E ==

mo ok . (Qk=Dn
m v 2K oysin? 20T 6.6.9
(2 A AsI . ) (6.6.9)

If initial conditions are small the nonlinear model (6.6.1) will have approximately
linear behavior, and the modal energies given by (6.6.9) will be nearly constant in time.
For large initial conditions, the nonlinearities may lead to complex modal interactions
(Duncan et al.).

The experimental results of Davies and Moon in studying a periodically reinforced
structure with strong buckling nonlinearity, have shown that the modal interaction is
characterized by highly localized waves. These waves were shown to be similar to Toda
solitons.
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Let us analyze the modal interaction by using the Toda interacting equations. We
know that the N-soliton solution of a nonlinear equation can be regarded as a system of
N-interacting solitons, each of which becomes a single soliton as t — too. When we
have N single solitons initially apart in space they interact with each other and become
apart without exchanging their identities.

To study the interaction modal solitons, we consider (6.6.1) and (6.6.3) under the
form of the original Toda equation

Arm _ T
d-— Vo Vin+)+V(n-1)-2V(n), (6.6.10)
or
& In[l+V (n)]-AV =0, (6.6.11)
AV (n)=V(n+1)+V(n-1)-2V(n). (6.6.12)

Here, the operator dis d =0/0¢ and n=—x,...,—2,-1,0,1,2,...,0.
Yoneyama proposes the following form of interacting Toda equations, which
represent a natural extension of the Toda equation (6.6.10)

dw: Vin+)+V,(n-1)-2V.(n), i=12,.,N, (6.6.13)
1+V(n)
with the total wave V' (n) is
N
V(n)y=>V(n). (6.6.14)
i-1

The equation (6.6.13) is the Toda—Yoneyama equation. In the following we present
the explicit form of the solution V;(n) given by Yoneyama. We see that summing up

(6.6.13) and using (6.6.14) we obtain (6.6.10). The solution ¥'(n) has the form
Viny=d’Inf . (6.6.15)
The function f is given by

S, Y050 Yy) =detll + B(n+1)], (6.6.16)

where [ and B are N x N matrices
1
Iy, =38, Bk,(n)=7¢k(n)¢,(n), o,(n)=C expy,(n), v,(n) =Bt —a,n, (6.6.17)
T 4k4l

with arbitrary real constants oo and C, 1<k, /<N, i=12,.,N,and

_[_
z, —z

2

i

z =xexp(-a,), B, =

Let us introduce N -independent time variables ¢,, i =1,2,..., N, and define as
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®,(n)=C, expT,(n), T,(n)=PBt, —on, (6.6.18)
FT,,T,,..,I'y)=A,)det[{+B(n+1)], (6.6.19)
where B isa N x N matrix with elements
B,d(n):;cbk(n)d)l(n), 1<k,I<N, (6.6.20)
1-zz
AT) = exp[Y o, ()T, +B(m)], (6.6.21)
i=1

with arbitrary functions o, (#) and ((n). Introduce the operators

4, F(T,,Ty0e ) = (@/06)F (T, Ty e D) | - (6.6.22)
The solution of (6.6.13) is given by (6.6.15), where V(n) is
Viny=d>.d InF=> d> d InF. (6.6.23)
k k k

N ~ ~ ~
Here df :deF and dd, :dide . Substituting (6.6.23) into (6.6.12) we have
k=1 k=1

>dG=0,G=>d m[1+(>d)F]-A’Y.d, InF. (6.6.24)
i k 1 m

This equation is satisfied if G is a constant and if &iG =0 for each i. So, we must

have
4,y d, 1+ d)F1=dA’> d, InF, (6.6.25)

k ! m
or
dInF .
g F) s 4d Y (6.6.26)
1+V(n)

Therefore, the solution of (6.6.13) is
N . N
V(n)=d) d,InF=)V(n). (6.6.27)
i=1 i=1

The explicit form of V,(n)is obtained by defining a symmetric NxN matrix
y(n,m) and three diagonal N x N matrices B,A and Z of elements

\Pij (n,m) = ‘Pji (n,m) = %[d)z (n)d)/ (m)+ (I)i (m)d)j (n)], (6.6.28)

zl._1+z
[31], :6?[3‘/. . 7\,,.1. =93\, ij =6ijzj s A =

/AR

L, (6.6.29)
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Also define the N-component column vector ¢(n) of elements ¢,(n) = C, expy,(n) .

In these conditions, the identities hold
dB(n+1)=BB(n+1)+B(n+DP, dB(n+1)=¥(n,n+1).
Also, we have
Y(n,n+1) = d(n)o" (n+1),
where the transpose of ¢(n) is ¢' (n) = (¢,(n),d,(n),...,d, (1)) , and
tr[P(n+1)¥ (n,n+1)P(n+1)] = tr[ P(n + 1)d(n)d” (n+1)P(n+1)],

I
I+B(n)’

P(n)=

THEOREM 6.6.1 (Yoneyama) The explicit form of V,(n) is given by

V,(n)=dd, InF = 2B,[P(n+1)dB(n+1)P(n+1)], =
=2B,[P(n+1)§(m¢" (n+1P(n+D], =

= 2[BP(n+1)d(md" (n+1)P" (n+1)], =2B,B(n+ D, (m P (n+1)¢,(n+1).

Proof. From (6.6.33) and taking account that for any matrix 4,
d4™"' =-4"'(d4)4™",

it results

—dIndet P(n+1)=tr{dIn[/+ B(n+1)]} = tr[ﬁdB(n+l)].
+ B(n+

From (6.6.30) and (6.6.33) it results
[t dB(a+ 1] =23 p, 20D

The equations (6.6.15), (6.6.16), (6.6.33), (6.6.36) and (6.6.30) give

V(n)= dZ2B [1- P(n+1)]mm—2ZBm P (n+ 1), (m),(n+1PB, (n+1).

From (6.6.38) we obtain
V(n)=2tr[BP(n+Dd(n)¢" (n+1)P" (n+1)]=

= 22 B,P(n+1)d (n)P(n+1),(n+1).

Finally, (6.6.40), (6.6. 20) and (6.6.22) yield
d,B,(n+1)=p,(, +95,)B,(n+1), &,. Indet P(n+1)=2B,[/ - P(n+1)],.

Zﬁm[l P(n+1)],, .

(6.6.30)

(6.6.31)

(6.6.32)

(6.6.33)

(6.6.34)

(6.6.35)

(6.6.36)

(6.6.37)

(6.6.38)

(6.6.39)

(6.6.40)



Chapter 7

DYNAMICS OF THE LEFT VENTRICLE

7.1 Scope of the chapter

The heart consists of two pumps (the right and the left) connected in a series that
pump blood through the circulatory system. The left ventricle generates the highest
pressures in the heart, about 16 kPa, which is four times the pressure developed by the
right ventricle (Taber). The left ventricle receives the most attention in the literature
because most infarcts occur in this chamber. The left ventricle is a thick-walled body
composed of myocardium between a thin outer membrane (epicardium) and an inner
membrane (endocardium). The dynamics of the left ventricle is the result of the
contractile motion of the muscle cells in the left ventricular wall. Heart muscle is a
mixture of muscle and collagen fibers, coronary vessels, coronary blood and the
interstitial fluid. The fibers wind around the ventricle, and their orientation, relative to
the circumferential direction, changes continuously from about 60° at the endocardium

to —60° at the epicardium.

This anisotropy influences the transmural distribution of wall stress. Huyghe and
his coworkers, Van Campen, Arts and Heethaar, developed a theory of myocardial
deformation and intramyocardial coronary flow. In this theory the tissue is considered
as a two-phase mixture (a solid phase and a fluid phase representing the different
coronary microcirculatory components).

A central problem in modeling the dynamics of the heart is in identifying functional
forms and parameters of the constitutive equations, which describe the material
properties of the resting and active, normal and diseased myocardium. Recent models
capture some important properties including: the nonlinear interactions between the
responses to different loading patterns; the influence of the laminar myofiber sheet
architecture; the effects of transverse stresses developed by the myocytes; and the
relationship between collagen fiber architecture and mechanical properties in healing
scar tissue after myocardial infarction.

We consider in this chapter the cardiac tissue as a mixture of an incompressible solid
and an incompressible fluid. Following studies by Van Campen and his coworkers,
Huyghe, Bovendeerd and Arts, we construct a model in which the constitutive laws are
specified within the broad framework of the intrinsic assumptions of the theory. The
cnoidal method is applied to solve the set of nonlinear dynamic equations of the left
ventricle. By using the theta-function representation of the solutions and a genetic
algorithm, the ventricular motion is describable as a linear superposition of cnoidal
pulses and additional terms, which include nonlinear interactions among them.
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In the last section, the evolution equations governing the human cardiovascular
system and distortions of waves along this system for perturbed initial conditions, which
are responsible to the energy influx conditions, are analyzed. The formation of
asymmetric solitons from initial data under and above threshold is the principal topic of
this analysis.

We refer the readers to the works by Van Campen et al. (1994), Munteanu and
Donescu (2002), Munteanu ef al. (2002a, c¢), and Chiroiu V. et al. (2000).

7.2 The mathematical model

The underformed heart, in a stress-free reference state, is modeled as a super
ellipsoid surface S defined by the implicit equations (Bardinet et al. 1994)

&
<

2 2 2
(1] J{ljcz +[iJ" -1, (7.2.1)
al a2 a3

where the constants a,, i=1,2,3 and ¢;,, i=1,2, are given by
¢=c¢,=0773, a,=a, =0.892R, a,=R, (7.2.2)

with R =0.0619m for a particular heart considered in this paper. For a sphere we have
¢=c,=land g =a,=a,=R.

Representation of the cylindrical coordinates is given in Figure 7.2.1. The z -axis
corresponds to the z-axis of inertia of the super ellipsoid model. The muscle fibers in
the ventricular wall are assumed to be parallel to the endocardial and epicardial
surfaces.

The governing equations of the dynamics of the left ventricle are presented by
following the above-mentioned papers. Cardiac muscle is considered to be a mixture of
two phases, a solid phase and a fluid phase.

The equations are derived from the general equations of the continuum theory of
mixtures (Truesdell).

Nomenclature :
Vv, actual volume of the heart,
x=(r0,z), spatial cylindrical (Eulerian) coordinates, centred in O,
x r
y|—|0],
z z
X,,i=1,23, material cylindrical coordinates (Lagrangian coordinates),

corresponding to a reference state which may be subject to
an initial finite deformation,
t, time coordinate,



J=detF >0,
c,

S(E,t),

S(E,1),

S(E),
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effective Cauchy stress in the solid representing the stress
induced by the deformation in the absence of fluid and
measured per unit bulk surface,

intramyocardial pressure representing the stress in the liquid
component of the bi-phases mixture,

total Cauchy stress tensor in the mixture, 6 =o',

displacement vector

u, u,
u, | > uy |,
Uy u,

Eulerian spatial fluid flow vector,

permeability tensor of the underformed tissue,
averaged porosity of the underformed tissue,
volumetric modulus of the empty solid matrix,
displacement gradient,

deformation gradient tensor

F=1+H,

Jacobean of the deformation,
isotropic energy function defined as

¢
c=S(J-1y,
2( )

which is zero in the underformed state and positive
elsewhere,

strain energy function, zero in the underformed state and
positive elsewhere,

permeability tensor given by

J-1

K:(Nb

+1)’K°,

Green—Lagrange strain tensor defined as
1
E==—(F'F-I),
2
effective second Piola—Kirchhoff stress tensor
S=JF's(F",§=8",

split into two components S = S“ + 57,

active stress tensor, S”(E,t), the passive stress tensor, split
into two components S =S +S",

component of the passive stress tensor resulting from elastic
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S'(E.t),
SE),

G,
T,

l,
v,

(I)he/ix >

(I)tmns >

<
’l
SRS
|
~

volume change of the myocardial tissue, zero in the
underformed state,

component of the passive stress tensor resulting from
viscoelastic shape change of the myocardial tissue,
anisotropic (orthotropic) elastic response of the tissue. S° is
zero in the underformed state,

a scalar relaxation function,

first Piola—Kirchhoff active stress (not symmetric) related to
the second Piola—Kirchhoff active stress by S = F~'T*,
current sarcomere length,

. . d/
velocity of shortening of the sarcomeres v = e
t

angle between the muscle fiber direction and the local

circumferential direction, varying from 60° at the
endocardium through 0° in the midwall layers to —60° at the
epicardium, while ¢, is kept zero (Figure 7.2.1),

angle between the local circumferential direction and the
projection of the fiber on the plane perpendicular to the local
longitudinal direction, varying from 13.5° at the base

through 0° at the equator to —13.5° at the apex,

gradient operator with respect to the current configuration.

apex

Figure 7.2.1 Cylindrical coordinates and definition of the angle (I) helix > (I)tr ans (Van Campen et al.)

The equations of the beating left ventricle are composed from:
1. The equilibrium equation of the deformed myocardium (by neglecting the inertia

forces)

Vo' —Vp=0. (7.2.3)
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2. Darcy’s law in Eulerian form (by neglecting the transmural pressure differences
across blood vessel walls)

q=-KVp, (7.2.4)
with K = (JN_b1 +1)>K", the parameters K’and N’ being specified.
3. Continuity equation (conservation of mass)
Vii+Vg=0. (7.2.5)
4. Passive constitutive laws
S = o , (7.2.6)
OF
where
S=8+87, §"=8+5", (7.2.7)
c:%(.}—l)z, J=detF >0, (7.2.8)
S(E,t) =JF's*(F")', S=8", (7.2.9)
E:%(FTF—I), F=1+H, H=Vu. (7.2.10)

C is the isotropic energy function, E is the Green—Lagrange strain tensor, and
S(E,t) the effective second Piola—Kirchhoff stress tensor, split into an active stress

S“(E,t) and a passive stress S”(E,7). The passive stress tensor is split into a
component resulting from elastic volume change of the myocardial tissue S°(E), and a

component resulting from viscoelastic shape S°(E,¢) described in the form of quasi-
linear viscoelasticity (Fung) as

S = jG(r—c)iSedr, (7.2.11)
= dt
L (7.2.12)
O

where S°is the anisotropic elastic response of the material, G(#)is a scalar function

(reduced relaxation function) derived from a continuous relaxation spectrum, W is the
potential energy of deformation per unit volume (or elastic potential).
The form of the strain energy C (equation 7.2.4) and W are chosen so that C and

W are zero in the unstrained state and positive elsewhere, and S(£)and S° are zero
in the underformed state. The expression (7.2.4) satisfies those conditions.
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Some expressions for W satisfying the above conditions were proposed in literature:
the full orthotropic behavior, the transversely isotropic behavior with respect to the fiber
orientation (Bovendeerd ez al.), W is an exponential function of E, (Huyghe, Fung).

Because passive ventricular myocardium is nearly incompressible, biaxial tissue
testing is a valuable method for characterizing its material properties.

Demer and Yin were the first to report the results of such measurements on passive
myocardium. They demonstrated that biaxial loaded passive myocardium behaves like a
nonlinear, anisotropic, viscoelastic material that can be approximated as pseudoelastic.

Huyghe and coworkers concluded that quasi-linear viscoelasticity does not
adequately describe the material properties of passive ventricular myocardium.
Therefore, resting myocardium is frequently modeled as a finite elastic material using a
hyperelastic pseudo-strain function.

In this work we have investigated four approaches for the functional form of W :

1. The polynomial function for a subclass of transverse isotropy (Humphrey et al.,
Huyghe et al. 1991, Bovendeerd ef al.)

W =c(a—1) +c,(a—1) +c,(, =3)+c,(, = 3)a—1)+cs(l, —3)>, (7.2.13)

where /, is the first principal strain invariant and the transversely isotropic invariant o
is the extension ratio in the fiber direction

I =2tE+3, a=2E, +1, (7.2.14)

where E is the Lagrangian Green's strain.

2. The transversely isotropic 3D strain energy function (Guccione et al., Guccione
and McCulloch, Fung, Huyghe)

w =%(epr—1), (7.2.15)

where

Q=bE, +b,(E. +E, +2EE, )+2b(E.E,+E,E ), (72.16)

with E, representing strain components referred to a system of local fiber (f), cross-

fiber in-plane (c¢) and radial (r) coordinates.
3. The form developed by Costa ef al., Holmes et al.,

C
W=E(epr—l) , (7.2.17)
where
0= clEj,f + czEfS + c3Ejn +2¢,E E, +2¢EE, +2¢,EE, . (7.2.18)

The material parameters c,,c, and c, represent the stiffness along the fiber axis, the

. . . . c .
sheet axis and the sheet normal axis, respectively. The ratio of —%~ governs anisotropy
G

in the plane normal to the local fiber axis, with unity indicating transverse isotropy. The
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parameter c, represents the shear modulus in the sheet plane, and ¢; and ¢, represent

shear stiffness between adjacent sheets.
4. The expression of the ion-core (Born—Mayer) repulsive energy (Delsanto et al.,
Jankowski and Tsakalakos)

W= O—VS [ou(®) expl-B(§)RIAV (7.2.19)

where o(¢(x)) is the repulsive energy function, B(d(x)) the repulsive range function
and V is the heart volume, and

R=\(x—x) +(r=y,) +(z=2,)* ,

with (x,,,,z,) an arbitrary point. We suppose that o(¢) and B(¢) depend on the angles

angle ¢he/ix d)trans in the form

0‘(4)) = (X‘l (q)helix )(’“2 (¢/mns ) H
B(®) = By (@ B (D) - (7.2.20)

We mention that the values of the angles depend on the position x .

A common problem with estimating parameters of the strain energy function,
whether directly from isolated tissue testing or indirectly from strains measured in the
intact heart, is that the functions are nonlinear.

The kinematic response terms, whether principal invariants (7.2.13) or strain
components (7.2.15), (7.2.16), usually co-vary under any real loading condition. This is
probably the main factor responsible for the very wide variation in parameter estimates
between individual mechanical tests that is typically reported. Although the first three
equations are well motivated, a difficulty with any constitutive model based on biaxial
tissue tests is uncertainty as to how the biaxial properties of isolated tissue slices are
related to the properties of the intact ventricular wall.

Though the energy function (7.2.19) is referring to metallic bilayers and noble
metals, this form might be more recommendable from a practical point of view. We
refer to the fact that the parameter estimation could be greatly improved. By separating
the volume change from fiber extension modeled by the repulsive energy function, and
shearing distortions modeled by the repulsive range function B(¢(x)), the resulting set
of response terms should provide an improved foundation for myocardial constitutive
modeling. Also, it is an easier identification of only two functions by using a genetic
algorithm based on the inversion of the experimental data.

In this chapter we adopt the pseudopotential energy approach and consider for W
the expression of the ion-core (Born—Mayer) repulsive energy.

5. Active constitutive laws (Van Campen et al., Arts et al.)

T =T“A(t,1,v), (7.2.21)
where T is the first order Piola—Kirchhoff non-symmetric active stress tensor, related

to the second Piola—Kirchhoff active stress by S =F"'T*, and T*° is a constant
associated with the load of maximum isometric stress.
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The stress tensor 7“ is convenient for some purposes; it is measured relative to the
initial underformed configuration and can be determined experimentally. The cardiac
muscle is striated across the fiber direction.

The sarcomere length / (the distance between the striations) is used as a measure of
fiber length. The experiments show that the active stress generated by cardiac muscle
depends on time ¢, sarcomere length [/ and velocity of shortening of the sarcomeres

d/ . L.
v :d—. The active stress generated by the sarcomeres is directed parallel to the fiber
t

orientation. The function A(¢,/,v) represent the dependency on ¢, /and v.

posterior wall

RN

wall
— 1 Z i \ lateral
N “l wall
el l,lx““m_ e
/ f' endocardium
= 7 (X2 -

. i
y epicardium
'
%

Figure 7.2.2 Representations of surfaces X, - endocardium, 2, - epicardiumand X; C X, - the portion

where only radial displacement is allowed (adapted from Van Campen et al.)

We suppose that A(#,/,v) has the form
A, Lv)= f(O)g(Dh) . (7.2.22)

Functions A(#,/,v), o(p) andP(¢) are determined from experimental data

(Bardinet et al. 1994, 1995) by using an optimization approach (Popescu and Chiroiu).
A genetic algorithm is considered in section 7.4.

The equations (7.2.3)—(7.2.22) represent a coupled set of four nonlinear equations
for the displacements u, (x,7), k =1,2,3, and the intramyocardial pressure p(x,¢) that

can be written in the form

Vii+V(-KVp)=0,

VU 'FIS“+S+S* IF")-Vp=0, (7.2.23)
with
J-1
K =( Tz +1’K°,

Sa :F—lTaOA(t,lx,VS),
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§e =€
OF
! d ow
S = |G(t—1)———dr, 7.2.24
_i( s (7.2.24)

c’ 1
C=—J-1)*,E=—(F'F-1),
2( ) 2( )

W= %Vja(@ exp[-B(O)RIAV .

The boundary conditions are

p(x,0)=p,(x), xeZ,, k=123, t[0,T],
uk(x,O):u,? ,xeX, k=123, t[0,T], (7.2.25)

u,(x,00=0,xeX,cZ, k=23, t<[0,T],

where X, is the epicardial surface, and [0,77] the time interval during a cardiac cycle.

The cardiac cycle is composed from a systole (contraction of the ventricle) and a
diastole (relaxation of the ventricle) phases.

We have supposed that at the endocardial surface X, a uniform intraventricular
pressure p, is applied as an external load (Figure 7.2.2). The loads exerted by the
papillary muscles and by the pericardium are neglected.

The surface X, represents the upper end of the annulus fibrosis and is a non-
contracting surface with a circumferential fiber orientation. At X, — X, only radial

displacement u, is allowed.

/4
To compute Z? we use the formula

01w 9 ix 2, (7.2.26)
OE; 2 'ox, ! Ox;

i

where X, (X, =X, X, =Y, X, =Z) are the Lagrange coordinates corresponding to a
reference state which may be subject to an initial finite deformation, and x,, the final

Eulerian coordinates (x, =x, x, =y, x, =z) differing from X, by an infinitesimal
deformation. It is important to note that, in applying (7.2.26) the Lagrangian coordinates
must be considered as constants since they refer to a predefined reference state.

For specified form for A(z,/,v), o(¢)andB(¢) the analytical solutions of (7.2.23) —

(7.2.26) are determined in the next section.
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7.3 Cnoidal solutions
Let us consider the solutions
z,(x, ) ={u, (x,0), k=1,2,3, p(x,t)}, i=12,3,4,
of the system of nonlinear equations (7.2.23)—(7.2.26) under the form
z(x,t) =z, (x,t) + z,,, (x, 1) . (7.3.1)

1

The first term Z_, represents a linear superposition of cnoidal waves and the second

term Z.

wnt » @ nonlinear superposition of the cnoidal waves

z,,(6,0)=2> a,cn’(k,x, —C,0), j=1273, (7.3.2)
m=1

ZYWICHZ (kmjxj _Cmt)
Z (3,0) = =2 . j=123. (7.3.3)
1+ &, en’(k,;x; = C,1)

ny

m=1

We employ the usual summation convention over the repeated indices. We take the
boundary conditions (7.2.25), under the form

Do (x,1) = a,en’ (k, x,

]

-C,1), (7.3.4)

with k,,,C,, a,,j=1,2,3, specified.
Consider that n =2 . Experimental calculations have shown us that solutions do not

earn any improvements for n > 2. For specified form for A(z,/,v), o(¢p)and () the
analytical solutions z,(x,?), i=1,2,3,4, are given by (7.3.2) and (7.3.3)

2
Z ymicn2 (km/.x —C.1)

2
z,(x,1)=2)" a,cn’ (k,x, - C, )+ , (7.3.5)
m=1

2

1+ > &, en’(k,x, —C,1)
m=1

where a,,, &, , ¥,.» Ayand C,, i=1,23,4, m=12, j=1,2,3, are unknown.

mi > mj

By introducing (7.3.2) into (7.2.23)—(7.2.25) the unknowns o, k,., v,;, A\, and

mi > mj
C

functions

are easily determined by an identification procedure in terms of the controlling

m?

D= {04 (Dperie)> O (Dyran s By (Dt )> B (@ )> 1 (1), € (1), A(V)S (7.3.6)

that determine the constitutive laws, the initial data and the constants that appear in
governing equations.

The analytic expressions (7.3.2)—(7.3.3) of the solutions are available once the
controlling functions M., i=1,2,...,7, are specified. The problem to be addressed here
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is the inverse of the forward problem. The aim is to use the difference between
experimental and predicted by theory parameters to provide a procedure, which
iteratively corrects the controlling parameters towards values leading to the least discord
between predictions and experimental observations. In the following we consider that
the functions 9M,, i=1,2,..,7, are approximated by polynomials of five degree

M, (bg;_s»----bs;) » 1=1,2,...7, characterized by coefficients bj, j=12,..,42.
To extract the functions I, (b, s,....b;) , i =1,2,...7, from the experimental data, an
objective function I must be chosen that measures the agreement between theoretical

and experimental data

M

3(P)= 42" 41D [2,(5) =0 BT (73.7)

i=1 m=1

where z,, (b,) are the predicted values of the solutions z,(b;), i=1,2,3,4, j=1,2,...,42,

given by the forward problem, calculated at M points belonging to the volume between
the inner and outer wall of the left ventricle. The functions z;,” are the experimental
values of solutions z, measured at the same points. We have extracted these values

from the analysis of the volumetric deformation of the left ventricle of the heart,
developed by Bardinet ez al.

The model gives a compact representation of a set of points in a 3D image.
Experimental results are shown in time sequences of two kinds of medical images,
Nuclear Medicine and X-Ray Computed Tomography. Controlling functions 90T, ,
i=1,2,...,7, are determined by using a genetic algorithm (GA). GA assures an iteration

scheme that guarantees a closer correspondence of predicted and experimental values of
controlling parameters at each iteration.

We use a binary vector with 42 genes representing the real values of the parameters
b]. , j=L12,..,42 (Chiroiu et al. 2000). The length of the vector depends on the

required precision, which in this case is six places after the decimal point. The domain
of parameters b, € [-a,,a,], with length 2a; is divided into at least 15000 equal size

ranges. That means that each parameterd,, j=1,2,..,42, is represented by a gene

(string) of 22 bits (2*' <3000000 < 2**). One individual consists of a row of 42 genes,
that is, a binary vector with 22 x 42 components.
(BB . BBIBY b BB b,

The mapping from this binary string into 42 real numbers from the range [-a;,q,]

is completed in two steps:
— convert each string ( 5’b)...b{" ) from the base 2 to base 10

OV ..bY, =), j=1,2,..,42,

— find a corresponding real number b, j=1,2,...,42.

GA is linked to the problem that is to be solved through the fitness function, which
measures how well an individual satisfies the real data. From one generation to the next
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GA usually decreases the objective function of the best model and the average fitness of
the population. The starting population (with K individuals) is usually randomly
generated. Then, new descendant populations are iteratively created, with the goal of an
overall objective function decrease from generation to generation. Each new generation
is created from the current one by the main operations: selection, crossover and
reproduction, mutation and fluctuation. By selection two individuals of the current
population are randomly selected (parent 1 and parent 2) with a probability that is
proportional to their fitness.

This ensures that individuals with good fitness have a better chance to advance to
the next generation. In the crossover and reproduction operation some crossover sites
are chosen randomly and exchanging some genes between parents reproduces two
individuals.

In the newly produced individuals, a randomly selected gene is changed with a
random generated integer number by the mutation operation. In the fluctuation
operation we exchange a discretized value of an unknown parameter in a random
direction, by extending the search in the neighborhood of a current solution.

The fitness function is evaluated for each individual that corresponds to the gene
representation. The alternation of generations stops when the convergence is detected.
Otherwise, the process stops when a maximum number of generations are reached.

The procedure consists of the following steps:

— The initial population is generated by random selection.

— The crossover operator reproduces two new individuals.

— New individuals are obtained by the mutation operator.

The fluctuation operator extends the search in the neighborhood of a current
solution.

0 260 400
t[ms]

v[pnm/s]

Figure 7.3.1 Active material behavior as obtained by the genetic algorithm (time dependence of active stress
for sarcomere lengths of 1.7, 1.9, 2.1 and 2.3 pm , length dependence of active stress, and velocity

dependence of active stress).

The fitness value is evaluated for each individual and in the total population only
individuals with a higher fitness remain at the next generation.

The alternation of generations is stopped when convergence is detected. If there is
no convergence the iteration process continues until the specified maximum number of
generations is reached.

Next, we report the results of the genetic algorithm. Figure 7.3.1 shows the active
material behavior as obtained by GA after 312 iterations. There are shown the time
dependence of active stress for sarcomere lengths of 1.7, 1.9, 2.1 and 2.3 um, the
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length dependence of active stress, and the velocity dependence of active stress. The
diagrams are very similar to the active material behavior assumed by Van Campen et al.
We consider that the curves are correctly predicted by the genetic algorithm, the
results being qualitatively and quantitatively consistent with experimental data given by
Bovendeerd et al., Arts et al.
Figure 7.3.2 shows the dependence of a.(¢) and B(¢) on angles ¢, ¢, given

by GA after 247 iterations. The distribution of ¢, and ¢, from the endocardium to
the epicardium is also shown.
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Figure 7.3.2 Angle dependence of a.(9) = o, (4 )00 (Prin ) a0 B() =By (P 0B (§y) 25 given by the
genetic algorithm.

7.4 Numerical results

The solutions of the equations (7.2.23)—(7.2.26) are represented analytically by
using the cnoidal method. The unknown parameters from these representations are
determined from a genetic algorithm. The analytical solutions u,(x,?), i=1,2,3, and
p(x,t) are given by (7.3.5) being describable as a linear superposition of two cnoidal
pulses and additional terms, which include nonlinear interactions among them.
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Figure 7.4.1 Initial intraventricular pressure p, applied at the endocardial surface 21 .
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Figure 7.4.2 Visualization of displacement field by different values according to the range 0-10 mm.

Figure 7.4.3 Location of six representative points belonging to region A

Figure 7.4.1 shows the initial pressure p, given by (7.3.4) applied at the endocardial
surface X, (a, =0.34). In this way the initial pressure is very similar to the diagram of
the pressure in the left ventricle of the human heart by Caro ez al. The visualization of
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the displacement field by different values according to the range 0—10 mm is shown in
Figure 7.4.2.

We can see clearly areas on the ventricle where the displacements are high (for
example the area A). In Figure 7.4.3 the location of some representative points
belonging to the region A are displayed.

Figures 7.4.4-7.4.6 represent the time variation of displacements u, (x,?) ,k =1,2,3,

during a cardiac cycle calculated in six points, displayed in Figure 7.4.3. Figure 7.4.7
shows the variation of the intramyocardial pressure during a cardiac cycle in the same
points.
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Figure 7.4.4 Variation of displacement ¢, during a cardiac cycle in the points displayed in Figure 7.4.3

(points 1,2,3 in the first column and 4,5,6 in the second column)

Comparison of these analytical results to the results obtained by Van Campen et al.
through the finite element method, shows a good consistency.

The analytical solutions allow the possibility of investigating in detail the field of
displacements and the field of pressure in each point of the left ventricle. This helps to
predict the important features of the left ventricle motion.

In the hyperactive region A there are points that move out of phase with the other
points (for example point 5). The physician, to help localize pathologies, such as
infarcted regions, could use the visualization of these fields. In conclusion, the
equations that govern the motion of the left ventricle have the remarkable property
whereby the solutions can be represented by a sum of a linear and a nonlinear
superposition of cnoidal vibrations.

So, we can say that the real virtue of the cnoidal method is to give the elegant and
compact expressions for the solutions in the spirit of this property.
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Figure 7.4.5 Variation of displacement #,, during a cardiac cycle in points displayed in Figure 7.4.3 (points

Figure 7.4.6 Variation of displacement 4, during a cardiac cycle in points displayed in Figure 7.4.3 (points
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Figure 7.4.7 Variation of intramyocardial pressure p during a cardiac cycle in points displayed in Figure
7.4.3 (points 1,2,3 in the first column and 4,5,6 in the second column).

7.5 A nonlinear system with essential energy influx

In nature, energy is usually unbalanced and there exists either outflux or influx of
energy. The energy influx is not so well understood or modeled (Engelbrecht).

The weak energy influx systems that may be called perturbed systems are based on
the dilaton concept, which means negative density fluctuations with loosened bonds
between the structural elements. The dilatons are able either to absorb energy from the
surrounding medium or to give it away (Zhurkov).

The mechanism of energy influx yields to the amplification and/or attenuation
phenomena due to the energy pumping from one subprocess to wave motion. In
mathematical terms the energy influx gives rise to source-like terms in governing
equations. For example, a burning candle is a classic case where the velocity of the
flame is a nonlinear wave, which depends on the rate of heat release (Engelbrecht).
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The electromagnetic nerve pulse transmission, modeled by Engelbrecht, takes its
energy from ion currents.

In this section we show that the cardiovascular system can exhibit, in certain
conditions, an essential energy influx. A simplified numerical model for the
hemodynamic behavior of the cardiovascular system has been developed by
Pldvorovska et al.

These authors have studied the pressure generation by chemical reaction in the
human cardiovascular system. In this work we improve this model by using a more
general description of a transmission line of the pressure pulsations generated and
controlled by the chemical reactions.

We show that the influx of energy created by small anomalies in energetical
equilibrium of the cardiovascular system may change dramatically the picture of the
hemodynamic wave behavior.

The behavior of the cardiovascular system is characterized by the heart qualities
generating the pressure pulsations. The heart performs as four pressure—volume pumps
in series propelling the blood flow through the circulatory network. This ability is given
by contractivity of the muscular cells creating the heart tissue, which is activated by the
chemical energy released as a consequence of the blood and heart muscle metabolism.

The released energy during the heart contraction is converted into the mechanical
and heat energy. The energy-rich phosphate compounds stored in the heart muscle
filaments dominate the cardiac metabolism.

systermic pulmonary
artenes, arteries,
capillaries, capillaries,
vems g veins 4

Figure 7.5.1 The cardiovascular system model.

The key source of the chemical energy is ATP (adenosine triphosphate) reacting
both aerobic and anaerobic pathways.

The cardiovascular system is modeled by eight elastic segments connected by elastic
tubes in a serial circuit depicting both pulmonary (low-pressure) and systemic (high-
pressure) blood circulation (Figure 7.5.1).

Deoxygenated blood returns from the body through the vens cavae and fills the right
atrium (1), which contracts, sending the blood into the right ventricle (2). The right
ventricle then contracts, forcing the blood into the pulmonary artery, which carries it to
the lungs to pick up oxygen.
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Next, the oxygenated blood flows through the pulmonary vein into the left atrium
(5), which delivers it to the left ventricle (6). Finally, the left ventricle contracts,
ejecting the blood into the aorta and out to the systemic circulation.

During the cardiac cycle, each chamber fills during a period of relaxation, or
diastole, and ejects the blood during a period of active contraction, or systole.

The heart segments passing through the passive and active states during the cardiac
cycle have been considered as anisotropic and viscoelastic incompressible material.
They act as chemomechanical pumps converting the chemical energy released by the
anaerobic hydrolysis of ATP into the mechanical energy and heat.

The behavior of the cardiovascular system has been described by the mechanical
variables (pressure, volume, flow) characterized by the cardiovascular parameters
(compliance, resistance and inductance) and by the physicochemical variables (ATP
consumption, chemical work, molar enthalpy).

The governing equations of the cardiovascular system are:

1. The pressure—volume relation

D, :a‘li(F;+’Yipi+BliI)i+8iI/i)7 i=1,2,5,6, (7.5.1)
pi :a2il/i+B2i9 i:33497585 (752)

where p(¢)is the pressure, V(¢)the volume, the dot means the differentiation with

respect to time. The function F(¢) and the constants o, , 8,, v, , 9, are defined as

k. 2hE r.
FH=-w®-1, a,=—"",y,=———,
1() E 1() 1i ’;i Y ZhlE
T. 1 1 V.
=8, =—, O, =—, B, =2, 7.53
Blz V i V 2i c BZ c ( )

0i 0i i i

where E is the Young’s elastic modulus, % thickness of the myocardial wall, %
parameter of the chemical energy release, » radius of the atrium, V| initial atrial or
ventricle volume, w chemical reaction rate, ¥, the residual volume, ¢ the compliance

and t relaxation time characterizing the muscle plasticity.
The index i denotes the corresponding heart segments. The function w(¢) has an
exponential form and describes all four phases of the cardiac cycle

w(t) = w,(1—exp(—t'/ ;) exp(—t"/ ) exp(—t" /1) ,

with w, an initial given constant.

The four phases of the cardiac cycle are given by:
A. stretching systole-isometric contraction

te(t,t),t'=t,t"=0,t"=0,
B. emptying systole-auxotonic contraction
te (tZ’tB) ’t, :tzs t" = ta tm = 0 s

C. relaxing diastole-isometric contraction
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te(t,t),t'=t,t"=t,t"=t,
D. filling diastole-noncontractive state
te(t,t),t'=0,t"=0,t"=0.

We have noted by t, , 1, , 7;and t, the relaxation time of the C phase, of the B

phase, of the A phase, and respectively the relaxation time of the D phase.
2. The influence of the pressure pulsations

i

.1
Gy =1, = p, =1,G, ~HG}). (7.5.4)

where G, (?) is the blood flux entering from the i-th to j-th segment, respectively, the

blood flux getting out j-th segment to k-th segment, 7; the hydrodynamic resistance, /,

2
the blood inertia, Hi(t)zzjzi 5 with  ¢=0.001 the loss coefficient,

p=1.062x10’kg/m’ the blood density and 4,(¢) the flow area. The flow index rule is
(4, 7) €4{(1,2),(2,3),(3,4),(4,5),(5,6),(6,7),(7,8),(8,D)} .

The flow area is given by

4,@1) = %% (7.5.5)

V22— p;) ’

with a :67(}, ¢ an empirical constant, f the heart frequency (beats/min), 7' the time
c

duration of the cardiac cycle, and g =9.81m/s’ the gravitational acceleration.
3. The continuity equation

V,=G,-G,. (7.5.6)

We consider a set of small-perturbed initial conditions (pressure-time, pressure—
volume and chemical reaction rate—time) during one cardiac cycle in the left ventricle,
represented in Figures 7.5.2—7.5.4. The values of the used parameters are given in Table
7.5.1 and Table 7.5.2.

We have considered that V, =5 x 10~ m’ for all i. This set of perturbed data has

been obtained numerically starting from the clinical published stable data (Taber,
Pldvorovska et al., Chiroiu V. et al. 2000).

We analyze only the evolution of the pressure wave profile with respect to time, due
to the perturbed initial conditions in the left ventricle (Figures 7.5.2-7.5.4), during one
cardiac cycle. The perturbed data are accepted from the physical and clinical point of
view. We present the results of both analytical and numerical integration in order to get
information about the pressure wave profiles. The standard Runge—Kutta method of the
fourth order is used in the numerical calculation.

The transient pressure wave has the form of an asymmetric soliton represented in
Figure 7.5.5 (the curve a represents an asymmetric soliton for unperturbed initial data).
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We observe that, for perturbed initial conditions, this wave is amplified from its initial
form to the certain profile, the amplitude of which reaches the asymptotic value.

An intriguing question is the amplification, which is characterized by a fast change
in amplitude for small-perturbed initial data.

We have analyzed the transient waves taking for the related perturbed initial
conditions (Figure 7.5.5, curve b — for Figure 7.5.2, curve ¢ — for Figure 7.5.3 and curve
d — for Figure 7.5.4).

pressure (torr)

Figure 7.5.2 The perturbed profile of the pressure-time diagram during one cardiac cycle.

The result is that the maximum amplification happens for initial excitations given by
the chemical reaction rate during the one cardiac cycle. The changes are both in the
amplitude and in the width of the pulse.

The broken line denotes the asymptotic value of the pressure amplitude after a large
interval of time. The aperiodic time-dependent phenomenon which appears here is in
correspondence with the causality principle which states that the transport or
propagation processes in the cardiovascular system are due to (causal) chains of
interactions (cause—effect) between a source of perturbation (emission of signal) and the
response (reception) and this can be realized (due to the inertia of the interacting human
body) only after a certain time delay (relaxation), so that the transport occurs at a finite
velocity (Kranys).
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Figure 7.5.3 The perturbed profile of the pressure—volume diagram during one cardiac cycle.
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Figure 7.5.5 The transient profiles of pressure for the perturbed initial data (Figures 7.5.2-7.5.4)
in the left ventricle.

As a principal conclusion attention has to be paid to the energetic aspects of the
cardiac activity. The influx of energy created by small anomalies in energetical
equilibrium of the cardiovascular system changes dramatically the picture of the
hemodynamic waves behavior. The perturbation of the initial chemical reaction data
acts as a stimulus.

If the stimulus is below a certain threshold value expressed as ratio between the
chemical work and the mechanical work in the left ventricle

(w=w,,.'W,,.. <2.11557), the pressure motion is normal and the stable state returns

quickly without any instability in the pulse propagation.

If the stimulus is above this threshold, the process turns out to be much more
dramatic. In our case we have p=2.3451.

The amplitude of the wave is quickly amplified and the wave exhibits a clear
tendency to chaos. A Poincaré map is used to gain further insight into the structure of
the chaotic motion of the pressure wave (the case d).

Here a Poincaré map is a set of points in the phase plane p(¢), p(f) plotted at
discrete intervals of time, one each cardiac cycle, after 1000 cardiac cycles (Figure
7.5.6). The map reveals the properties of a strange attractor, namely stretching and
folding of the sheet of pressure trajectories (Guckenheimer and Holmes).
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Table 7.5.1 The quantities used in the governing equations (Pldvorovska et al.).
k [Js/kmol] | ¥, [m*] T [s] w, [kmol/m’s] 7, [s] 1, [s] 1, [s]
1-A | 14 3x10° 0.06 6.44% 107 0.06 0.1 0.006
1-B | 400 6x 107 0.01 6.44% 107 0.01 0.03 0.01
1-C | 3x10° 7% 107 0.01 5.085x 10° 0.06 0.01 0.06
1-D | 1x10° 7x 107 0.1 0 0.06 0.3 0.06
2-A | 5.4 x10° 1.2x10* 0.4 1.65x 107 0.06 0.3 0.006
2-B | 5.57 x 10* 1x 107 0.14 2.75x% 107 0.06 0.3 0.6
2-C | 1.6x 10° 8x 107 0.03 2.89x 107 0.06 0.01 0.06
2-D | 1x10”° 1.8x 107 0.3 0 0.06 0.1 0.06
5-A | 1.4 x 10* 2% 107° 0.1 7.02x 107 0.06 0.003 0.006
5-B | 1 x10* 3% 107 0.1 1.026 x 10™ 0.06 0.1 0.06
5-C | 50 7x 107 0.1 8.1x 107 0.06 0.03 1.6
5D | 1x10° 7x 107 0.01 0 0.01 0.03 0.01
6-A | 44 x10° 5% 107 1.25 8.855x 10 0.06 0.29 0.006
6-B | 2.55 x 10° 3% 10 0.2 2.818x 107 0.06 0.1 0.6
6-C | 1 x10° 1.2x 10* 0.063 1.449 x 107 0.06 0.02 1.1
6-D | 1x10° 1.2x 10" 0.1 0 0.01 0.3 0.01
Table 7.5.2 The constants characterizing the mechanical properties of the CVS (Pldvorovskd ez al.).
i|J r,[Pas/m’] | I [Pas’/m’] ¢, [m*/Pa] E, [Pa] p, [Pa] G, [m'/s]
1 |2 9.5% 10* 1 x 10 - 22x% 107 7.53 % 10* 2x 107
2 |3 1.2% 10° 1% 10 - 3.75x 10° 1.33 x 10* 1x 107
3 |4 4% 10° 5.5x% 10° 52x 10" - - 2x 107
4 |5 5.9x 10° 1x10* 5.9x%10° - - 1x 107
5 16 1,5% 10° 1.1x 10 - 1.5x 107 - 3% 107
6 |7 | 5x10° 3% 10 - 1.2x 107 - 1x 107
7 |8 | 45x10 5x 10° 6.8x 107 - 9.33 x 10* 2x 107
8 |1 | 13x10 9x 10* 6.9x% 107 - 3.99 x 10* 1x 107

Figure 7.5.6 Poincaré map p(¢), p(t) after 1000 cardiac cycles.



Chapter 8

THE FLOW OF BLOOD IN ARTERIES

8.1 Scope of the chapter

Arteries conduct blood from the heart to the tissues and peripheral organs. The left
ventricle pumps blood into the aorta, and the right ventricle pumps blood into the
pulmonary artery. These main conduits branch into smaller vessels, and narrow
arterioles vary their dimensions to regulate blood flow. Pulsatile flow of blood in large
arteries has attracted much attention in blood dynamics. Computational fluid dynamics
has emerged as a powerful alternative tool to study the hemodynamics at arterial tubes.
Compared with experimental methods, fluid dynamics can easily accommodate changes
in blood flow theory. Experimental studies of blood pulses revealed that they propagate
with a solitonic characteristic pattern as they propagate away from the heart (McDonald,
1974).

Euler in 1775 obtained the one-dimensional nonlinear equations of blood motion
through arteries, for the first time. Rudinger (1966), Skalak (1966), Ariman et al.
(1974), Yomosa (1987), Moodie and Swaters (1989) have developed further this
nonlinear theory. In 1958 Lambert used the method of characteristics to analyze the
motion equations of blood. The finite difference method and the finite elements method
are used also for the computations of nonlinear blood flow. In this chapter the soliton
theory is employed to describe the dynamical features of the pulsatile blood flow in
large arteries. The theory is performed for an infinitely long, straight, circular,
homogeneous thin-walled elastic tube filled with an ideal fluid, in the spirit of the
Yomosa theory (1987).

The theory of microcontinuum model of blood developed by Eringen in 1966 and
Ariman and his coworkers, Turk and Sylvester, in 1974, is applied next to describe the
transient flow of blood in large arteries subject to an arbitrary two-soliton blood
pressure. The blood is assumed to be an incompressible micropolar fluid. The flow
velocity, the micro-gyration and the cross-sectional area are calculated as functions of
the two-soliton blood pressure pulse. The effects of increasing hematocrit on the
amplitudes of the flow velocity and of the microgyration are analyzed.

The main bibliographies of this chapter are the works of Ariman et al. (1974),
Yomosa (1987), Eringen (1966, 1970), Munteanu et al. (1998).
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8.2 A nonlinear model of blood flow in arteries

McDonald in 1974 analyzed the form of the flow and pressure waves at certain
locations from the ascending aorta to the saphenous artery in the dog (Figure 8.2.1). The
propagation of the pressure pulse is accompanied by an increase in amplitude and a
decrease in pulse-width which have been noted as peaking and steepening. The increase
in amplitude is in accordance with an increase of the pulse—wave velocity and is
combined with the generation of a dicrotic wave (Hashizume).

Sections 8.2 and 8.3 present the Yomosa theory, performed for an infinitely long,
straight, circular, homogeneous thin-walled elastic tube embedded in the tissue. The
blood is assumed an incompressible and nonviscous fluid.
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Figure 8.2.1 The behavior of the flow velocity and pressure pulses from the ascending aorta to the femoral
artery (McDonald).

Consider the one-dimensional fields of longitudinal flow velocity v, (z,¢), the blood
pressure p(z,t), and radial displacement of the arterial wall wu, (z,7), expressed in
cylindrical coordinates (7,0,z), where r is the radial coordinate and z, axial

coordinate. Assume rotational symmetry and the hypothesis of uniform distributions of
flow velocity v,(z,t) and the fluid pressure p(z,t) over the cross-section of the vessel.
— Navier—Stokes equation of motion for longitudinal flow

ov, N ov +l@_p=

z

vZ
ot 0z poz

0, (8.2.1)

where p is the density of blood.
— Continuity equation which expresses the incompressibility of blood
o4, ov.A) _

0, 8.2.2
ot Oz ( )
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where A(z,t) is the cross-sectional area of the tube.

The third equation describes the radial motion of the arterial wall. This equation was
derived by Yomosa. We present his derivation of the equation. Consider the small
segment of the tube wall surrounded by inner and outer surfaces of the wall and parallel
two cross-sectional surfaces perpendicular to z -axis defined by constant coordinates of
zand z+dz, and two surfaces defined by constant angles of 6 and 6+d6 (Figure
8.2.2).
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Figure 8.2.2 A small segment of the tube wall and forces acting on it (Yomosa).

The radial displacement of the wall u, is defined as (Teodosiu, Solomon)
r=ry+u,, (8.2.3)

where r(z,t) is the radius of the tube, 7, is the equilibrium radius of the tube when the
wall is static and p = p,, where p, is the pressure outside the tube which can be equal

to the atmospheric pressure. The constitutive law of the elastic arterial wall can be
written as

o,=F¢ (1+asg,), (8.2.4)

_r()

r . . . ..
where ¢, = is the radial strain, £ the Young’s elasticity modulus, and «, a

To
nonlinear coefficient of elasticity. The equation of radial motion of the segment
considered in Figure 8.2.2 is

2
po(rdehdz)%z (p—p,)coso(rdddl)—2c, sin(d0/2) hdz +

5 (8.2.5)
+—(o,singp)dz hrdb),
oz

where p,is the density of the wall material, /% the thickness of the wall in radial
direction, o, the longitudinal extending stress in the direction of the meridian line on

the wall surface, o, the extending stress in the tangential direction, and ¢(z,¢) the
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angle between a tangent to a meridian line on the wall surface and the z -axis, and d/
the elementary length of the meridian line in the segment, defined as d/cosp =dz.
For a small angle ¢ , we have the approximations

cos@=[l1+(0r/0z)’]"* =1, sinp=tanp=0r/dz . (8.2.6)

These approximations are related to the fact that the term (dr/0z)’ contributes
higher order small quantity in the later perturbation expansions, proportional to €,
whereas the present theory is carried out by taking into account up to the terms
proportional to &*, where & denotes a small parameter 0 <g<<1. Thus, the term
0(o,sin@)/ 0z can be approximated as

o(o, sin @)/ 0z = E,(8/8z)[((dl — dz) / dz)(@r / 8z)] =

S s (8.2.7)
=(3E,/2)(0r/0z) (0°r/0z7),

where E, is Young’s longitudinal elasticity modulus of the wall. This term is
proportional to €, and therefore can be neglected.
Taking sin(d6/2)=d6/2, for small angles dO, we obtain the radial motion
equation
o’r ho,

h—=(p-—p)——=. 8.2.8
Pt =5 (p-p.) . ( )

We must mention that the real thickness of the wall % in the direction perpendicular

to the wall surface is given by % =/hcosg =% . Also, the inertial effects on the radial

motion of the wall caused by the tissue must be considered. So, the effective inertial
thickness is H =h+h', where & is the thickness of the wall in which the material
participates in the elastic deformation and 4’ is the additional effective inertial
thickness of the tissue in which the material does not participate in the elastic
deformation. With these assumptions and by considering that the densities of the
materials of the wall and the tissue are the same, the equation of radial motion becomes

o*r

o
For p=p,, the relation (8.2.9) yields o, =0, and then from (8.2.4) we have

ho,
P =7 =(P=pP)—— (8.2.9)

u, =0, and r =7,. Denoting by A,, H, the equilibrium values of the thickness of the

wall and of the effective inertial thickness, the conditions for the conservation of mass
of the wall and the tissue are given by

p,rd0 H dz = p,1,d0 H,dz , p,rd®hdz = p,r,d0 A,dz , (8.2.10)
or
rH =r,H,, rh=ryh,. (8.2.11)

Taking into account that
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A=n(r, +u,), (8.2.12)
the equation (8.2.2) becomes
Ou u. oOv Ou

AL G TP S Ty 8.2.13
ot 2( rO)GZ 0z ( )

Substituting (8.2.4) and (8.2.11) into (8.2.9) the equation of motion of the wall
becomes

. h(1+a")
o LUr P Pey My g, N0 (8.2.14)
0 atz H 7 " u
0 0 Hyr? (1+-0)
.

0

Let us introduce the dimensionless independent variables

z=Lz  t=T, (8.2.15)
with
H 'H,
1, = [AP g o [oo (8.2.16)
2p hE

and dimensionless dependent variables v, p and ¥

vz :coﬁ H p_pe:poﬁ’ uz :’/‘0?9 (8217)
where ¢, and p, are given by
L E E
B - (8.2.18)
T, 2pr 2r,

Therefore, the basic equations (8.2.1), (8.2.13) and (8.2.14) become
oV _0ov 6p 0.

i 8.2.19
o' 0oz o oz' ( )
% ., oY

—(1+ + =0, 8.2.20
pva ( Y) P Va ( )
% 1. . i(+aj)

=—p(l+y)———. 8.2.21
77 2 p+7) REE ( )

At the end of the diastole period, the flow velocity v, and the acceleration of tube

wall vanish. The diastolic pressure equals the lowest blood pressure. The quantities
Yo» D, can be related by (8.2.21), if we write p, —p, = p, P, and (u,), =77, , that is

. 2y,(I+ay
, —O(—NZO). (8.2.22)
(1+7%,)



INTRODUCTION TO SOLITON THEORY: APPLICATIONS TO MECHANICS 225

Now, let us study the asymptotic behavior of the governing equations (8.2.19)—
(8.2.21).

To describe the nonlinear asymptotic behavior, Gardner and Morikawa introduced a
scale transformation to combine it with a perturbation expansion of the dependent
variable. Employing this method, we firstly linearise the equations in the form

XDy, (8.2.23)
o' oz
vy o1, v
—+—(1+y,)—=0, 8.2.24
p 2( Yo)az, ( )
oy _1x. . y(1+Q2a-D7,)
=—p(l+y,)———— 210 8.2.25
at,z 2p( YO) (1+?0)2 ( )
where p and «7 are defined as
P=Po+ Dy T=T+7 - (8.2.26)

Suppose we have harmonic solutions ¥, p, ﬁ? , with exponential factor of the form
expli(kz' —wt")] . (8.2.27)

In this case, we obtain a system of homogeneous equations in amplitudes ¥, p, \:( .
The dispersion relations are obtained by requiring that the determinant of the system

vanishes
S a=1)
gk (2a=D¥, (8.2.28)

w= =

» & -
Ny (I+70)

We expand (k) into a Taylor series about the origin for small %, and retain terms

up to the third power of k. So, we have

2

o(f) ~ gh(l —%) : (8.2.29)

and the exponential (8.2.27) becomes

k3gtr

expli{k(z'—gt') + . (8.2.30)
The similarity of asymptotic behavior holds for a coordinate transformation which
satisfies
z'—gt'
—=—=const. 8.2.31
(gt!)1/3 ( )

So, the scale transformation, for which the invariance of (8.2.31) hold, can be
defined as
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&= x/g(z'—gt') , T=¢e gt', (8.2.32)

with & a small parameter. The perturbation expansions of ¥, p, y with respectto €,
are given by

7=2e, (60, p=2e"p, (60, 1= 8, (6. (8233)
n=1 n=1 n=1
The dependent variables ¥, p, ¥ depend on & and 1, and the nonlinear

equations (8.2.19)—(8.2.21), written with respect to & and 1, are

A L

-0, (8.2.34)
& ot 08 OF
(——+a—)y+ (1+y0 +y)— ﬁﬁ =0, (8.2.35)
% ot o5 g
ol , & 62 1.z . =
g (e ?— 2g @ )v (po+p)(l+vo+v)+
(8.2.36)
(vo+v)[1+a(vo+v)] o
(1+7,+7)

Substitute (8.2.33) into (8.2.34)—(8.2.36) and equate the coefficients of like powers
of &. The terms that are proportional to ¢’, give equation (8.2.22), and the terms
proportional to & give

8v %_
ag oe
e Ly, (8.2.37)
o 2 o€
1. 1, (1+2ay, +a¥)y,
—— By, ——(1+ TR I (PR LR
217071 2( Yo) P (1+;}~/0)z

Also, the terms proportional to &* give

—g%+g%+v N apz:O,
g ot og  0g

_ aYz 8Yl - 6\/2
g—= ( 0)8

SN (N (8.2.38)
& ¥ 2

1
e 2" e
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oy, 1. 1 - 1.
? ggl _Ep()“h _E(l"'yo)pz _EPIYI +
L (e2af, vafdn, | @=by _
(1+7,)’ (1+7,)
From (8.2.37) we obtain by integrating
1
vw=—p+f(1), (8.2.39)
g
28
v, =—=—v,+0(1), (8.2.40)
I+7,
2 2
P = _g~ Yi» (8.2.41)
1+7,

where the functions f(t) and ¢(t)can be determined from initial conditions. We can

have in particular
SO =0(r)=0, (8.2.42)
for
P=Dpy, Y=Y, forv, =0, (8.2.43)
or
p,=0,v,=0,for v =0. (8.2.44)

In these conditions, (8.2.39) and (8.2.40) give again (8.2.41). The quantities v, p,

and v, are related between themselves by

_p_ 2 (8.2.45)
g 1+7,
Eliminating v,, p, and y, from (8.2.38) and (8.2.45), we obtain the KdV equations
3
My gy P 12 S, (8.2.46)
ot 05 2 0§
3
Pr gy P10 Py, (8.2.47)
ot o0& 2 0¢
(8.2.48)

3
Oy, D0 L0
ot o8 2 8E
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where the constants K, L and M are given by

- L T)I(+20)+3(2a =7, ]

8.2.49
4[1+(2a—l)}70]3/2 ( )
1=K -2 g (8.2.50)
g 1+7,
8.3 Two-soliton solutions
The flow velocity equation (8.2.46) may be written as
U -6UU +U_ =0, (8.3.1)
by the transformations
vlz—iU,ﬁzX,rzzT. (8.3.2)
K
The equation (8.3.1) admits a soliton solution given by
U =2k’sech®[k(X —4k°T) - 3], (8.3.3)

with 8 =const. The solution for flow velocity is obtained from (8.2.17) and (8.2.33)

v.(z,0) = %colgzsechz[%(z —-Vt)-8], (8.3.4)

0

where
ek* =k*, V =ge,(1+2k%). (8.3.5)

The equations (8.2.47), (8.2.48) can be solved in a similar way, and the solutions for
fluid pressure and radial displacement are given by

p(z.)=p, +% poézsechz[Li(z ~Vt)-8], (8.3.6)

0

u,(z,0) = 1,7, +ir01€2sech2[i(z —Vt)-3]. (8.3.7)
M L,

The soliton solutions describe the pulsatile pulses in which the amplitude and
velocity are related. The pulses with large amplitude are narrow in width and move
rapidly. This feature can explain that the steepening in the arterial pulse occurs in
accordance with the increase in the velocity pulse.

For arbitrary initial conditions the solutions U(X,T) of (8.3.1) are obtained exactly

by applying the inverse scattering transform. As 7 — oo, the solution approaches
asymptotically to N soliton solutions. The amplitudes and the velocities of these
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solutions are determined by the eigenvalues —k. of N bound states of the Schrodinger
equation for which the potential is the initial condition U(X,0) .

Consider now the arbitrary initial conditions for the KdV equation (8.3.1) which can
support two bound states at —k and —k;

U(X.0) =—§vl(a,0) :—gvz(z,m:—f 7(2.0),

Co

ng:\/Ez'zﬁLiz : (8.3.8)

The solution is obtained with no reflection, R(k,0)=0, and yields as 7 — o to a
two-soliton solution given by
U(X,T)=—2klsech’[k,(X —4k’T) - 5,1~

(8.3.9)
—2k2sech’[k, (X —4k2T) -3, ].

The constants §,, 8, are arbitrary. The flow velocity is described as a two-soliton

solution and can be regarded as being composed from a main pulse and an associated
dicrotic wave. From (8.3.9) it results the solution for the flow velocity of blood

v.(z,t) = £c01€12sech2[ﬁ(z — 4k ) - 8,1+
; K L,
: (8.3.10)
6 ~
+Ecok;sech2[L—z(z — 4k -38,].

In a similar way we obtain two-soliton solutions for blood pressure and for radial
displacement

P = py 4 psech [ (- ki) -5, +
5 ’ (8.3.11)
+% pOIE;sech2[]'i—2(z —4k2) -8, ],

0

u, (2,0) = Uy, + irO1€fsech2 [ﬁ(z — 4k )-8+
M L,
N (8.3.12)
6 72 2 kz 2
+ Tikssech [L—O(z—4k2t)—82].

The time ¢, required for a pulse starting from the heart to cause the steepening in the

aorta may be estimated by considering the equation (8.2.46) in which the third term is
discarded
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Mg Dy, (8.3.13)
ot o

The solution of (8.3.13) can be regarded as a functional relation
v, = f(E-Kvn1). (8.3.14)

Therefore, the scaled time #,, which causes the steepening, may be connected with a

scaled initial pulse of width &, on the & -axis, by an approximate relation
1
T,K(v), = Eio , (8.3.15)

where (v,),, is the maximum value of v, . Inserting the transform relations obtained
from (8.2.15), (8.2.17), (8.2.32) and (8.2.33)

& = Vez' = \/ngldo )
1, =eve 1 =eNel s, , (8.3.16)

vlm = 8_1 (ﬁ)m = 8_1061 (vz )m s
into (8.3.15) we have
dO

=—0 8.3.17
2Kg(v.), (®317

tO

where d, is the width of the initial pulse on the z -axis.
Taking K =1, g=1 and (v,),, =0.5m/s, d, =0.3 m, from the experimental data, the
time ¢, is estimated to be about 0.3 s. For V' = 5m/s, the distance that the wave needs to

travel until the soliton is formed is estimated to be about 1.5 m. But the distance from
the heart to the abdominal aorta is about 0.5 m. Therefore, in the abdominal aorta the
soliton is not yet formed. The steepening phenomenon can be interpreted as the
generating and growing of solitons in large arteries.

The condition for an equilibrium state of the system is given by

p=p,, v,=0,forall z, (8.3.18)
and the boundary conditions of the system are
pP=py,V,=0,as ztoo. (8.3.19)
From (8.2.22), (8.2.28) and (8.3.6) we have

cxe i@y PPy (8.3.20)

2 4 Py VI+k? ’

V;c0{1+(%—%)u}{1+§u}. (8.3.21)

Py Py
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The velocity of sound wave with small amplitude near the equilibrium state is given
by (8.2.28), that is gc,(1+k°)™"*, and the phase velocity of a soliton with large
amplitude, which satisfy the boundary condition (8.3.19), is given as gco(1+2l€2).
These velocities depend on g and ¥,. But ¥, and p, are related by (8.2.22), and thus
theses velocities change with the lowest pressure p,. The phase velocity includes a
term of k> which is proportional to the amplitude of the pulse. Then the efficiency of
blood circulation depends on the lowest blood pressure p, and on the difference
between the highest and the lowest pressure of blood p,, — p, .

In this section, the results obtained from this theory are compared with the

experimental measurements given by McDonald for the dog. These experimental results
are summarized as follow (Yomosa):

— for the thoracic aorta
r,=5x10"m, h—°=o.12, p=1.05x10"kg/m’,
)
P, =1.06x107kg/m’, E =5.49x10°Pa, (8.3.22)
v, =055m/s, p, —p, =102 mmHg=102x133.3 Pa,
P, — P, =81mmHg = 81x133.3 Pa,
p,, =21mmHg = 21x133.3 Pa, u,, =0.057,,
v=>5.5m/s, f =3.65cycles/s,
where f is frequency.

— for the femoral artery
r=15%x10"m, h—°=o.12 , p=1.05x10"kg/m" ,
To
P, =1.06x107kg/m’, E =14.1x10’ Pa, (8.3.23)

v, =04m/s, p, —p, =110mmHg = 110x133.3 Pa,
Po— P, =78 mmHg = 78x133.3 Pa,

p,, =32mmHg = 32x1333Pa, u, =0.037,
v=1m/s, f =3.65 cycles/s.

In the static case we have

_ ph #+ad)

p_pe ~ *
n 1+

(8.3.24)

Figure 8.3.1 represents an experimental diagram (p—p,, - 1+7 ) obtained by
o

McDonald for the dog. From this graph and (8.3.24) we estimate E =5.37x10’ Pa and

. . h
a=1.95 for the thoracic aorta, by using —~=0.12. The Young’s modulus thus
%
estimated is in good agreement with (8.3.22).
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100
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Figure 8.3.1 Experimental diagram ( p - p,, o +7 ) for dog (McDonald).
7

0

For the femoral artery the same value for the nonlinear elastic coefficient a is
considered. The parameters ¢, and p, are estimated by substituting the values of —,
rO

pand E given by (8.3.22) and (8.3.23) into (8.2.18)
¢, =5.6m/s, p, =247 mmHg =247x133.3Pa, (thoracic aorta), (8.3.25)

¢, =8.98m/s, p, =635mmHg = 635x133.3 Pa, (femoral artery). (8.3.26)

The values of p, which correspond to the lowest pressures p, — p, =81 mmHg in
the thoracic aorta, and p, — p, = 78 mmHg in the femoral artery are determined from
(8.2.17) and (8.3.25), (8.3.26).

P, =0.328, (thoracic aorta), (8.3.27)

P, =0.123 . (femoral artery). (8.3.28)
The value of y, is calculated from (8.2.22) and (8.3.27), (8.3.28)
Yo =0.169, (thoracic aorta), (8.3.29)

Yo =0.062, (femoral artery). (8.3.30)
The values of g,K,L and M are estimated from (8.2.28), (8.2.49) and (8.2.50)
g=1.044, K=1.024, L=0.980, M =1.829, (thoracic aorta), (8.3.31)

g=1.023, K=1.127, L=1.102, M =2.171, (femoral artery). (8.3.32)

From the soliton solutions (8.3.4), (8.3.6) and (8.3.7) we derive

6 - 6 - 6 -
v :Ecokz H pm :Zp0k27 (ur)m :ﬁrokz’ (8333)

m

Substituting into (8.3.33) the experimental values of v,, p, and (u,), given by

(8.3.22) and (8.3.23), we estimate three values of k for the soliton in the thoracic aorta
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k=0.129, k =0.118, k =0.123. (8.3.34)
In a similar way, three values of k are obtained for the femoral artery
k=0.091, k =0.096, k =0.104. (8.3.35)

Therefore, we can take k = 0.12 for the thoracic aorta, and k = 0.09 for the femoral
artery. From Figure 8.2.1 we can estimate the amplitudes of the dicrotic flow and
pressure waves in the femoral artery, denoted by v¢ and p?

vl =0.05m/s, p! =5 mmHg . (8.3.36)

Then we estimate the value of k for the dicrotic wave in the femoral artery for the
first two equations (8.3.33)

k,=0.032, k,=0.038. (8.3.37)
Therefore we can regard the wave in the femoral artery as a two-soliton wave which
is characterized by &, = 0.09 and %, = 0.035.

Substituting the values of g,c, and k estimated above, into (8.3.5), we have the
wave velocities

V = 6.02 m/s, (thoracic aorta),

V' =9.34 m/s, (femoral artery). (8.3.38)

These values are reasonable compared with the experimental data (8.3.22) and

(8.3.23). Since all values of k estimated until now satisfy k? <<1, we can see from
(8.3.5) and (8.2.28) that the solitons velocities in arteries nearly equal the sound wave
velocities in them. From the profiles of the flow and pressure waves in Figure 8.2.1, we
can estimate the widths of theses pulses. We have

2L .
e 17 0.11m, (thoracic aorta),
P15 f
21:0 = L% =0.0856m, (femoral artery), (8.3.39)
and
2L

—=0.02s, (thoracic aorta),
kV

2L
IEVO =0.01s, (femoral artery). (8.3.40)
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- . L . . . ~
The characteristic lengths L, and time T, =—" are estimated by inserting the &

CO
values into (8.3.39) and by using (8.3.25) and (8.3.26)
L,=0.66x10"m, T, =1.2x10"s, (thoracic aorta),

L, =0.38x107"m, 7, =0.4x107s. (femoral artery). (8.3.41)

We can estimate the values of effective inertial thickness of the wall by using
(8.2.16) and (8.3.22) and (8.3.41)

H,=1.73-10"m, (thoracic aorta),

H,=1.93x10"m, (femoral artery). (8.3.42)

The additional inertial thickness due to the mass of the tissue h; = H,—h, is

estimated as

h, =1.7x10"m, (thoracic aorta),

hi =1.9x10"m, (femoral artery). (8.3.43)
0.018 U
0.016- ,~ ‘
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0.01- l/ \ \
0.008- | { |
| I
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< T=0.27 sec >
< TV=2.56 m -

Figure 8.3.2 Two-soliton solution U(0,?) in the femoral artery of the dog.

Figure 8.3.2 represents the two-soliton solution U(0,7) given by (8.3.9) for the
femoral artery of the dog, with

L, =038x107m, k =0.09, k, =0.035, ¥ =9.34m/s, 5, =0, 8, =2.9.

The frequency of generating the solitons is 3.65cycles/s, the period is
T =1/f =0.27s, and the wavelength is TV =2.56m . For the thoracic aorta we have

T=1/f=027s,V=602m/s, TV =1.64m .
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Figure 8.3.3 Two-soliton solution of flow velocity in femoral artery of the dog.

Figure 8.3.3 represents the time variation of the two-soliton solution of the flow
velocity in the femoral artery of the dog, in an arbitrary location, for lgl =0.09,

k,=0.035, V=934m/s, K=1127, c¢,=898m/s, 6 =-1.7, 6,=13. The
frequency is 3.65 cycles/s.

Figure 8.3.4 represents the time variation of the two-soliton solution of the blood
pressure in the femoral artery of the dog, in an arbitrary location, for L, =0.38x107m,

k =0.096,k =0.041, V=934m/s, L=1.102, p,=635mmHg=635x133.3Pa,
5,=0.

Figure 8.3.4 Two-soliton solution of blood pressure in the femoral artery of the dog.

By comparing these results with the experimental results given by McDonald we
observe that waves are narrower than in experimental data, which can be explained by
the fact that the viscosity is completely neglected. It is interesting to note that the
features of the graphs (8.3.3) and (8.3.4) are very similar to the Hamiltonian of the sine-
Gordon equation behavior (Hoenselaers and Micciché).

8.4 A micropolar model of blood flow in arteries

The blood is a rheologically complex fluid being a suspension of particles (red and
white cells, platelets) undergoing unsteady flow through vessels. Eringen introduced a
mathematical model for such fluids, called micropolar fluids, in 1966. This theory
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exhibits microrotational effects such as those experienced by blood in the larger vessels
of the circulation for the dog (McDonald). Ariman and his coworkers, Turk and
Sylvester, Easwaran and Majumdar, have applied the Eringen theory for describing the
time-dependent blood flow. Their model formulates a new kinematic variable called
microrotation describing the individual rotation of particles within the continuum,
independent of the velocity field. In this theory an arbitrary pressure gradient as a sum
of sine functions was considered. But the pulsatile character of the blood flow suggests
the using the soliton theory.

Let us consider the thin-walled elastic tube is infinitely long, straight, circular and
homogeneous, embedded in the tissue and filled with the blood

Consider the one-dimensional fields of longitudinal flow velocity v(x,?), the micro-

gyration w(x,t), the blood pressure p(x,#) and the cross-sectional area A(x,#) under
the assumption of uniform distributions of v and p over the cross-section of the tube.

Here x is the axial distance along the vessel and ¢, the time. The radial component of
the flow velocity is neglected in comparison with the axial component. The dimensional
governing equations of the micropolar fluid dynamics are given by

8v+ ov 1op 1 v oow

LN B YA AL Ly 8.4.1
ot ox pox p Mo p Ox (84.1)

ow adv yow _a

L Lo YOV 5%, 8.4.2

ar’ pox pox’ p (84.2)
o, o0 (8.4.3)
ot ox

where p is the fluid density, o, p, y the blood coefficients and j the microinertia

2y
+a

coefficient (j = 5 ). The coefficient o depends on the cellular concentration

(hematocrit) and is determined from the equation

o’ +a2u-yg) - vq’'n=0, (8.4.4)
where ¢ has been found experimentally by Bugliarello and Sevilla (see Ariman et al.)
givenas ¢ =10"m™, p represents the viscosity of blood plasma (0.02 poise at 30°C).

The ratio 1 is defining the red cell diameter for blood.
q

The equation of radial motion of the arterial wall is given by (8.2.14)

. hy(+aty
o PPy py— N0 (8.4.5)
ot H, 7, Hy2(1+ 1)

To

0
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with p,the density of the material of the wall, r(x,f) the radius of the tube, % the
thickness of the wall in radial direction, p, the pressure outside the tube which can be

regarded as about the same as the atmospheric pressure, ¢ the extending stress in the
tangential direction. The density of the materials of the wall and the tissue are assumed
to be equal. In (8.4.5) u is the radial displacement of the wall, £ the Young's modulus
of the elasticity, a a nonlinear coefficient of elasticity.

Taking account of 4 = ni(, +u)’, we obtain from (8.4.5) the motion equation of the
cross-sectional area

AL L, (34.6)
o 24 at"  p, P o
where
-p, 21k N A
1A, p) =24 PP _ZERIG ¥ aNATR =0 L (g47)
Hr, H,rp
We introduce dimensionless, noted by prime, variables
TohoPo 112 oPo 12 A X
= s Ly=(—— y Co=—7H» X =/,
0=, )76 "y L
t':L, "(x t)_v(x 1) ’(x,;):p(L)z_pf, (8.4.8)
tO CO pc()
w=tw, A'(x,1)= A1) AO:nroz,A:nrz,r':L.

4 7
The dimensionless equations can be written by dropping the prime as

2
@+ @+6p ma—‘;—n@=0, (8.4.9)
ot ox Ox ox ox

ow ov o*w
b—+qg—-— +dw=0, 8.4.10
ot q@x & ox? v ( )
o, ovd) _q (8.4.11)
ot ox
62—A——(—) =f(4,p), (8.4.12)
o 24 ot p o

where
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m= < -Z H s = ¢ s b = izs
pcoly peoly Iy
o 1 af,
q= > - 8= ’Y_gs = _23
PColy plo Py
S Eh T (8.4.13)
f(A,p)=2Ap_pe _ O[r0+a( - n_FO)](\/A—/TC—I"O),
oo Hry
2pc; 2(2a-1 2 2(1-
b]: pc(),bzz (a ),b3:_a,b4: ( a).
hE 7 A 7
Let us assume an unsteady arbitrary pressure gradient of the form (Freeman)
2 A
p(x,t) =Y Asech’ (b, —kx+ot) (8.4.14)
1

with 4, , l;,. , k unknown constants and ® the circular frequency.

The governing flow equations (8.4.12)—(8.4.15) are solved in the condition of
satisfying (8.4.16) and the initial conditions

10,0 = vy, 20,0 = v,,(0,0) = ;.

S ot o (8.4.15)
w

220,00 =, 4(0.0) = 4, =-(0.0)=a,

The scenario for variation of coefficient o gives the effect of the volume
concentration of the red cell upon the flow behavior of blood.

Equations (8.4.13)—(8.4.16) can be simplified into a form suitable for obtaining the
periodic wave solutions. It will be of interest to obtain the wave of permanent form
solutions of this system using the change of the variable

y=k(x—ct), c:%, (8.4.16)
where c¢ is the unknown wave velocity. In order to simplify equations we consider
a =1. The system of equations are written as

—cv' + W+ p'—mkv" —nw' =0, —bckw' + gkv' — gk*w" + dw =0,

S, 1, (8.4.17)
—cA'+(vA)' =0, k‘c (A”_ﬁA, )= f(4,p).

The profiles of the flow velocity, the blood pressure and the cross-sectional area are
numerically calculated using the data given by (8.3.22) for the thoracic aorta of the dog.
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Figure 8.4.1 Variation of the blood pressure in one period.
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Figure 8.4.2 Variation of the flow velocity in one period.

For the blood coefficients we choose p =0.02poise, y=0.6 mkg/s and j=20m>.
From (8.4.4) we obtain o =0.02poise. By equating the width of the blood pressure
two-soliton wave to the width (the wavelength is 162x10™ m) of the pulse wave
observed experimentally for the thoracic aorta of the dog, we obtain 7 =0.27s and

¢ =6 m/s. The dimensionless initial conditions are given by

v(0)=0.5, v'(0)=0,
w(0)=0.2, w'(0)=0,
A(0)=1, A'(0)=0.

Constants from (8.4.18) are foundas 4, =1, 4, =0.6, l;l =23, 52 =45.

Figures 8.5.1-8.5.3 are plots of the blood pressure, the longitudinal flow velocity
and the microgyration for one period. It is seen that the systolic and diastolic peaks exist
in all graphs. The systolic and diastolic pressure peaks are related to the flow velocity
peaks. The phase portraits for flow velocity and the microgyration are plotted in Figures
8.4.4-8.4.5 after four periods. For an increasing number of periods the graphs remain
unchangeable. The motion becomes stable, the role of the initial conditions being very
small. In Figure 8.4.6 the cross-sectional area is plotted for one period.
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- \/ \/

Figure 8.4.4 Phase portrait for the flow velocity in one period.

To illustrate the effect of the hematocrit on the flow velocity and on the micro-
gyration we consider four values for the coefficient o. Figures 8.4.7-8.4.8 show a
decreasing of the amplitude of the flow velocity and of the microgyration for increasing
hematocrit. The results are reasonable due to the fact that the increase of viscosity
overshadows the inertial effects leading to a reduction of the amplitudes and are in
agreement with the experiments.

Figure 8.4.5 Phase portrait for microgyration in one period.
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Figure 8.4.6 Variation of the area in one period.
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Figure 8.4.7 Effect of hematocrit on flow velocity.
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Figure 8.4.8 Effect of hematocrit on microgyration.

The two-soliton representation for the blood pressure may be viewed as an
interaction of two pulses. They are superimposed but retain their identity and do not
destroy each other into the flow. This assures the stability of the blood circulation. The
flow velocity, the microgyration and the cross-sectional are calculated as functions of
the two-soliton blood pressure pulse. The phase portraits demonstrate the stability of the
blood motion (Tabor).



Chapter 9

INTERMODAL INTERACTION OF WAVES

9.1 Scope of the chapter

The modal interaction in a Toda lattice was discussed in section 6.5. In this chapter
we discuss other phenomena by means of intermodal interaction of waves. In the first
four sections we explain the subharmonic generation of waves in piezoelectric plates
with Cantor-like structure. We show that subharmonic generation of waves is due to a
nonlinear superposition of cnoidal waves in both phonon and fracton vibration regimes.
Alippi (1982) and Alippi et al. (1988) and Craciun et al. (1992) have proved
experimentally the evidence of extremely low thresholds for subharmonic generation of
ultrasonic waves in one-dimensional artificial piezoelectric plates with Cantor-like
structure, as compared to the corresponding homogeneous and periodical plates. An
anharmonic coupling between the extended-vibration (phonon) and the localized-mode
(fracton) regimes explained this phenomenon. They demonstrate that the large
enhancement of nonlinear interaction results from the more favorable frequency and
spatial matching of coupled modes (fractons and phonons) in Cantor-like structure.

Section 9.5 presents the Yih analysis of the interaction of internal solitary waves of
different modes in an incompressible fluid with an exponential stratification in
densities.

The turbulent flow of a micropolar fluid downwards on an inclined open channel is
studied in sections 9.6 and 9.7. The wave profile moves downstream as a linear
superposition of soliton waves at a constant speed and without distortion.

In a micropolar fluid the motion is described not only by a deformation but also by a
microrotation giving six degrees of freedom (Eringen 1966, Brulin 1982). The
interaction between parts of the fluid is transmitted not only by a force but also by a
torque, resulting in asymmetric stresses and couple stresses. The micropolar theory is
employed here to obtain solutions, which are periodic with respect to distance,
describing the phenomenon called roll-waves for water flow along a wide inclined
channel. The soliton representation is not so surprising in this case because Dressler in
1949 studying the roll-waves motion of the shallow water in inclined open channels
found an equivalent form expressed as a cnoidal wave for a flow subject to the Chezy
turbulent resisting force. The last section presents the results of Shinbrot concerning the
effect of surface tension on the solitary waves.

The chapter refers to the works by Munteanu and Donescu (2002), Chiroiu et al.
(2001b), Yih (1994) and Shinbrot (1981).
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9.2 A plate with Cantor-like structure

We consider a composite plate formed by alternating elements of nonlinear isotropic
piezoelectric ceramics (PZ) and a nonlinear isotropic epoxy resin (ER), following a
triadic Cantor sequence (Figure 9.2.1). Craciun, Alippi and coworkers constructed an
artificial one-dimensional Cantor structure. The Cantor set is an elementary example of
a fractal. The Cantor set is generated by iteration of a single operation on a line of unit
length. The operation consists of removing the middle third from each line segment of
the previous set. As the number of iterations increases, the number of separate pieces
tends to infinity, but the length of each one approaches zero. The property of invariance
under a change of scale is called self-similarity and is common to many fractals. In
contrast to a line with its infinite number of points and finite length, the Cantor set has
an infinite number of points but zero length. The dimension of the Cantor set is less
than 1. Denoting by N the number of segments of length €, the dimension of the
Cantor set is given by Baker and Gollub

logN . log2" log2

d=lim, ,—————=Iim, =
log(1/¢) log3" log3

<1.

We consider the same sample using a triadic Cantor sequence up to the fourth
generation (31 elements). A rectangular coordinate system Okx,x,x, is employed. The
origin of the coordinate system is located at the left end, in the middle plane of the
sample, with the axis Ox, in-plane and normal to the layers and Ox, out-plane, normal
to the plate. The length of the plate is /, the width of the smallest layer is //81 and the
thickness of the plate is /4 . The width of the plate is d . Let the regions occupied by the
plate be V =V? UV*¢ where V7and V¢ are the regions occupied by PZ and ER layers.
The boundary surface of /' be § partitioned in the following way

S=8uS us,, Sfnsfns, =0,
where

S ={x;,=1h/2, 0<ux <lI}, isthe boundary surface of V'”,
Sy ={x; =xh/2, 0<x </}, isthe boundary surface of V',

S,={x=0, x,=I, —h/2<x;,<h/2}.

Let the unit outward normal of S be #, the interfaces between constituents be /7.

An index followed by a comma represents partial differentiation with respect to space
variables and a superposed dot indicates differentiation with respect to time. Throughout
the present paper repeated indices denote summation over the range (1,2,3).

In order to investigate theoretically the existence of multiple fracton and multiple
phonon mode regimes in the displacement field for a piezoelectric plate with Cantor-
like structure it is customary to consider: first, the nonlinear geometrical relations
between the components of deformation and those of the displacement vector; second,
to retain in the constitutive equations besides the linear terms also the nonlinear terms of
lowest order. So, we have considered the piezoelectric material to be nonlinear and
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isotropic, characterized by two second-order elastic constants, three third-order elastic
constants, two (linear and nonlinear) dielectric constants and two (linear and nonlinear)
coefficients of piezoelectricity. In our first attempt to investigate the existence of
multiple fracton and multiple phonon mode regimes, we considered the case of
anisotropic piezoelectric material with monoclinic symmetry and we neglected the
third-order constants. In spite of the bigger number of elastic, dielectric and
piezoelectric constants, the results did not show clearly the existence of localized and
extended modes regimes. In conclusion, a quantitative knowledge of the second-order
material constants is essential for the analysis of the fracton and phonon mode regimes
for a piezoelectric plate ( 06s). The dashed regions are occupied by piezoelectric

ceramic of total volume V¥ and boundary external surface S/ . The white regions are

occupied by epoxy resin of total volume /* and boundary external surface S, .

Ox. white regions-epoxy resin
of volume V © and external

boundary surface S'f
both lateral surfaces S2

Th/2
L h/2
O — 0xy
| r 1 1
OXz dashed regions-piezoelectnc mnterfaces between
ceramic of volume VPand external constituents TP

boundary surface Sfl)

Figure 9.2.1 The plate with Cantor-like structure.

The lateral surfaces are S, and the interfaces between constituents /7. In the

following, the basic equations are written for piezoelectric and non-piezoelectric
materials:

a) Piezoelectric material (PZ).
1. The quasistatic motion equations

PVl = (t; +u, b)), in V7, 9.2.1)

D, =0, E+, =0, in V", (9.2.2)
i, i (P,I

where p,is the density, u, is the displacement vector, 7, is the stress tensor, D, is the
electric induction vector, E, is the electric field and ¢ is the electric potential.
2. The constitutive equations
1, =M€, 8, +2u"e, + A’e 8, +3B g 8, + CTepd, —

_ _ _ inV?, (9.2.3)
e E5,;, —¢/Eg,0, —¢/Eg,5, —e/Ee

ijo
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—_ P l—p 2 P l—pZ 1=p2 : P
D, =¢"E, —58,. E-—efg, _Eei €5 —Ee,. €y, In V7, ©.2.4)

1 .
€, :E(Mi” tu; tuu ), n Vo, 9.2.5)

where ¢, is the strain tensor, A”,p” are the Lamé constants, 4”,B”,C" are the Landau
constants, €”,€” (€ =€/ =¢/) are the linear and nonlinear dielectric constants,
e’ (ef =el =e’), e’ (¢’ =ef =¢) and e’ (¢’ =e =e/) are the linear and
nonlinear coefficients of piezoelectricity and E* = E + E; + E; .

3. The boundary conditions

=T, on S, (9.2.6)

N
=

| Il
<3
B

Dn =d, o=¢, on S, 9.2.7
i =0 i

where T, d , § are quantities prescribed on the boundary and fj is the Maxwell stress

tensor. We consider that a periodical electric field EI = EO exp(im?) is applied to both

surfaces of the plate to excite the Lamb waves, over a wide frequency range
(10MHz < ®/2n <5MHz).

The action of this field is described by Maxwell stress tensor 7_:] (Kapelewski and
Michalec)

T :;_R(E,.Ej —%E%s,.j), on S7. (9.2.8)

The boundary conditions (9.2.6)—(9.2.7) on S} are rewritten as

1 == 1 - =
t,=—EZEE,, t,=—(E;—-E), on S/, 9.2.9)
47 8n
D,=E,, E =E, on S’. (9.2.10)
b) Non-piezoelectric material (ER).
4. The motion equations
P, =t,,, in V°. (9.2.11)

5. The constitutive equations

1, =\e,d, +2ue, + A6 e, +3B%,6, +Ce,8,, in V. (9.2.12)

ij >
6. The boundary conditions
t;n; =0, on S, (9.2.13)
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or
t,=t,=0, on S/. (9.2.14)
7. The boundary conditions on S,
-u, =-u; =0, on S,. (9.2.15)

8. The conditions on interfaces between constituents /7.
At the interfaces between constituents the displacement and the traction vectors are
continuous.

[,1=[u;1=0, [#,1=[1;]1=0,0n 1™, (9:2.16)

where the bracket indicates a jump across the interface and k=13 .

The 3D problem can be reduced to a 2D problem, if we consider all quantities
independent with respectto x,,and u, =0, E, =0.

We have

ul =u1(x1>x3st)s u} =u3(x1>x3st) ’ in V ’ (9217)

El :_(p,la E3 :_(p,B H (P:(p(xlax39t) ’ il’l Vp . (9218)

We express the elastic potentials ¢ and

=0, -y, Uy =03 +y,, nV, (9.2.19)
in the form
¢ =[4cos(ax,) + Bsin(owx, )Jp(x,.1),
y =[Ccos(Bx;)+ Dsin(Bx;) Iy (x,,¢), in V7", (9.2.20)
¢ =[E cos(yx;) + F sin(yx;)]p(x;, 1) ,
and

¢ =[Acos(dux, ) + Bsin(6ux,)1§(x,, 1),

v =[Ccos(Bx,) + Dsin(Bx, )p(x,,1) , in V', (9.2.21)

where ¢, and ¢ are unknown functions.

Kapelewski and Michalec obtained the analytical proof of the existence of solitary
surface waves for a free nonlinear semi-infinite isotropic piezoelectric medium.
Following this work we have observed that the governing equations (9.2.1)—(9.2.2) and

(9.2.11) can support for ¢,y , ., and ¢ certain particular functions ¢, and ¢
having the form
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¢ = ysech(gn) fp—w ¥, 0 = (), + Dsech(gn) exp(> ff”) 1, (9.222)

0 g 0
where 1 =x, —vt, vthe velocity of wave.

This result plays an essential role in our strategy to determine the functions (T),\I/ and
¢ by using the cnoidal method. Using the cnoidal representations, the displacement

field in V? and V* is given by
=[Acos(owx;, ) + Bsin(owx, )](I)0 [log®, 1"+

) (9.2.23)
+ [BC sin(Px; ) —BD cos(Bx; )y, [log®, 1",
u, =[—aAdsin(ox;) +.Boc cos((jcx3 )](T)0 [log®, 1"+ (9224)
+[C cos(Bx,)+ Dsin(Bx; )]y, [log®,1",
in V7 and
+B log® 1"+
: A[ cos(6ix,) + Bsin(x, )1, [log ®, 1" + (9225)
+BCsin(Bx,) ~BD cos(Bx, )], [log®, ',
U, = [A—&;I sAin(oALx3 )A—i- E&A cos(dux, )](T)0 [log®, 1"+ (9.2.26)
+HC cos(Bx;) + Dsin(Bx;) ]y, [log ©, 1",
in V¢ . The electric field in V'” is given by
E, =—{E cos(yx,) + F sin(yx;)p,[log®, 1", (9.2.27)
E, = [yEsin(yx,) ~ Fycos(yx,)3,[log®, ' . (9228)

In these expressions, the prime means the differentiation with respect to x=x,. We
have used here the following representations for the functions ¢, and ¢

2

: -8
¢(xnt) = (I)o EIOan (nl ’nza"'ann) ’

2

3 .0
o(x,1) = %Elog 0,(M;MNys-M,) (9.2.29)

2

- . 0
y(x, 1) =y, %loan(nlsnzr"snn) >

where x=x, and J)O,ﬁ/o and ¢, constants. In (9.2.29),0,(n,,Mn,,....,N,) is theta-
function (1.4.14)
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0

n . 1 N
0,(M;,Mys-M,) = Z eXP(ZIMjn,-“‘EZMiB,ij)’
J=1

M; =—o i,j=1
1<i<n

and m;, =k x-ot+f,, 1< j<n,where k, are the wave numbers, o, the frequencies

and B, the phases. The relations (9.2.29) allow the representations

o, 1) = §,, () + by (M), (x,2) = §,,, M)+ By (), FCx,0) =, () + T, (M), (9.2.30)

2
where the first terms result from aaTlogG (m), and the second terms from
X

o F (n,0)
——log(l+——=
0*x &l

The solutions (9.2.23)—(9.2.28) must satisfy the set of equations (9.2.1)—(9.2.10) in
V7, and the set of equations (9.2.11)~(9.2.16) in V°.

), in accordance to the theorem 1.4.1.

9.3 The eigenvalue problem

In classical elasticity, there are two types of variational principles for the free
vibration of an elastic body. One is associated with the potential energy, the other with
the complementary energy. A variational formulation for the free vibration of a
piezoelectric body is given by Yang, which is related to the internal energy.

The eigenvalue problem for the resonance of the plate is

Pl = (t; +u b)), , n V7,
D,;=0, E+¢,=0, inV”,

7 p » P P2
t; =Neud, +2u"g,; + A8, +3B g e, + Ce 5, —

P _>p _Zr _ZP
ekE,(Si/. e/ E,(s,ISU. I Ekal,éif e’E.¢

]7
nV?,

ij)
D =%¢’E 1—pE2 p 1—p2 1=p2 in V?
;=& L, g ey 6 ey 6 &y, 1N >
2 2 2
1, =N, +2u‘e, + Ae e, +3B%,e, +Ce,8,, in V°,
(t; +u,ty)n; =0, on §, Dn, =0, ¢=0, on §’,

P, =t +u ty) ,, in VO, —uy =-u; =0, on S,, (9.3.1)

[”1]:[1"3]:0’ [tn+”k,1tk1]:[t13+uk,3tk3]:03 on [pe’
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1 . -
€; :E(Mi’j tu;tu ), in Vo, Q=13

For the eigenvalue problem (9.3.1) for the resonance of the plate we give a
formulation of a variational principle by introducing the Yang functional

A(uiagijatija(PDDi)

H(uiagt)',t,'ja(paD[)z r(u) (932)
where
AUy, 0,D,) = j[z[ju,.,j ~D,,0+U(e,;,D,)~t,e,1dV ~
Vv
9.3.3)
- ItjinjuidS+ IDiniwdS,
s, s?
1
I(u,) = J.Epu,.ul.dV, (9.3.4)
vV
and U the internal energy
U=U(,D,)= %[t[jg,j +ED] . (9.3.5)

For free vibrations, the three displacement functions are expressed as (9.2.23)-
(9.2.26) and the components of the electric field by (9.2.27)—(9.2.28).

The stationary condition on IT gives the eigenvalue problem (9.3.1) with the
stationary value of ®’. The values of @’ are sought corresponding to which nontrivial
solutions of (9.3.1) exist. The angular frequency ® is related to he circular frequency

f by o=2nf.

9.4 Subharmonic waves generation

Given a set of measured frequencies f, =, /2n, n=1,2,...,N , of the plate we aim
at determining the unknown system parameters

P:{k],CO,,Bj,B A’B’C’D’E)FHA)E)CA')DA7 a”B”Y’&’7G3 i’j:]‘5293)475}7 (9'4'1)

ij >

necessary to analytically construct the solutions of the set of governing equations.

The inverse problem we want to consider is, given the solutions representations
(9.2.23)—(9.2.28), to find the 55 parameters P given by (9.4.1) by inversion of the
measured natural frequencies of the plate. Because we do not have an experimental set
of eigenfrequencies we will use for the inverse problem the set of eigenfrequencies
computed from the direct problem (9.3.2)—(9.3.5).

To determine the parameters P from the measured natural frequencies data by the
nonlinear least-squares optimization technique, an objective function 3 must be chosen
that measures the agreement between theoretical and experimental data
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3(P)= Z{[f,."' - £ (P)I'} — min, %.4.2)

i=l1

where f° are the measured 7 -th eigenfrequency, f; the corresponding model prediction,

and N the number of measurements of frequencies N > K , with K the number of
unknown parameters which are given by P (for our case this number is 55).

The primary goal of the optimization procedure is the minimization of the objective
function 3(P), where P are the design variables which make up the solutions of the

9 <

problem. The signs “— min ”, “— max ” mean the minimization or maximization of
the objective function with some required precision: suppose six decimal places for the
variable values are desirable. To measure the accuracy of the identification of P we
introduce an error indicator & to estimate the verification of the governing equations,
that is

6
6(P()pt) = 26/( B (9.43)
k=1
8 = [4(p"ii, ~1,,) + D}, +(E +9,)' 1V, (9.4.4)
VP
8, = [(ptii, —t, Y dv, (9.4.5)
|24

1 == 1 = = — —
5, = J-{(t13 —gElEJ)2 +[t;3 —g(@2 —EDV +(D,—E,)* +(E, - E,)’}dS?, 9.4.6)

7

o, = f[tfs +15,1dSy (9.4.7)
5t

8 = [[uf +ui1ds, , (9.4.8)
e

8 = [[w +1] +£, +£,1d1"™ (9.4.9)

I
where F,, is the solution of the inverse algorithm (9.4.2), ¢, are given by (9.2.3) in
V?and (9.2.12) in V*, D, are given by (9.2.4) and ¢, by (9.2.5).
We define fitness as follows

>

| i

~

F=

Y

3= (9.4.10)

)

As the convergence criterion of iterative computations we use the expression Z to
be maximum
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1 3
Z = Elogm T‘

~

S

~

— max.

251

(9.4.11)

The quality of the model depends on the maximum value of the function Z and the
associated value of 3(F,,) . The integrals (9.4.4)~(9.4.8) can be analytically computed.

We use the genetic algorithm described in Chapter 7, in this case the binary vector

having 55 genes to represent the real values of parameters P given by (9.4.1).
The numerical computation of theta-function is drastic by noting that the number of

complex exponentials is (2M +1)" —1 (Osborne). For M =5, n=35 this number is

161050 and for M =10, n =100 this number is ~10"**. We consider here the case of

five degrees of freedom solutions n=5 and M =5 (-5< M, <5). The calculus was

carried out for /= 67.5mm and /= 0.3mm. The material constants are shown in Table
9.4.1. The calculus was carried out for /= 67.5mm and /= 0.3mm. The material

constants are shown in Table 9.4.1 ((T)O =0, =V, =1).

Table 9.4.1 The material constants for piezoelectric ceramics and epoxy resin (Rogacheva)

piezoelectric ceramics epoxy resin
A 71.6 GPa 42.31 GPa
p 35.8 GPa 3.76 GPa
A -2000 GPa 2.8 GPa
B -1134 GPa 9.7 GPa
C -900 GPa -5.7 GPa
€ 4.065 nF/m -
g 2.079 nF/m -
e -0.218 nm/V -
g =¢ -0.435 nm/V -
p 7650 Kg/m”* 1170Kg/m*

Table 9.4.2 Estimation results: computed eigenfrequencies

o,/2n | 100.2 167 217.1 250.5 334 367.4 417.5 501 584.5
+ 0.05 +0.01 | +£0.03 +0.1 +0.01 +0.01 +0.1 +0.02 +0.03
617.9 668 835 935.2 1085.5 1169 1269.2 1503 1670
+ 0.01 +0.03 | +0.06 + 0.06 + 0.1 + 0.07 + 0.02 + 0.05 + 0.4
1770.2 1987.3 | 2120.9 | 2250 2471.6 | 26553 | 2672 2972.6 | 3340
+0.2 +0.12 | +0.02 + 0.1 +03 + 0.01 + 0.01 +0.2 + 0.4
3540.4 35774 | 3690.7 | 37742 | 3974.6 | 3991.3 | 4241.8 | 4250 4291.9
+ 0.04 +0.02 | +0.01 +0.15 + 0.07 +0.24 + 0.07 + 0.03 + 0.06
4322 4525.7 | 4655 4698.6 | 4766 4798.4 | 4826.3 | 4856 4881.7
+ 0.04 +0.2 + 0.1 + 0.02 +0.2 + 0.03 + 0.01 + 0.04 + 0.04
4899.4 4901 49432 | 5003.5 | 5019.4 | 5122.3 5146.6 | 5233 5256.9
+ 0.01 +0.04 | £0.1 +0.1 +0.15 +0.07 +0.16 +0.1 +03
5298.6 5308 5310.6 5319.5 | 5344 5367.7 | 5401.9 | 5423 5436.7
+0.1 +0.06 | +0.02 +0.5 +0.15 +0.51 +0.55 | £0.01 + 0.01
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The eigenfrequencies ®,/2n are determined from the stationary condition on IT

(9.3.2). Table 9.4.2 shows the computed frequencies and the errors obtained by the
eigenvalue problem.

Resonant vibration modes are excited by applying an external electric field
E, = E, = E° exp(io,t) on both sides of the plate with ®=®,. The undetermined
system parameters P are computed by using a genetic algorithm (Chiroiu C. et al.
2000). The number of the measured eigenfrequencies is N = 63 Table 9.4.2).

The genetic parameters are: number of populations = 45, ratio of reproduction = 1,
number of multi-point crossovers = 1, probability of mutation = 0.25 and maximum
number of generations = 550. The genetic algorithm exhibits very good convergence
and accuracy. For example, for € =0 the maximum values of Z after 344 iteration is

Z,.. =0.51x10" and §=0.52x10"" in the case of normal modes /2 =334 kHz, and
Z =0.33%x10* and §=0.34x10° after 275 iteration in the case of /2w =501 kHz.

max

The minimum value for Z__was found to be ®/4mwand the maximum value for

max 8 =0.11x10" for & =0. Number of iterations varies from 155 to 500.

In all computations, the measured eigenfrequencies are computable from the direct
problem. A measurement noise has been artificially introduced by multiplication of the
data values by 1+r, r being random numbers uniformly distributed in [—¢,¢], with
e=10",102,10". Results for the case of normal modes ®/2m=334 kHz are

displayed in Table 9.4.3.

Table 9.4.3 Maximum value of Z and number of iterations for the normal case ®/2n =334 kHz.

e=0 e=10" e=107 e=10"
Z 0.33x10* 0.256x10” 0.193x10° 0.673x10*
5 0.52x107° 0.119x1072 0.452x10™ 0.92x107°
number of 344 386 277 289
iterations

Table 9.4.3 shows that Z _ varies linearly with ¢ and & quadratically with €.
Other cases have shown also a linear variation of Z_ and a quadratic variation of &

with respect to measurement noise.
In Figure 9.4.1 the admittance curve (k/pm vs. ®/27n) in the linear regime

(E°=0.1V) marks by peaks the frequencies ® = ®,of the modes. The agreement

between the eigenfrequencies given by this curve and by the eigenvalue problem results
(Table 9.4.2) is noted to be excellent. On comparison of the results given by the
admittance curve (Figure 9.4.1) with the results obtained from the similar experimental
curve derived by Alippi and Craciun, the deviation between them is found to be 5-15%

for low natural frequencies, and less than 4% for high natural frequencies. If E° is
increased above a threshold value E) = 5.27 V the ®/2 subharmonic generation is
observed. Note that Alippi and Craciun obtain in the Cantor-like sample typical values
of the lowest threshold voltages of 3—5 V. The amplitude of waves is calculated at the
surface of the plate as a function of E°.
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Figures 9.4.2-9.4.4 show the displacements of the normal modes ®/2n =334 kHz,
501 kHz, 835 kHz and respectively of the subharmonic modes w/4n =167 kHz, 250.5
kHz, 417.5 kHz. Two kinds of vibration regimes are found: a localized mode (fracton)
regime represented in Figure 9.4.5 for o/2n=1169 kHz, 2672 kHz and 3340 kHz and
an extended vibration (phonon) regime represented in Figure 9.4.6 for o/2n= 4175
kHz and 4250 kHz. A sketch of the plate geometry is given on the abscissa (dashed,
piezoelectric ceramic and white, epoxy resin).

The fracton vibrations are mostly localized on a few elements, while the phonon
vibrations essentially extend to the whole plate. In the case of a periodical plate the
dispersion prevents good frequency matching between the fundamental and appropriate
subharmonic modes. For the homogeneous plate the mismatch ®, —®/2 is due to the
symmetry of fundamental modes with respect to x . Only symmetric odd » can induce
a subharmonic, but /2 never coincides with a plate vibration mode.

For a Cantor plate, we have obtained qualitatively the same result as Craciun et al.:
given a normal mode ®,, for excitation at ® =, , the value of the expected threshold

E, , 1. e. the ability of generating the /2 subharmonic, is determined by the existence
of a normal mode with: (i) small frequency mismatch ®, —®/2, and, (ii) large spatial

overlap between the fundamental and subharmonic displacement field.
Concerning the values of amplitudes, the results obtained by us verify experimental
predictions of resonant amplitudes with accuracy better than six percent for similar

fundamental modes.
|
W
WUW ol

0 1000 2000 3000 4000 5000
frequency (kHz)
Figure 9.4.1 The admittance—frequency curve for the Cantor plate.
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Figure 9.4.2 The amplitudes of the surface displacement of the normal mode ®/2n =334 kHz and of the
subharmonic mode w/4n =167 kHz.
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Figure 9.4.3 The amplitudes of the surface displacement of the normal mode ®/27 =501 kHz and of the
subharmonic mode ®/4m=250.5 kHz.
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Figure 9.4.4 The amplitudes of the surface displacement of the normal mode ®/2n = 835 kHz and of the
subharmonic mode «/4n=417.5 kHz.
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Figure 9.4.5 The normal amplitudes for three localized vibration modes ( ®/2n=1169 kHz, /21 =2672
kHz and o/2n=3340 kHz).
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Figure 9.4.6 The normal amplitudes for two extended vibration modes ( ®/27w =4175 kHz and ®/271 =4250
kHz.

9.5 Internal solitary waves in a stratified fluid

Consider an incompressible fluid stratified in density between two horizontal
boundaries spaced at distance / apart. The wave motion takes place in the (x, y) plane
of a Cartesian system of coordinates with the origin in the lower boundary and y

vertically upward. We review the Yih results in the case of an exponential stratification.
The Euler motion equations are given by

_ Du
P+p)—=-p,, 9.5.1)
D¢
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_ Dv _
(p+p)D—t= -p,—&(P+p), (9.5.2)

where u and v are velocity components in the direction of positive x and y, p is the
pressure, p(y) is the density in the undisturbed fluid, p the density perturbation and g
the gravitational acceleration, and

D o 0 0

— =—tu—+v—. (9.5.3)
Dt ot ox Oy
The incompressibility equation
D _
—(p+p)=0, (9.54)
Dt
allows the continuity equation to be written as
u +v,=0. 9.5.5)
Therefore, the components of velocity are expressed with respect to the stream function
U=y, v=-y_. (9.5.6)
From (9.5.1) and (9.5.2) we have
_ Dy ty,) Du Dv
+p)————+(p+p),——p,—= . 9.5.7
(P+p) (P+p), 5, ~ P, ~ & 9:5.7)
The equation (9.5.4) becomes
Dp _
—=p.V,. 9.5.8
D~ PV 9:5.8)

Let us introduce now the dimensionless quantities

P
- o= =P (9.5.9)
h (lgh Po Po

and suppose that the density stratification is defined by
P =p, exp(—oy) . (9.5.10)
Dropping the prime, the dimensionless p can be taken as
p=aexp(—ay)6. 9.5.11)
The equations (9.5.7) and (9.5.8) are written in terms of dimensionless terms

Dy tyy) Dv _
Dt

+(a+oc6y)y%—a6 -9, (9.5.12)

1+ 06
( ) D
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0, +ub, +v0, =y . (9.5.13)

The solutions for the m -th and #» -th modes of the equations (9.5.12) and (9.5.13) are,
to the lowest order

v, =(=1)"a,sech’[y, (x - Lt)] {sinmmy + %y sinmmy}, 0, =mny, , (9.5.14)
mm

1 . .
v, = (=1)"a,sech’[y, (x ——1)]{sin nmy +%y sinnmy}, 0, =nny,, (9.5.15)
nm

mTCOLZQ

7= ’"“;wm . forodd m, ;=T foreven m., (9.5.16)

and similarly for y> .
Consider the simple case when o = 0. In this case, let us assume

v=y, +y, +0,0=0 +6 +0. (9.5.17)
Neglecting the higher order terms, the linearised forms of (9.5.12) and (9.5.13) are
(I)yyt _éx = (n2 _mz)nzW >

b, +0, =(n—mnw , (9.5.18)
W = W =W W, = Psin(n—mmy+Osin(n+mmy
m+n 2 1 2 1
P=(-1)""a,a,n{ny,sech’[y, (x ——1)] sech’[y,, (x———0)]x
nm mn
x tanh[y, (x — Lt)]mynsech2 [y, (x— Lt)] sech’[y, (x— Lt)] x  (9.5.19)
mn mn nmn

<tanhly, (x— )]},
nTt

0 = (~1)""" a, a7 {~ny, sech’[y, (x ~—1)] sech’[y, (x——1)]x
nT mT

x tanh[y,, (x — Lt)]my"sech2 [y, (x— Lt)] sech’[y, (x— Lt)] X
mT mi nT

xtanh[y, (x———)]}.
nm

From (9.5.18) and (9.5.19) we see that we can take

o= f _,sin(n—mmy+ f,,, sin(n+m)my,

0= g, .sin(n—m)my+g, . sin(n+mmy. (9.5.20)
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We treat only the (n—m)mode, since the (n+m)mode is similar. The terms

containing sin(n—m)my in (9.5.18) are

2.2 2 2N\2
(n_m) n f&nfm)/—‘rg(nfm)x =—(7’l —-m )ﬂ: P’

f(nfm)x + &lumy = (n—m)mP . (9.5.21)
By eliminating g, , from (9.5.21), we have
(n - m)z nzjf(nfm)tt - finfm).n‘ = _(nz - m2 )n2Pt - (n - m)TEPx b (95228')
and similarly, by eliminating f, , from these equations
(n - m)z Tczg(nfm)tt - g(nfm),\zx = (}’l - m)3 TC31)t + (n2 - mz )TCZIDX . (9522b)

The hyperbolic equations (9.5.22) can be solved by integration along the
characteristics. We solve only (9.5.22a), the other equation being solved in a similar
way. With new variables

=xX—-————+t, N=x+——", 9.5.23
5 (n—m)m 1 (n—m)m ( )
the equation (9.5.22a) yields
4 rmen = m[2mP, —2nP,]. (9.5.24)
By integrating from ¢ = —co, we obtain
n 3
2f  =m jmpdn -7 j nPde (9.5.25)
or
2 — —
af =" a,an| nn—my, 1, -y p M g (9.5.06)
2n—m 2n—m
where

n

I = [sech’[y, (x———1)] sech’[y, (x———0)]tanhly, (x-——0)ldn
nm mT mT

-0
g

I, = Jsechz[y,1 (x —Lt)] sech’[y,, (x —Lt)] tanh[y, (x — Lt)]d&_\ , (9.527)
nm mn mn

©

H =sech’[y, (x— Lt)] sech’[y, (x —it)] .
mn nm

The computations have shown that integrals /, and /, are convergent. In particular,
for n = 2m , we obtain
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1, = 8mPsech® {y, (x——— )] tanh[y, (x———#)]tanh[y, (x———0)]} . (9.5.28)
mT mm nT

The interaction of waves can be discussed looking at (9.5.26). The first part in
(9.5.26) may be eventually independent of m and represents a wave propagating in the

positive direction of x. The second term may be independent of & and represents a

wave propagating in the opposite direction. The last term in (9.5.26) is zero as ¢
increases, since it is the product of two squares of the sech function with different

arguments. These waves propagate with velocities + .
(n—-m)m

It is convenient to discuss the interaction of waves for the particular case of n=2m .
These waves may propagate in the same direction or in opposite directions. The result
of interactions of waves are two pairs of solitary waves, each pair consisting of two
opposite directions propagating solitary waves of the same mode. The modes of the two
pairs are different from each other, and are different from the m-th and n-th modes of
the waves. The original waves propagate after interaction without changing their
identities, but only the m -wave suffers a shift of phase.

In the same manner, the analysis may be applied for the general case of aa# 0. The
interaction of more than two waves can be dealt with pair by pair (Hirota and Satsuma).

9.6 The motion of a micropolar fluid in inclined open channels

Consider a two-dimensional flow of a micropolar, isotropic, incompressible, viscous
fluid in a wide channel over a rigid bottom (Chiroiu ef al. 2003b). We have chosen a
wide channel to be sure that the motion will be two-dimensional only. The x-axis is
horizontal and the bottom is given by /4(x). The channel bed is linear and is inclined at
an angle 0>0 below the horizontal, that is y=-mx, with m=tan0>0 (Figure

9.6.1). The vertical distance of the surface above the x-axis is denoted by mn(x). The
fluid domain Q is a two-dimensional strip Q : —o<x <o , 0<y<n(x), bounded
by a free surface I' : y =m, and a lower rigid bottom S : A(x) = —mx.

In the shallow flow the vertical dimensions are small compared to the horizontal
dimensions. The motion equations of a micropolar, viscous fluid are given by Eringen
(1966, 1970):

pv+pv gradv=X —grad n—(u+a)curl curl v+

. (9.6.1)
+(2p+ M) grad div v+ 2a curl w,

pJw+pJvgrad w=7Y —(y+¢)curl curl w+ ©.62)
+(2y+ ) grad div w—4aw+ 2o curl v, o

where X =(X,,X,) is the exterior body force, ¥ =(Y],Y,) is the exterior body couple,

n is the thermodynamic pressure, pJ is the inertia tensor density,v =(v,,v,) is the

. 0 .
velocity vector v= PO (u,u,) the displacement vector, ¢=(¢,,9,) the
t
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microrotation vector, w=(w,,w,) the microrotation velocity w:aﬁd) , p the fluid
t
density. The superposed dot indicates the partial differentiation with respect to time
0 . L .
a= a—a .In (9.6.1) and (9.6.2) A and p are the classical viscosities coefficients of the
it

Navier—Stokes theory. The constants o,C,y and & are the micropolar coefficients of
viscosity.

The elastic coefficients must fulfil the condition (Eringen 1970)
>0, 2u+3120, a=0,
" H (9.6.3)
y=0, 2y+3(20, €2>0.

Equations (9.6.2) and (9.6.3) are six equations with unknown vector fields the
velocity v and microrotation w. These equations must be supplemented by the
equation of continuity

p+div(pv)=0. 9.6.4)
Here we consider an incompressible fluid with p constant. From (2.5) we obtain
divv=0. (9.6.5)

In this case, the thermodynamic pressure m must be replaced by an unknown
pressure p to be determined through the solution of each problem.

The constitutive relations are

G, =(=p+hiv, )3, +(u+a)v,, +(L—a)v,; —20&,W, , (9.6.6)

My =Cw 8, +(y+e)w,, +(y—e)w, ;, 9-6.7)

where o, is the stress tensor and p; is the couple stress tensor.

The field of equations (9.6.1), (9.6.2) and (9.6.5) are subject to certain boundary and
initial conditions:
— Traction conditions on I"

Ouly =4 5 Kyl =1y, (9.6.8)
where ¢, are the surface traction and p, the surface couple acting on I'. Here

n, ,k =1,2 are the unit vectors of the coordinate system (x,y).
— The condition for a particle at the surface I" to remain at the surface I"

n+vn, =v,. (9.6.9)
— Velocity conditions of adherence of the fluid to S
v (X,0) =V, w(X,t)=w,, (9.6.10)
where X € S and v}, w, the given values for velocity and microrotation velocity.
— The initial conditions at t =0

V=V, W=W,, N=T7, . 9.6.11)
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2 2
We consider that X, =L p‘;lem [__rewlv ‘, X,=-pg, Y=Y, =0 in
n
(9.6.1) and (9.6.2). Therefore, equations (9.6.1), (9.6.2) and (9.6.5) are then
2
i+ pyyny, + Py, = —p, + (e o)y, -2 9.6.12)
n
pY, PV, +pV,v,, =—p  +(L+)Ay, —pg, (9.6.13)
pIw, +pJvw,  +pJv,w =Ry +O)w,  +
L " (9.6.14)
+(Y + C - 8)W2,Xy + (Y + S)ngyy - 4(1,1/\/1 ,
pIw, +pJvw, +pJv,w, =QR2y+Ow,  +
SN - (9.6.15)
+y+-w, + (¥ +e)w,  —dow,,
Vo=V, =0, (9.6.16)
W2,x - wl,y = 0 H (96 17)
Vi, tv,, =0. (9.6.18)

The comma represents the differentiation with respect to the shown variable. In
(9.6.13), g is the constant gravitational acceleration. In the right side of (9.6.12) the

I’ZV1|V1|

term — represents the resisting body force always acting opposite to that of the

flow, where 7 is a constant depending upon the roughness of the channel walls and R is

the hydraulic radius.
7
b4

Figure 9.6.1 Geometry of the flow (Dressler).

According to this formula, the turbulent fluctuations exert on the main flow a

2.2

rvy

resistive body force at every point of magnitude . Since the most flows in practice

are highly turbulent we take account of the resistive force due to the momentum
transport of the secondary flow exerted on the average flow at each point. The
resistance effects due to the dynamic viscosity of the water are neglected. The above
expression of the resisting force was given by Chezy (Dressler). The hydraulic radius is
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defined as the ratio of the area of a cross-section of the water normal to the channel to
its wetted perimeter, that is that part of the perimeter excluding the free surface of the
water. The Chezy formula expresses the fact that the resistance will be greater in
shallow regions where all of the water is closer to the rough boundary. The Chezy
formula is valid only for uniform flows, and although it is used for non-uniform flows
when the flow varies slowly with respect to x, y and ¢. In our case R = 1. In (9.6.12)—

(9.6.18) the unknown functions are v,, w,, i=1,2, pand n.

i

We attach to (9.6.12)—(9.6.18) the conditions (9.6.8)—(9.6.11)

G, +0,n, =t , G,n +0,n, =t,, on I', (9.6.19)

Wty + Uy iy =Wy Kol + Ui, =), on I, (9.6.20)
n+vn,=v,, on I, (9.6.21)

v=v, v,=v, w=w, w,=wy on S, (9.6.22)
V=V Vs =Va W =W, W,=Wy, N=1, at t=0. (9.6.23)

In (9.6.19)—(9.6.20) the stress and couple stress components are given by (9.6.6)—
(9.6.7).

Let the constant H be a typical vertical dimension of the resulting flow, and L a
2

typical horizontal dimension. Let - =03 be a small positive parameter, which we will

use for a perturbation procedure. New dimensionless variables are defined by

a=—, =, T:_ta
L H L
n p Vi h
Y=— P=—— V= , d=—,
H pgH JegH H
H v w, Hw.
V, = L W= L W=, (9.6.24)
P LJeH boJerH * LJg/H
2
n 5= a - _ T H

g - Y _ €
= ) Y= ’ €= :
pLJ .\ gH pLJ gH pLJ\gH
In terms of the dimensionless variables (9.6.12)—(9.6.23) become

SYIWy + ViV — (B W, o + P14 VoV Y — (G, Y+ 7V =0, (9.6.25)

1,000 1BB

Ve 4 MVoy =AW o + By + 1]+ VoV g = (W o)V, =0, (9.6.26)
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S, + VW, o = 2T+ OW, o + 401+ VoI,

— (9.6.27)
~(Y W gy (Y +C =W, oy =0,

o7, +_V1Wi,a —(7+§_)Wz;w t4aWz]+Vsz,B - 9.6.28)

—(2Y+ Wy = (Y +C =)W, 4 =0,
Ve =Vip=0, (9.6.29)
W,y =Wy=0, (9.6.30)
Mo +Voy =0, (9.6.31)
o.M +0yN, =t,, Ol +0,N, =t,, at =Y, (9.6.32)
Py + Uy, =Wy, Wl + Ryl =1, at B=Y, (9.6.33)
Y. +VY,)=V,, at B=Y, (9.6.34)
v=v, v,=v, w=w, w,=w,at B=d, (9.6.35)
dVim/H =V,, at B=d, (9.6.36)

V=V Vo =V, W =W, W, =Wy, M=, at t=0. (9.6.37)

We assume that the unknowns can be expressed as power series in terms of &

V=2 a0t i=12, W= W (.B0s, i=12,
J=0 k=0
P=>Y PYap,08, Y=> Y0108 . (9.6.38)
k=0 k=0

We introduce (9.6.38) into (9.6.25)—(9.6.37) and the resulting coefficients of like
powers of & are equated (Nayfeh, Kamel). We obtain

1. From the coefficients for &°

LY = YOVOR — DTN + 72 <0,

L = VOV - @+ @YV, =0,

LY =V = (7 + WG + (T +C-EWy g =0,

LY = VW - QT DG + (T+E- DI =0,



264 INTRODUCTION TO SOLITON THEORY: APPLICATIONS TO MECHANICS

L =v-v =0, LY =w-w =0, (9.6.39)

L=V =0, 1 =V" -y +B =0,

L=P"-YV+B=0, LY =V," -d+B=0, L) =W -d+B=0.
2. From the coefficients for &'
1 =Y OO SOV G R, + Y +
" Vz“)Vlf?Y(o) " V;O)Vlfé)Y‘o) —(m+ a)Y(O)Vlf;Is)B n
4 V;")Vlf?Y“’ ~(+ &)Y(l)Vlfgé + 2710 =0,

O _ 1700 0)7/(0) = L3\ O (0)
L2 :I/Z,t +I/l I/;,u_(u+a)V +P,B +1+

2,00
{M)17(0) 0)17(1) =\ D _
+V, VZ,B +7 Vz,B _(H"'Q)VLBB =0,

L0 =W + VoW — 27 + DW, + 45 + VW +

1o

O T+ B+ T+ B, =0,

@) — 7 (0) 0) 17 (0) vy (0) =117 (0) Oy
L) =W +VOW — (7 + WL, +4aW + VoW +

2,000

VW — QY+ QW5 + (T + C- B =0,
L=V -V =0, L =Wh W =0, L =V +V =0, (9.640)
L(Sl) = in()) + VI(O)Y:((IO) _Vz(l) _Y(l) — 0’ L(gl) = P(l) _Y(l) +B =0 ,

L(li)) = Vl(o)m/H—Vz(” =0, L(lll) = Wl(” -d+p=0, L(llz) EWZH) —-d+p=0.
3. From the coefficients for &
L(12) = Y(O)Vlfi) + Vlf?)Ya) +Vl(0)Vlfg)Ya) + VI(UVI,(?Y(O) +

0)77(1)y(0) M7 0)y (1) ) M)y 0)77(0)y(2)
AR A A R A A A AL

~E+ DY~ [+ YOV, +

Laa Loo

Wy © L pOyD L OF@yO _ .y 5y
+P YT+ Y VYT (R o)Y U gy —

~([E+ )Yy — [+ DY OV + 7 (0 + 2/, =0,

Q@ —p® L OO L OO | 0@
L =Vt Vo a + Vo + V2 Vo +

VOV AV — @V, - @YV =0,

2,000
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Q) —_ ) 377(0) (V)7 740) 2 137(0)
L7 =W+ VW VW + V"W +
OO L O @ _ ooy L YWD L agw O — (v + )W
VW VW — QA+ OW g, +40W = (Y + €)W s +

T F T 2) _
+Y + Wy =0,

L(42) = VVZ(,lr) _’_Vl(l)VVz(’(;) + VI(O)VV;’Q +V2(O)VVz(ji) +
WS +VOW) — Q7 + QW + 4aw® — T+, +

2,pp 2,00

+(T+E-W G =0,

2=y -y? =0, (9.6.41)

L(Z) — W(2) _W(Z) =0 ,

6 — "2 1B
LY =V + V5 =0,
L(SZ) = Y,il) + VI(O)KS) + VI(I)Y,LO) _ VZ(Z) _y® = 0,
[P =P?-Y?4B=0, L2 =V"m/H-V? =0,

L(IZI)EVVl(2)—d+B:09 L(é)EVVZ(2)_d+B:0'

9.7 Cnoidal solutions
Consider that

k
Mi(k) - aa(x,k Ingz"(k)(awBaT) 5 k= 1’29-~~>N 5 i= 1, 2,---,6 N (971)

where M = (V,,V,,1%,,W,,P,Y ) and

9o, B, 1) =1+exph,,,

fi(Z)(aaBa T)=1+expb,, +expb, +exp(0, +6,,), 9.7.2)
N N N
F (0B, t) =1+ exp0, + > exp(0,+6,)+ D exp(®,+6,+6,)+..,
Jj=1 J#l=1 JjEl#r=1
with
0, =a,a+bp-0,1+¢,, k=12,.,N, i=12,.,6, (9.7.3)
and a,, b, the dimensionless wave numbers, »,, the dimensionless frequencies and

¢, the dimensionless phases. We find that asymptotically the solutions become
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M® = 4,sech’(a,0+bB—m,t—2A,), 9.74)

with k=12,..,.N, i=1,2,....6, as t—> foo .

The functions M are periodic with the period 2A,,. These solutions represent a

ki®

linear superposition of soliton waves, which is a row of solitons, spaced 2A,; apart.

The 23 x N parameters in this formulation a,, b,, o,and ¢,, k=12,.,N,
i=1,2,...,6 are computable by substituting (9.7.1) in (9.6.39)—(9.6.41).
The parameters are defined by

p=1a,;,b,,0,,¢,}, k=1,2,.N,i=12,.,6. (9.7.5)
The wave numbers, frequencies and constant phases are also vectors

o :(all9a12’al3’ """ aNﬁ)’
by = (bi1,b1y,bi5,bys),
O = (01,05, 05,...0 ),

Cu = (€117g12’g137""g]\/6)'

The resulting system is a system of 36 equations to determine a number of 23 x N
unknowns. Details of the genetic algorithm can be found in Goldberg. It is assumed the
parameters p are discretized into discrete values with the step width

(9.7.6)

Ap ={Aa,;,Ab,;,Aw,;,Ac,.} . The set of parameters for arbitrary values

P =A% sDii s O 45§ €aN be expressed as 6N numbers

N =(m-DN, 0,8, +(n—-1Q, S, +(g-1DS; +s,

ikmngs

where M,,, N,,Q, and S, denote the total number of discretized values for each
parameter p. These numbers represent an individual in a population and for the

discretized parameters indicate a specific solution. An individual is expressed as a row
of the integer number with N, = 6N genes.

A fitness value is evaluated for each individual and in the total population only
individuals with a higher fitness remain at the next generation.

The alternation of generations is stopped when convergence is detected. If no
convergence the iteration process continues until the specified maximum number of
generations is reached.

To compute the fitness F we write (9.6.39)—(9.6.41) in the form

LV =n", m=0,1,2, k=12,..,12. (9.7.7)

and note the square sum of differences L —n{" by 3
12 . .
I=>DL)-n). (9.7.8)

2
J=0 k=1

We define fitness as follows
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F=22, (9.7.9)
)
with
2 12 .
Fp =0 (). (9.7.10)
J=0 k=1

As the convergence criterion of iterative computations we use (9.4.14)

~

1 3
Z:—logmi — max .
2 3

Numerical ~simulation is carried out for A=1.055x10 "kg/ms, and
n=1.205x 10 "kg/ms. The micropolar coefficients of viscosity have values
a=(=g=1.035x 10 * mkg/s (Gauthier). We consider m =tan® , with m [0.2, 0.8].
The value m = 0.8 represents an upper limit on the slopes for which the shallow fluid

theory furnish a good approximation.
The number »* must satisfy the condition (Dressler)

4> <0.7m, (9.7.11)

which is important for existence of waves. If the resistance is too large, the waves
cannot form. This condition is obtained numerically. We take 7° €[0.035, 0.14]. The
value »*=0.14 was chosen as the greatest value for the resistance since it satisfies the
condition (9.7.11) for m= 0.8. The intervals for the model parameters are evaluated
from the condition that the total mass of fluid per wavelength is constant and the same
in all approximations.

In order to illustrate the results three cases are considered (N =4 ):

— Casel. 0=45 (m=1), ”=0.17,
— Case2. 0=31" (m =0.6), r’=0.1, (9.7.12)
— Case 3. 0=22" (m =0.4), r*=0.06.

In all cases we have assumed that the number of populations is 25, ratio of
reproduction is 1, number of multi-point crossovers is 1, probability of mutation is 0.2
and maximum number of generations is 250.

The linear summation of the solution Y(a,t) for T — oo is given in Figures 9.7.1—

9.7.3 (1>« means in the numerical simulation the time interval after which the
solutions have a permanent profile in time). In all cases the fluid velocity is greater in
the region of the crests than in the shallower regions, but nowhere will the fluid velocity
be as great as the wave speed. For example, in Case 1 the average fluid velocity is
about 3.05 m/s while the wave velocity is about 4.1 m/s.
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0.1F

case 1

m=1, r¥=0.17

Figure 9.7.1 Profile of the wave Y (o, 1) in Case 1.

0.1r

[+3
I —

case 2

m=06, r2=01

Figure 9.7.2 Profile of the wave Y (o, 1) in Case 2
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0.1r

o
N —

case3

m=04, r¢=0.06
Figure 9.7.3 Profile of the wave Y(o., 1) in Case 3

From numerical simulations we conclude that the remaining solutions have a similar
evolution with respect to o : they increase and decrease in the same manner as Y .

The microrotation components and the vertical component of the fluid velocity are
greater in the crest regions than in the shallower regions. The model parameters were
obtained after 149 iterations in Case 1, 167 iterations in Case 2 and 187, in the last case.

In conclusion, the solutions describe the phenomenon called roll-waves for fluid
flow along a wide inclined channel. This phenomenon appears in hydraulic applications,
such as run-off channels and open aquaducts.

When a liquid flows turbulently downwards on an inclined open channel, the wave
profile represented as sums of solitons moves downstream as a progressing wave at a
constant speed and without distortion, and such that the velocities of the fluid particles
are everywhere less than the wave velocity.

9.8 The effect of surface tension on the solitary waves

In this section we discuss the effect of surface tension on the solitary waves. This
effect may be important when the depth is small enough and the surface tension is
present. This effect was analyzed by Shinbrot in 1981, and the present discussion is
principally based on his results. Let /# be the depth of the fluid at infinity, pg the
weight density of the fluid, and T the surface tension. The fluid moves over a flat
bottom being acted by the gravity force. The system of coordinates is moving
horizontally with the phase speed of the flow, the x-axis is lying at the bottom and the
y-axis is vertical. The free surface is described by the function y = H(x). The velocity

of the fluid is denoted by S(x,y)=(U,V). The uniform flow of the fluid is described
by the equation of irrotationality and incompressibility of the fluid (Camenschi)

U,=V,, U+V,=0, for 0<y<H(x), (9.8.1)

by the streamlines at the top and bottom
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V=0, for y=0, (9.8.2)

V=UH,, fory=H(x), (9.8.3)

the condition that the pressure at the free surface is proportional to the curvature

—%(IJ’_IZI#-F%(UZ-‘:—VZ):COHSL, for y=H(x), (9.8.4)
and the condition of solitary waves (Nettel)
H(x) — const., U(x,y) > const., V(x,y) >0, as |x|>o. (9.8.5)
Shinbrot maps the domain of the fluid into the strip
{(X,Y):—0< X <00, —0<Y <0},
ex y

X="2,Y= :
h H(x)

(9.8.6)

where h=lim,  , H(x), and & is a small parameter, measuring the ratio of the

amplitude of the wave to the depth at infinity. Suppose H(x), U(x,y) and V(x,y)
have the form

H(x)=h[l+&n(X)], (9.8.7)
U(x,y)=U,[1+&u(X,Y)], (9.8.8)
V(x,y)=U,gv(X.,Y). (9.8.9)

Here, the function m is continuous as & tends to zero, and suppose we have the
normalized condition

sup,, () [=1, (9.8.10)
Uy,=lim  U(x,y). (9.8.11)
The equations (9.8.1)—(9.8.5) become
u, =€’v, +e* (v, —¥m,v,), for 0<Y <1, (9.8.12)
uy +vy, =g (Ynuu, —nu, ), for 0<Y <1, (9.8.13)
v=0, for Y =0, (9.8.14)
v=n, +&nu, for Y=1, (9.8.15)
g’ g’ g*
—%+F(u+—uz+—vz):0, for Y =1, (9.8.16)
A+emy) 2 2
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nX), u(X,Y), v(X,Y) >0, as | X |> . 9.8.17)
In (9.8.16), t is the inverse Bond number given by

T

T=—7F, 9.8.18
pgh’ O819
and F is the Froude number which is not known since U, is not known.
2
F= U—° (9.8.19)
gh

Next, we insert the following expansions in series of powers of & (Nayfeh,
Camenschi and andru)

:u(O) 2, (0) 2,

u +eu +.., v=v+eV 4+,

F=F94+&FY+. ., =+ +...,

into (9.8.12)—(9.8.17) and equate coefficients of like powers of €. The equations for
zero order approximations are

u’ =0, ud+v" =0, for 0<Y <1, (9.8.20)
v® =0, for Y=0, (9.8.21)

VO =n®, for Y=1, (9.8.22)

N +F%% Y =0, for Y=1, (9.8.23)

N, 4, v? 50, as | X|> . (9.8.24)

In these equations n'”is free, being subjected to (9.8.24). The solutions of the
equations (9.8.20)—(9.8.23) are given by

FO=1, u”(X,)=2X), VX, V)=r\PX). (9.8.25)
From (9.8.25), the equations for the next approximation are
u =vul), ul) +v =Y, for 0<Y <1, (9.8.26)
vW=0, for Y=0, (9.8.27)
VO =D O Q| for Y =1, (9.8.28)
1
N —mf —FO® +4? +Er|(0)2 =0, for Y =1, (9.8.29)

N, u®, v 50, as | X|> . (9.8.30)
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We obtain from (9.8.26)—(9.8.28)

2

W (Y = —f () + Y 0w, 9.831)

VOX,Y) = yLf (04000 (X)] - nﬂ?;ix(X)- (9.8.32)

In (9.8.31), the function f is free. Substituting (9.8.31) and (9.8.32) into (9.8.29)
and then into (9.8.28) it results that 0 satisfies the equation

1
(g—r)nﬁ?}x FOnP(X)-3n""{. (9.8.33)

If T=1/3, the equation (9.8.33) yields to m'” =const. From (9.8.7) we obtain

H = const., but this result violates the original hypothesis. For t#1/3, by integrating
twice the equation (9.8.33) we have

(3 oY’ = (FO —n®)n®”. (9.8.34)

In this case, the solution of (9.8.34) is not finite for all x . The conclusion is that the

solitary waves do not exist for t>1/3. For t<1/3 the solution of (9.8.34) is obtained
by using (9.8.24)

n® = 4a’ (9.8.35)

By neglecting the terms of the order £*a*, we obtain
F=l +§82a2(l 37, (9.8.36)
H= h[l—l—%szaz(l—}‘c) sech’ %] . (9.8.37)

For t=0, the solutions (9.8.35) and (9.8.36) reduce to the solutions with no surface
tension. The effect of surface tension is to reduce the quantity (F —1) by a factor

(1-3t). Also, the amplitude of the soliton is reduced with the same factor. By

imposing the condition (9.8.10) to the solution (9.8.35) we obtain 4a”(1—31)=3.
Introducing this value of a into (9.8.36) and (9.8.37) we obtain

eX3 :
2h1-30"
From (9.8.38) we see that for fixed amplitude, the effect of surface tension is to
sharpen the crest of the wave by shortening its length by the factor J1-3t.

F=1+¢", H=h[l+¢’sech’ (9.8.38)



Chapter 10

ON THE TZITZEICA SURFACES AND SOME
RELATED PROBLEMS

10.1 Scope of the chapter

The study of affine differential geometry was initiated by Gheorghe Tzitzeica
(1873-1939) in 1907 by studying a particular class of hyperbolic surfaces. Tzitzeica
proved that the surfaces for which the ratio K /d* (K is the Gaussian curvature andd ,
the distance from the origin to the tangent plane at an arbitrary point) is constant, are
invariants under the group of centroaffine transformations. The Tzitzeica property
proves to be invariant under affine transformations, and his surfaces are called Tzitzeica
surfaces by Gheorghiu, or affine spheres by Blaschke because they are analogues of
spheres in affine differential geometry, or projective spheres by Wilczynski (see Bala).
Bala (1999) applied the symmetry groups theory to study the partial differential
equations which arise in Tzitzeica surfaces theory.

In this chapter, a survey of the Tzitzeica surfaces and the application of the
symmetry group theory to the Tzitzeica equations, are presented (Bald). The chapter
explains the Shen—Ling method to construct a Weierstrass elliptic function from the
solutions of the Van der Pol’s equation. Next, an application in the field of mechanics,
closely related to the Tzitzeica equation, is included. In the last section, the results of
Rogers and Schief concerning the capability of the Béacklund transformation to provide
an integrable discretization of the characteristic equations associated to the problem of
an anisentropic gas, are considered.

We refer the readers to the articles by Bala (1999), Crasmareanu (2002), Musette et
al. (2001), Rogers and Schief (1997, 2002), Shen (1967) and Ling (1981).

10.2 Tzitzeica surfaces

Let D — R* be an open set and consider a surface £ in R* defined by the position
vector r(u,v)

r(u,v) =xu,v)i+ y(u,v)j+zu,v)k , (u,v)eD.

The vector r(u,v) , which satisfies the condition
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(r,r,1n)#0, (10.2.1)

can be considered the solution of the second-order partial differential equations system
that defines a surface leaving a centroaffinity aside

r,=ar, +br,+cr,
1 ! !
r,=ar +br +c'r, (10.2.2)

r.=a'r,+b"r,+c'"r,
which is completely integrable, that is
)y =) (1), =), (10.2.3)

where a, a’, a"...are the centroaffine invariant functions of uand v. For ¢=¢"=0,
the surface X is related to the asymptotic lines.

THEOREM 10.2.1 (Tzitzeica) Let ¥ be a surface related to the asymptotic lines.
K
The ration I = o is a constant if and only if a' =b"=0.

Therefore, the Tzitzeica surfaces are defined by the system of equations

ruu = a,;l + bl"‘ ’

r, =hr, (10.2.4)

r,=a'r, +b'r,,
where ¢’ = h. The integrability conditions (10.2.3) become

ah=h,,

a,=ba"+h,

b,+bb"=0, (10.2.5)
b'h=h,,

a"+aa"=0,

b'+a"b=h.

We have met these equations in Section 2.4, in the study of the symmetry group of
the Tzitzeica equations of the surface. If 4 satisfies the Liouville-Tzitzeica equation

(Inh), =h, (10.2.6)

the Tzitzeica surfaces which are not ruled surfaces are defined by



ON THE TZITZEICA SURFACES AND SOME RELATED PROBLEMS 275

T :h_"ru+(p(u)rv’ " :hr, r, :h—vrv. (1027)
h h h
If & satisfies the Tzitzeica equation
(Inh),, :h—hiz, (10.2.8)
the Tzitzeica surfaces which are not ruled surfaces are defined by
h, 1
ruu _ru + rL >
h h
’;w = hr >
r, =lru +h—vrv. (10.2.9)
h h

The system (10.2.4) can be written in the form
6, =ab, +b0 ,

0. =ho, (10.2.10)

uv
” "
0,=a"0,+b"0,,

with the condition that the three independent solutions x=x(u,v), y=y(u,v),

z=z(u,v) of (10.2.10) and (10.2.5) define a Tzitzeica surface.
It is known that every linear combination of x, y, z is a solution of (10.2.10).

An equivalent form of (10.2.4) is given by
x,, =ax, +bx,,
x =hx,

uv

x, =a"x, +b"x,,

yuu :ayu +byv ’
v, =hy, (10.2.11)
Y =0y, +y,,
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with the conditions (10.2.1) and (10.2.5). This form is useful for studying the

symmetries of the system (10.2.4).

10.3 Symmetry group theory applied to Tzitzeica equations

The condition (10.2.1) is written as

(yqu _thyv)x_(xuzv_xl’zu)y+(xuy1f_yuxv)Z:f > f(u’v)io *

(10.3.1)

Let DxU" be the second-order jet space associated to (10.2.11) and (10.3.1). The
independent variables u=x', v=x", and the dependent variables x=u', y=u",

z=u’ are considered. Let M < DxU be an open set and {, M, ¢, A and y the

functions of u, v, x, y and z. The infinitesimal generator of the symmetry group G

of (10.2.11) and (10.3.1) is

0 0 0 0 0
X=C—+n—+¢—+r—+y—,
C@u n@v ¢8x Oy Waz

denoted by G, a subgroup of G on the variables x, y and z. For {=0, n=0 and

O(x,y,2)=a,x+a,y+a,z,
Mx,y,z) =a,x+a,y+ayz,

V(x,y,2) =ayx+a,y—(a, +a,)z,

the infinitesimal generator ¥ of G, is

Y = allYl +a22Y2 +a12)]3 +a13Y4 +a21Y5 +a23)]6 +a31Y7 +a32

with
0 0
=x——z
ox Oz
Yzzyi_zis
oy Oz
0 0
Y;_ya P Y4=Za,
o=xl, y=22,
oy oy

(10.3.2)

(10.3.3)
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The Lie algebra associated to G, of the full symmetry group G of (10.2.11) and
(10.3.1) is generated by Y, i=12,..,8, and thus the Lie subgroup G, is the
unimodular subgroup of the group of centroaffine transformations.

If we consider the subalgebra described by Y, and Y,, then the function F is

invariant and satisfies Y (#)=0 and Y,(F)=0. Therefore, F' =o(u,v,xyz), and the
group invariant solutions are u=C,, v=C, and xyz=C,. We obtain from here the
known surface of Tzitzeica

=L cer. (10.3.4)
Xy

THEOREM 10.3.1 (Bala) The general vector field of the algebra of the infinitesimal
symmetries associated to the subgroup G,, where G, is the subgroup of the full

symmetry group G of (10.2.11), which acts on the space of the independent variables,
is

0 0
Z=Cu)—+n(v)—,
C(u) Rl ) ey
where the functions C and m satisfy the equations
gau +nav + agu + Cuu = 0 > lel +nb\/ _bnu + 2b§u = 0 >
Ch,+nh, +h(C,+n,)=0, Ca’+na—a"C,+2a"m, =0, (10.3.5)

Cbl:’ + nb\j, + b”nv + nvv = 0 >

and the functions a,b,h,a",b" satisfy (10.2.5).

Consider the cases:

Case 1. X is aruled Tzitzeica surface given by (10.2.7). The completely integrable
conditions (10.2.5) turn in

LA (G B S (10.3.6)
h I h

with 4 a solution of the Liouville—Tzitzeica equation (10.2.6).
The relations (10.3.5) become

Ch, +mh, +h(C, +m,)=0,

¢ =£, hh, —h b} (10.3.7)

. 1 1 .
Writing £ = U n= 5 where U =U(u) and V =V (v), then the first equation
of (10.3.7) is
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h=UV'uU+7V). (10.3.8)
Substituting (10.3.8) in the last equation (10.3.7) we have the equation
pu—p =p’. (10.3.9)
The general solution of (10.3.9) is
2
U+V+C)*°
WU+ = 2cos2[0.511(2U+V)+C]’ k=T, (103.10)
P2
2sinh*[0.5/(U +V)+C]’

k=0,

k=1,1>0.

From (10.3.8) and the change of the functions U = F(U), V = G(V'), we have
U=U+C,V=V,for k=0,

U:tanhé(U+C), V:tanhéV,for k=1, (10.3.11)

U:cotané(U+C), VztanéV , for k=-1*.

Therefore, the general solution of the Liouville-Tzitzeica equation is
207

This solution is expressed in terms of solitons for k =—/>, and

U'= isech2 i(U +C),
2 2

V'zisechziV.
2 2

Case 2. ¥ is a Tzitzeica surface which is not a ruled surface, that is (10.2.9). Then
(10.2.5) become

a=—+ p=q"=—, b=, (10.3.13)

where 4 is a solution of the Tzitzeica equation (10.2.8). Substitution of (10.3.13) into
(10.3.5) yield

QuzO? nv:O’

Ch,+nh, +h(C, +n,)=0. (10.3.14)
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Itresults {=C,, n=C, and

h=p(Cv-Cu),

0 0
Z=C—+C,—. 10.3.15
161,{ 26v ( )

Substitution of the first equation of (10.3.15) into the Tzitzeica equation (10.2.8),
gives the equation

—CC,(up" — ) =’ — 1. (10.3.16)

For C,C, =0, we have p=1, h=1. This is a case of Tzitzeica solution (Tzitzeica

1924). For C,C, #0, and denoting & = —%, the equation (10.3.16) becomes

1=2

pp” —p? =k’ -1). (10.3.17)
For k =1, the equation (10.3.17) is a Weierstrass equation
u? =2 +Cp’+1,CeR. (10.3.18)

Using the change of function p = ég , (10.3.18) turns in

g?r=g'+Cg’ +4. (10.3.19)

If A isareal solution of the right side polynomials of (10.3.19), then A # 0 is not a
triple solution. Therefore, (10.3.19) yields

, 4 4
gl =(g-MEg -—g-7). (10.3.20)
A A
For A=-1,then C=-3,and (10.3.19) becomes
g7 =(g+(g-2). (10.3.21)
.. 1
Writing g =—+2, we have
w
w? =%(3w2 +1), (10.3.22)

with the solution

w(u+v)= Lsinh[@

N

From here the other solution of the Tzitzeica equation is obtained, by writing

+C], G eR. (10.3.23)

h= +1,and C, =0

2w?
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3
+1.
2sinh?[(u +v)\3 /2]

h(u +v) = (10.3.24)

For A # -1, the polynomial of (10.3.19) admits three distinct real solutions for
A>-1 (C<=3), and one real and two complex for A <—1 (C >-3). In this case the
integral

dg
J:I , 4 4
\/(8—7»)( _Fg_i)

is reduced to an elliptical integral of first-order

J= j—d“’ .
J1-k*sing

Thus, for C=-3, the solutions of the Tzitzeica equations with the form
h=p(u+v) are given in terms of elliptical functions.

PROPOSITION 10.3.1 (Bala) The solution (10.3.24) is a revolution Tzitzeica surface.
Moreover it is an associated ruled Tzitzeica surface.

The proof is given by Bala. Tzitzeica studied the revolution surfaces defined by
(10.2.10). From the condition that # must verify s, = A , he obtains 4 =p(u+v), and

the equation (10.3.17) for k =1
HH”_P«’Z — H-3 -1 .
Tzitzeica found the solution of (10.2.10) by using

uv2 _2u3 -1 _ _kz
4u2

The solution is
h'—1
0(u,v) = k, exp( jz—hda) coskB+
W1 2 (10.3.25)
+h, exp( jz—hda) sin kP + k, exp( j o,
for k#0,and
O(u,v) = exp( _[uda)[kl (B* + Iﬂda) +kB+k]1,  (10.3.26)
2h p+1
for k=0.Here a=u+v, f=u—-v and k,, i=1,2,3, are real constants.

On the other hand, it results k* = —%, and then the function (10.3.24) defines the

revolution surface (10.3.25). If we consider
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U:tanhg(U+C]), V:tanth, (10.3.27)
the function % is written as
hu) =2V 1= B+, (10.3.28)
U+7)

Therefore, the function H is a solution of the Liouville—Tzitzeica equation (10.2.6),
which defines a ruled Tzitzeica surface.

PROPOSITION 10.3.2. (Bala). The solution of Tzitzeica (10.3.25) is invariant under
the transformation subgroup of G,, for which the Lie algebra is generated, in the case

of not ruled Tzitzeica surfaces, by Z = C, 8i+ C, 82
u v

In the following we present the Shen method to construct a Weierstrass elliptic
function @(t; 20,,20,) , by using the purely imaginary solution, ®,and ®, , of the Van
der Pol’s differential equation

x, +u(x* =1x, +k’x=0, u,keR, (10.3.29)
with the initial condition
x(t,)=x,. (10.3.30)
Shen considers
1
g, =Zg§, (10.3.31)

where g, and g, are the invariants of the Weierstrass equation (10.3.18) written under
the standard form

P =40’ -g, p-g,. (10.3.32)

The solution requires that g, and g, must be real, and g, must be negative. Shen

showed that g, is real if p and & are comparatively smaller than x, . Introducing the

ino,

quantity g = exp , Shen showed also that g, is negative for

1

1
> .
! V505

The quantities ®, and ®,; may be computed by using the complete elliptic integrals

(10.3.33)

in condition

16 ,
O<g, <—u". 10.3.34
&> 27“ ( )
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Shen proved that there exists always one and only one cycle on the phase plane for
the solution.

The equation (10.3.34) is quadratic and gives two real roots under the restriction
imposed on x, . One root is positive and the other is negative. The positive root leads to
Shen’s solution.

Ling has shown that there exists a second solution in which ®, is no longer purely

imaginary, whereas ®, remains real, if the condition (10.3.34) is not satisfied. In this
case we have

g2,<0,o0r g, >£u4. (10.3.35)

So, one of the three roots of the cubic equation remains real but the other two roots
are complex conjugate. The negative root, which satisfies the first condition in
(10.3.35) leads to a second solution.

Ling introduces two invariants ¢, and o, in place of g, and g,

I 2 1
o, =— = Y
$ 760 % ,,,,nz::_w (2me, + 210, )°

1 2 1
=gz Y 10.3.36
*"140% Zw 2mo, + 2n0,)° ¢ )

where the summation omits the simultaneous zeros of m and n. From the variation of
o, and o it results that we are in the case when g, and g, are both negative, and the

value of ¢ is given by
q =iexp(-mc), 0<c<%. (10.3.37)

In this solution, the values of ®, and ¢ are found from

4
(=
o 2] ot

Cl)1
1 6
e
g =——| — | (207 —0;)(20; -07), (10.3.38)
432\ o,
where
63 :1-}-2.Z:q"2 ,

n=1

0,=1+2>(-1"q" . (10.3.39)
n=1
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Elimination of ®, leads to an equation with real coefficients which can be solved
numerically for a real root p=—¢*> =exp(-2nc), less than unity but greater than
exp(—m), for the specified g, and g, . Finally, Ling found

2w3:ml+£inkg[lj. (10.3.40)
n P

If ¢, is a real root of the cubic equation, the others two roots e, and e, are complex
conjugate.

Consider now the Liouville-Tzitzeica equation (10.2.6) and the Tzitzeica equation
(10.2.8). If we denote In/ = o, these equations become

®, =eXpo, (10.3.41)
and respectively

®,, =expo—exp(—2m) . (10.3.42)

THEOREM 10.3.2 (Bala) The generator vector field which describes the algebra of
infinitesimal symmetries associated to the Liouville-Tzitzeica equation (10.3.41) are

W= f(u)§+ gL [ w) + g ] . (10.3.43)
u ov 0w

THEOREM 10.3.3 (Bald) The vector fields which generate the Lie algebra of
infinitesimal symmetries associated to the Tzitzeica equation (10.3.42) are
0 0 0 0
U=u—-v—,U,=—,U,=—.
ou  Ov Ou ov

If ®= f(u,v) is a solution of the Tzitzeica equation (10.3.42), then the functions

(10.3.44)

o, = flexp@)u, exp(-e)v], ®, = flu—e,v], o, = flu, v—],

where € € R, are also solutions of the equation.

10.4 The relation between the forced oscillator and a Tzitzeica
curve

Crasmareanu considers this example. Let consider the equation
J@O+ef()=g(0), (10.4.1)

For €=1, (10.4.1) represents the forced oscillator equation. The driven function
g(?) is defined as

! ,a,beR, a0, e==1. (10.4.2)
ast+b

g(t)=-
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We can write (10.4.1) under the form

1
m— —(08t+b) . (1043)
Differentiating (10.4.3) with respect to time, we obtain
FOXO __ . (10.4.4)
[ef () + /()]

Consider now in R* a curve C in the form » =r(¢). This curve is called elliptic
cylindrical if it has the expression

r(t) = (cost,sint, f(¢)), f € C*(R). (10.4.5)
The curve C is called hyperbolic cylindrical if it has the expression
r(t) = (cosht,sinhz, 1(¢)), f € C”(R). (10.4.6)

For an elliptic cylindrical curve, the torsion function t(¢), and the distance from

origin to the osculating plane d(¢) are defined by

B f/+fw
r(t)——H VEEY G (10.4.7)
d(t)= D (10.4.8)

For a hyperbolic cylindrical curve, the functions t(¢) and d(¢) are

T(t) = 2 "2 2 f _fZ wn : ’ (1049)
1+(f"” + f" )(cosh” t+sinh” ) -4 ff" cosh¢sinh ¢

d(t)= =/ . (10.4.10)
JU+(f™ + f™)(cosh® t +sinh? £)— 4 £ " cosh £ sinh ¢

Consider now that the curve C is Tzitzeica with the constant a=0. For a
cylindrical elliptic curve we have

W) O+ 1"0) (10.4.11)

a=

&0 SO+
and similarly or a hyperbolic cylindrical curve
W) - SOSO (10.4.12)
d*(n) (f(O-1"()
The equation (10.4.11) is the same with (10.4.4) for ¢=1, and the equation

(10.4.12) is respectively the same with (10.4.4) for e =—1.
The solution of (10.4.4) for € =1 is given by
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t

1) = f(0)cost— f(0)sint— j%du, (10.4.13)

and the solution of (10.4.4) for e =—1 by

]-sinh(u +1) du

£(t)= f(0)cosht+ f(0)sinht + (10.4.14)

0

PROPOSITION 10.4.1 An elliptic cylindrical curve r(t)=(cost,sint, f(t)) is a

Tzitzeica curve, if and only if f(t)is the solution of the forced harmonic oscillator
1
(10.4.13), with the driven force g(t)= T where the constant a is defined as
ast +

a= & , and b is an arbitrary constant.
d=(1)

PROPOSITION 10.4.2 A4 hyperbolic cylindrical curve r(t) = (cosht,sinht, f(¢)) is a
Tzitzeica curve, if and only if (10.4.14) is verified.

10.5 Sound propagation in a nonlinear medium

A chiral Cosserat material is isotropic with respect to coordinate rotations but not
with respect to inversions. A chiral material has nine elastic constants in comparison to
the six considered in the isotropic micropolar solids. Materials may exhibit chirality on
the atomic scale, as in quartz and in biological molecules. Materials may also exhibit
chirality on a larger scale, as in composites with helical or screw-shaped inclusions,
solids containing twisted or spiraling fibers, in which one direction of twist or spiral
predominate. Such materials can exhibit odd rank tensor properties such as piezoelectric
response. Chiral materials include crystalline materials such as sugar which are chiral
on an atomic scale, as well as naturally occurring porous material, bones, foams,
cellular solids, honeycomb cell structures (Lakes).

Consider the basic equations for an anisotropic Cosserat solid which is isotropic
with respect to coordinate rotations but not with respect to inversions (Cosserat,
Eringen).

Balance of momentum

Gy —PU, =0. (10.5.1)
Balance of moment of momentum
My, +€4.0, RO, = 0. (10.5.2)
Balance of energy

pe, =0y (“/,m - Sk/rq)r,t )+ mk1¢1,m . (10.5.3)
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The generalized Christensen’s constitutive law which describes the multi-relaxation
processes in a chiral material is given by
d
+he,, 8y +

N dfc 0 18
c,+) a, —2=>h .
ki ; iklmn dtl ; iklmn dt, (1054)
+(2p+ K, +Key, (1, —0,)+ C1¢r,r8kl +Cb,, + C3¢/,k >

dr' dt
+ Clarrsk[ + (CZ + C3 )8k[ + (C3 - CZ )gk[m (rm - q)m )5

N dimmn - did)mn
my + Z Cittmn P Z g = 7 4010, 050 + By + 70 + (10.5.5)
i=1 i=0 o

where N is the number of different relaxation processes which are activated during the
loading process, o, is the stress tensor which is asymmetric tensor, m,, is the couple

stress tensor (or moment per unit area), & is the internal energy density,
1 . . . . ..
gy = E(uk'l +u,, ) +€,, (7, —¢,) is the strain tensor, u is the displacement vector, j is

microinertia, g, is the permutation symbol, and p the density of the material.

The microrotation vector ¢, refers to the rotation of points themselves, while the

. 1 . . .
macrorotation vector 7, = Esk,nlu”1 , refers to the rotation associated with movement of

b

iklmn > ***

nearby points. The coefficients a are related to the material properties and

iklmn >
to the deformation of the medium. The usual Einstein summation convention for
repeated indices is used and the comma denotes differentiation with respect to spatial
coordinates and a superposed dot indicates the time rate. We use rectangular
coordinates x, (k=123)or(x,=x,x,=y,x,=2).

In three dimensions there are nine independent elastic constants required to describe
an anisotropic Cosserat elastic solid, that is Lamé elastic constants A, and p, [the
Cosserat[rotation modulus &, the Cosserat(rotation gradient moduli o,B,y, and

C,,i=1,2,3, the chiral elastic moduli associated with noncentrosymmetry. For C, =0,

i

the equations of isotropic micropolar elasticity are recovered. For a=f=y=x=0,

equations (10.5.2) and (10.5.3) reduce to the constitutive equations of classical isotropic
linear elasticity theory. From the requirement that the internal energy must be non-
negative, we obtain restrictions on the micropolar elastic moduli 0<3A+2u+x,
0<2p+x, 0<x, 0<3a0+P+y, -y<P<y, 0Ly, and any positive or negative
C,,C,,C;. Boundary conditions do not depend on assumed material symmetry. One
may prescribe the displacements or the surface traction and the microrotations, or the
surface couples on the surface.

Consider, now, a slab of chiral material compressed in the z direction, and
bounded by surfaces z==+H (Lakes). Assume a monorelaxation process, and one
component of displacement u_(z), and one component of microrotation, ¢_(z) to be
nonzero. The motion equations (10.5.1) and (10.5.2) for stress p and the couple stress

m are given by
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(}\’ + 2“ + K)(uz,zz + Tcuz,zzz ) + (Cl + C2 + C})(d)z,zz + To—d)z,zzt) = p(uz 1t +Tu ) s (1056)

ez um
K30 T ) o (b 500,) = Py %) (105.7)
where t,,7, are the relaxation times under constant strains, and respectively constant
stresses, and K with a coupling coefficient defined as

K2 (C+C,+C)°
A+2u+K)a+p+7y)

(10.5.8)

For the case the relaxation times are zero, the motion equations (10.5.6) and (10.5.7)
for stress p and the couple stress m are given by

(+2p+u, . +(C+C,+Cb. . =pu_,, (10.5.9)
2 2K .
(1=K, . +————b. =pjo. (10.5.10)
o+p+y

with a coupling coefficient defined by (10.5.8).
The traveling wave solutions of (10.5.9) and (10.5.10) can be found assuming
& =z—ct,where c is the wave velocity. Thus, the above equations become

(h+2u+Kk—pc ! +(C,+C, +Cy)b, =0, (10.5.11)
(1—K§)u:+ B — = b —pjctd = (10.5.12)
+

where prime means the differentiation with respect to &. The solutions for these
equations are

. = ¢, sinh pg, (10.5.13)
_ 2
_ 22K(k+2u+1< pcz _ (105.14)
(a+B+y)A-K))(C +C,+C)+pjc (A +2u+K—pc)
and
u, Zei—&% sinh&p, (10.5.15)
A+2u+K—pc

with e, ¢ and ¢, to be determined from the boundary and initial conditions.

For the case the relaxation times are not zero, the dimensionless generalized
equation of sound propagation in a chiral medium, written for the longitudinal
displacement wave u , is

u, +ou, +PBu’ =clu, +yu, +8u’ + f1, (10.5.16)
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involving the functions of nonlinearity o, B, ¢, v, 6 and f , whose specific expressions

depend on u . With a proper change of function, the equation (10.5.6) may be reduced
to

0‘)tt _(Dxx = F(CD,(Dx,(Dt) >
which plays an important role in the soliton theory. In particular, for F(®)=sin®, we

have the sine-Gordon equation, for F(m)=®—o’, we obtain an equation, which
appears in solid state physics and high energy particle physics (Dodd ef al.), and for

. 1. . L .
F(w)= (sin 0)+Es1n %) , the double sine-Gordon equation is obtained.

For a=y=0, c=1, [3:6:—l and f =—4au’, a>0 a constant, the equation

(10.5.16) becomes

2 2
w, — 4=y~ ag? (10.5.17)
u u

By changing the function u = exp®, we have
o, -0 _=-4aexpo,

and by changing the variables x+¢=¢&, x—t=m, the above equation yields to the
Liouville-Tzitzeica equation (10.3.41)

o, —aexpo=0. (10.5.18)
&n

For f =—4au’ +b§ , a,b>0 constants, the equation (10.5.16) yields the Tzitzeica
equation
E(0) =0, —aexpo+bexp(—20)=0. (10.5.19)
Tzitzeica considers the linear system of equations (Tzitzeica)
Ty tUT, + Jb exp(-U)r, =0,

—1,, +U, T, +3/bL " exp(-U)t, =0, (10.5.20)

-1, tatexpU =0,

with A e C, A #0, that are verified if U 1is a solution of (10.5.19), and t a function
related to the ratio of two entire functions. The system (10.5.20) is invariant under the
involution (Tzitzeica)

Tﬂ
—,—A). (10.5.21)

1 2T,
(Ta epr9 7\‘) - (_9 - exp(U) +—
T a T

From (10.5.21) it results the Darboux transformation that leaves invariant the
equations (10.5.20)
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T.T
exp(®) = —exp(U) + g@_zn ,
a z
or
2
exp(®) =——0.0, logt+exp(U),
a

where wand U are two different solutions of (10.5.19).

By following the results of Musette and his coworkers, Conte and Verhoeven, we
start with the Painlevé analysis of the Tzitzeica equation (10.5.19) with one family of
movable singularities, in order to obtain the Bécklund transformation of this equation.
We check if the equation verifies the Painlevé condition. That means assume the
existence of the transformation

o=U+Dlogt, E(®)=0, (10.5.22)

with ® a solution of (10.5.19), D a singular part operator, and U an a priori
unconstrained function. Then we choose the two, three, etc., order for the unknown Lax
pair and represent this Lax pair by an equivalent Riccati pseudopotential 1,,%,,....

The equation (10.5.19) is invariant under the permutation (Lorentz transformation)
(0:,0,) —>(0,,0,) . (10.5.23)

This invariance is conserved by the Lax pair. Since t is invariant under the
permutation (10.5.23), we can define the unknown Lax pair on the basis (y_,y,,y) as

Ve hohf

@D v, =0, L=|g & &/ (10.5.24)
v 1 0 0
Ve g & &

©0,-M)| v, |50, M=|h h h|, (10.5.25)
v 0 1 0

with the link t=w . The nine coefficients f,g,,4,, j=1,2,3, are functions to be

determined. The Riccati components Y, and Y, are defined as

y =Yy Y
v v
The properties of the cross-derivative conditions are written as
Yl,n = Yz‘és
By — (). =X+ X} + X,Y, =0, (10.5.26)

(Yz,g)n _(Yz,n)g =X+ X, + XY, =0,
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where

Ye=-Y+fY+ LY+ f,,

Y,. =-YY, +g¥ +g,¥, +g,,

Yz _Y22+h1Y]+h2Y2+h3-

m

The first relation (10.5.26) is identically verified, and the rest of relations (10.5.26)
yield X, =0, j=0,L....,5, or

Xo=/ =&+ )18~ fi&+ il —8,8,=0,
X =fon—8ethig—fig+fi—g+ i =0,
X, =fn— &t il -8, -8 =0,
Xy=h,—g,+&h-&h+fih -gg =0,
Xy=h.—g,+ih—-8,8-8=0,

Xs ==&y +hl,§ +g1h2 _gzhl +h3 _g12 +f1h1 =0.

The next step is to choose the link Dlogt = f(y) between the function t and the
solution y of a scalar Lax pair (10.5.24) and (10.5.25). For the link t=y, the

truncation of the difference E(w)— E(U) is written as

exp(®) = Dlogt+expU), (10.5.27)
3 3-k fol
E(@) =YY Ey(f.2,.h, U =0, (10.5.28)
k=0 (=0
The relations (10.5.27) and (10.5.28) yield to ten equations
E,(f;-g;,h;,U)=0, Vk,I, (10.5.29)

for determining the unknowns U and the nine coefficients f;,g;,h;, j=1,2,3.
This process is repeated until a success occurs, namely |0, —L, 0, —M |is

equivalent to E(U)=0. Then, eliminating y from the Darboux transformation
2
exp(®w) =-—0.0, logy +exp(U), (10.5.30)
a

and the scalar Lax pair, two equations for the Backlund transformation are obtained.
Musette et al. have shown that the truncation of exp(—w) has no solution. The

truncation of exp(®)
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exp(ow) = Dlogt+exp(U),

EU)=0, D:—Eaéan, (10.5.31)
a

generates four equations which admit some particular solutions of the form (10.3.23)
and (10.3.24). According to the PROPOSITION 10.3.1, the solution (10.3.24) is a
revolution ruled Tzitzeica surface.

PROPOSITION 10.5.1 The solution in displacement of the sound propagation in a
slab of a chiral material problem is represented by the revolution ruled Tzitzeica
surface.

10.6 The pseudospherical reduction of a nonlinear problem

Consider the one-dimensional problem of an anisentropic gas with its
pseudospherical reduction given by Rogers and Schief in 1997. We present in this
section the results of Rogers and Schief. The governing equations in a Lagrangian
system of coordinates (X,¢) are written as

g =Vy, (10.6.1)

PoV, =0 . (10.6.2)

The constitutive law is given by
c=-p=—p(p,X). (10.6.3)
Here, p and p are the pressure and respectively, the density of the medium,

_P
p
v(X,t) is the material velocity. The Lagrangian equations (10.6.1) and (10.6.2) and a

€ —1 is the stretch, p, is the density of the medium in the underformed state, and

constitutive law of the type o =o(e.X) may describe also the uniaxial deformation of
nonlinear elastic materials with inhomogeneities.

In terms of the Eulerian coordinates x = x(.X,¢), we have
dx = (e+1)dX =vdr (10.6.4)
so that
p,dX = pdx —pvdz. (10.6.5)
In (10.6.5), X corresponds to the particle function y of the Martin formulation.

The independent variables are chosen to be p and vy, and we suppose p, =1. In this

case we obtain the Martin formulation (Rogers and Schief 1997) of the Monge—Ampére
equation as

&ppaw _éiw =€, (10.6.6)
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where

t=¢,,v=¢g,,
dr=¢,6, +(E,E,, +e)dy, (10.6.7)

0<[g, el<m.

If a solution &(p,y) of this equation is specified, then the particle trajectories are
calculated from

%= (8,8, + (8, +o)dv], t=¢,, (10.6.8)

in terms of p, for y =const. The isobars are parametrically expressed in terms of y ,
for p =const. By solving (10.6.8), the solution p(y,?) is obtained, and the original
solution of (10.6.1)—(10.6.3) is determined in terms of the Lagrangian variables

x=x(,t), v=v(y,t), p=p(v,t). (10.6.9)

Rogers and Schief made the geometric connection of this problem. To show this,
consider a surface ¥ in the Monge parametrisation (1.7.7), whose Gaussian curvature is
given by (1.7.9b).

Let us introduce new independent variables p and

rp=z.,vy=z, (10.6.10)
and the dependent variable &
E,=x,8,=y. (10.6.11)
Therefore, we have
Z,Vy Zm ny
_ , - , =2 10.6.12
&pp ZxxZyy _Zf.v EJW ZxZyy _Ziy &PW ZxZyy _ny ( )

The Gaussian curvature (1.7.9b) yields
1
K = 1 2 252 2 :
A+ p " +y7) (€8, —C,)

The Gaussian curvature may be set into correspondence with the Martin’s Monge—
Ampére equation (10.6.6) by

(10.6.13)

1

Eg =—————— 10.6.14
PR3+ pt +y?) ( )

and

(10.6.15)
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where 2 :68_1?’ with A the local speed of sound in gas. For the analog nonlinear
Ply
elastic problem, we have
2
K=— 24 (10.6.16)
(l+0°+X7)

c . . . . .
o with A the Lagrangian wave velocity. The surface X is restricted to
€ X

where A4° =

be pseudospherical, that is

1
K:—a—z, a = const. (10.6.17)

In this case the relation (10.6.16) gives
2
82—6:%(1+02+X2)06—G|X>0, >0. (10.6.18)
o |y a Oe

Integrating (10.6.18) with p - —c and y —> X , we get

a’ o ovl+X?

g =—————[arctan + +o(X), 10.6.19
2(1+X2)3/2[ (1+X2) 1+02+X2] ) ( )

with o(X) arbitrary. For ¢|._,=0, it results o(X)=0.
Now, we introduce

o=+ X7 tan Y e, (10.6.20)

a

into (10.6.19) and obtain

em— b _(f, 1 el

20+X%) " a1+ x°
Relations (10.6.20) and (10.6.21) represent a parametric representation for the
constitutive laws of the type o =o(g, X) , for which the equations (10.6.1) and (10.6.2)

are associated to a pseudospherical surface X . These equations lead to
Oy =€,- (10.6.22)

V1+
a

x* (c—c))).  (10.6.21)

Using (10.6.14), we have

2

a
Gy =l————==0,]. 10.6.23
XX [(1+(52+X2)2 t]t ( )
This equation has a solitonic behavior, if we take into account that for a
pseudosperical surface X, the expression (1.7.12) of the Gauss curvature reduces to the

sine-Gordon equation.
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The mean curvature H of X given by (1.7.9a) is an invariant, and then we can

write
cotw:—a(1+62)XV_2GXGV_(1+X2)G’ '
2(1+6” +X*)?
The map
X, )5 X' '=vt'51), 0<v, <o,
yields
D=l 2
oX ov
0 0 0
5|x="t Ly 5" +5|\,,
or
0 = 1 0 L
oV vyl 0X

From (10.6.24) it results

a 1+c6°-2cXo, —(1+ X*)(o,v, —v,6,)

cotw=-——a
2v, (I+o” +X?)"?

The Gauss equations » = r(t,v) of the surface X becomes
r,=z.,1 =z, =—0Ce =Xe,
Ly =Z,6 =X,
with the compatibility condition
-c,=X,.
This is a restatement of (10.6.2) with p, =1, by using
oy h=vxl ol

v
X |v:_ - X’
Vil

(10.6.24)

(10.6.25)

(10.6.26)

(10.6.27)

(10.6.28)

(10.6.29)

(10.6.30)

(10.6.31)

in the condition 0 <] v, |< . The equation (10.6.1) is equivalent to the area preserving

map expressed in terms of v and ¢ independent variables
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oX€) =1. (10.6.32)
o(v,1)
The expression of the Gaussian curvature (1.7.9b) becomes
-6, X, +0, X, =K(+c" + X*)*, (10.6.33)
and then
oAxX.e) =-K(+c’ +X2)26—6|;(‘. (10.6.34)
o(v,t) Ot

. - . . 1
If r is the position of a surface X with Gaussian curvature K = ——-, then (1.7.14)
a

or (1.7.15) hold. So, the construction of such pseudospherical surfaces yield Backlund
transformation (1.7.16) for the sine-Gordon equation.

In terms of the physical variables, the Bécklund transformation becomes
f = acosC(X -X") S acos(oc—a')

t— 5 5
1+ oo’ + XX’ l+oc’+ XX'

L acos{(c'X —cX')

—-o(t'-)+ X(V' -v),

l+o0c’+ XX’

I+oo + XX = cosC, (10.6.35)

V1462 + X2 V1+6” + X7

where
dz =—cdt + Xdv, dz'=—-c'dt' + Xdv'. (10.6.36)
The Monge—Ampeére equation
2,2, — 20 =—L2(1+zt2 +22)°, (10.6.37)
a

determines the pseudosperical surface X, being invariant to the Béacklund

transformation (10.6.35). An important point of view is to interpret (10.6.35) in terms of

the characteristic equations of (10.6.37) (Courant and Hilbert)
aX, B aX; ac,

{8 p = v = ,
U+t + X P 1467+ X Y 1+60+ X

% Xv. =0 (10.6.38
Vi=—————, z;+06t, —Xv; =0. .6.
P l+or+ X7 )
If (¢t,v,z,X,0) is a solution of (10.6.38), then a solution of the Monge—Ampére
equation (10.6.37) is

z=z(a(t,v),B(t,v)), (10.6.39)
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o(t,v)

a,

obtained from the condition of a nonzero Jacobian . Therefore, the Biacklund

transformation (10.6.35) represents an integrable discretization of the nonlinear
characteristic equations (10.6.38) of the Monge—Ampére equation.

If we introduce the continuous variables & and [3

G=¢gn, P=g,n,, (10.6.40)
for small ¢, i=1,2, we have the Taylor series

o, =0+, +0(c), o, = 0+8,0, +0(g3), (10.6.41)

O, = O+E0; +8,0; +8,0,; +O0(E,£)).

For
B 5% 062,68, (10.6.42)
n, 4a
the permutability theorem (1.7.23) reduces in the limit ¢, — 0, to the sine-Gordon
equation
O, = e sin®.

In terms of the physical variables, the Bécklund transformation yields the discrete
equations

PR acosC (X, —X)

! l+co, + XX, ~
acosC,(X,-X)

t—t=—-22"2 2

1+ o0, + XX,

_acos( (o, -0)
l+oc, + XX,

1

acos(,(c, —0)
=P P 9
? l+o0, + XX,

zy—z=—0o(t, - )+ X (v, —v),

2z, —z==—o(t, — 1)+ X(v, —v), (10.6.43)

and
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1+ o0, + XX, _
\/ 2 2 2 2 =cosG,,
l+o"+X \/1+cl + X,
1+ + XX
o0, 2 =cos(,.

x/1+02+X2\/1+c§+X22
Using (10.6.42) we write
¢ =gx +0(), ¢, =n+e,x, +0(s3),

with
= tan(—1 c)
K, 551

The discrete equations (10.6.43) become

aX, aX i

t, = b =— ,
l+o?+X*" P l+o° + X2

acd aGB

and
2+t —Xv; =0, z; +ot, =Xy, =0.
The equations (10.6.44) and (10.6.45) become
Gé +X§ +(cX, —Xcsét)2
(+c*+X°)

=7 (6) ,

2 2 2
o, +X; +(6Xﬁ_XGB)

(1+0° + X?) =@
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(10.6.44)

(10.6.45)

(10.6.46)

(10.6.47)

(10.6.48)

(10.6.49)

(10.6.50)

Therefore, the equations (10.6.43)—(10.6.45) can be interpreted as the integrable

discretization equations of the characteristic equations (10.6.38).
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